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Abstract

This manuscript reviews the research I have pursued since defending my thesis in 2016. The
main focus is to study how ideas and data structures from knowledge compilation, traditionally
focusing on propositional logic and Al, can be applied to other fields of computer science.

Chapter 1 provides a broad introduction to knowledge compilation and introduces the main
data structures and concepts that will be used throughout the manuscript. It also contains
a few folklore results on knowledge compilation that have not, to the best of our knowledge,
been explicitly proven in the literature.

Chapter 2 introduces a new data structure for knowledge compilation called Tree Decision
Diagram (TDD). It can be seen as a generalization of OBDDs to tree-like ordering. We show
that TDDs enjoy many interesting properties, such as the existence of a minimal canonical
form that can be computed easily from any given TDD, unlocking a very simple bottom-
up compilation algorithm. We use this algorithm to recover results such as the fact that
bounded treewidth Boolean circuits can be transformed into FPT size deterministic DNNF
circuit and that QBF is tractable on bounded treewidth instances. This new approach gives a
new perspective on these results. Both can be explained by the fact that bounded treewidth
circuits and QBF instances have a small number of subfunctions when following a well-chosen
tree structure.

Chapter 3 reviews my work on using knowledge compilation to certify the output of #SAT
solvers. We show how one can slightly modify the output of many #SAT-solvers so that instead
of outputting only the number K of models, it outputs a certificate that the input formula
has indeed K models. The correctness of the certificate can then be checked independently,
improving our trust in the output of such complex software. We draw new connections between
our early work on the subject and the MICE proof system and explain how all these proof
systems can be seen as a way of syntactically certifying the equivalence between a CNF formula
and a DNNF circuit.

Chapter 4 studied generalizations of data structures from knowledge compilation to non-
binary domain. We show how they can be applied to represent the set of answers of database
queries and how they can be used to rederive existing results. We first revisit the Yannakakis
algorithm by casting it as a compilation algorithm and then show that a modified version of
Exhaustive DPLL yields similar theoretical results. We show how this new perspective allows
us to compile a broader class of queries than the Yannakakis algorithm, in particular the class
of conjunctive queries with negation.

Finally, Chapter 5 shows how knowledge compilation ideas can be applied to the field of
convex optimization. In this chapter, we focus on the notion of extended formulations, where
the goal is to write down a set of linear constraints describing a given polyhedron, possibly
over a space having a larger dimension. We define the convex hull of Boolean function f as the
polyhedron given by the convex hull of its models, where models are seen as points in [0, 1]™.
We show that when f is given as a DNNF circuit C, then its convex hull can be described with
O(|C)) linear constraints, providing a new way of automatically derive extended formulations.
We apply this result to the Binary Polynomial Optimization problem and recover many existing
tractability results using this new connection with knowledge compilation.
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Résumé en francais

Ce manuscrit est un résumé des recherches que j’ai menées depuis la soutenance de ma these
en 2016. Il s’intéresse essentiellement a la maniere dont les idées et structures de données issues
de la compilation des connaissances, traditionnellement centrées sur la logique propositionnelle
et I'TA, peuvent étre appliquées a d’autres domaines de 'informatique.

Le premier chapitre propose une introduction générale au domaine de la compilation des
connaissances et présente les principales structures de données et notions utilisées dans le ma-
nuscrit. Il contient également quelques résultats classiques qui n’ont pas, a notre connaissance,
été démontrés explicitement dans la littérature.

Le second chapitre introduit une nouvelle structure de données pour la compilation des
connaissances : les Tree Decision Diagrams, abbrégé en TDD. Ils peuvent étre vus comme une
généralisation des OBDD a des ordres arborescents. Nous montrons que les TDDs possedent
de nombreuses propriétés intéressantes, notamment l’existence d’une forme canonique mini-
male et facilement calculable & partir d’'un TDD donné. Cette propriété permet de donner
un algorithme de compilation trés simple, compilant une formule CNF en un TDD en ajou-
tant successivement des clauses et en minimisant le diagramme. Nous utilisons cet algorithme
pour retrouver plusieurs résultat, comme le fait que des circuits booléens de largeur arbo-
rescente bornée peuvent étre transformés en circuit DNNF déterministes de taille FPT, ou
que le probleme QBF peut étre efficacement résolu sur des instances de largeur arborescente
bornée. Cette nouvelle approche donne un éclairage nouveau sur ces résultats : on peut les
réexpliquer par I’existence d’une structure arborescente bien choisi qui découpe le calcul en un
petit nombre de sous-fonctions.

Le troisieme chapitre présente mes travaux sur l'utilisation de la compilation des connais-
sances pour certifier la sortie de solveurs #SAT. Nous montrons comment on peut modifier
la sortie de nombreux solveurs afin qu’ils ne se contentent pas de produire le nombre K de
modeles, mais donnent également un certificat attestant que la formule d’entrée possede bien
K modeles. La correction du certificat peut ensuite étre vérifiée indépendamment, ce qui ren-
force la confiance que ’on peut accorder a la sortie de ces logiciels complexes. Nous établissons
de nouveaux liens entre nos premiers travaux sur le sujet et le systeme de preuve MICE, et
expliquons comment ces systemes peuvent étre vus comme une maniere de certifier, de facon
syntaxique, ’équivalence entre une formule CNF et un circuit DNNF.

Le quatrieme chapitre étudie la généralisation de structures de données issues de la compi-
lation des connaissances a des domaines non binaires. Nous montrons comment elles peuvent
étre utilisées pour représenter I’ensemble des réponses a des requétes de bases de données et
comment elles permettent de retrouver des résultats existants. Nous commencons par revisi-
ter algorithme de Yannakakis en le reformulant comme un algorithme de compilation, puis
montrons qu’une version modifiée de DPLL exhaustif donne des résultats théoriques simi-
laires. Cette nouvelle perspective permet de compiler une plus grande classe de requétes que
I’algorithme de Yannakakis, en particulier, la classes des requétes conjonctives avec négation.

Enfin, le chapitre 5 montre comment les idées de compilation des connaissances peuvent
s’appliquer a l'optimisation convexe. Dans ce chapitre, nous nous intéressons a la notion de
formulations étendues, dont le but est d’écrire un ensemble de contraintes linéaires décrivant
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un polyedre donné, éventuellement dans un espace de dimension plus grand. Nous définissons
I’enveloppe convexe d’'une fonction booléenne f comme le polyedre défini comme 'enveloppe
convexe de ses modeles, ol un modele est vu comme un point de [0, 1]”. Nous montrons que,
lorsque f est donnée sous une forme compilée, par exemple, comme un circuit DNNF C| son
enveloppe convexe peut étre décrite avec un nombre de contraintes linéaires proportionnel a
la taille du circuit. Ce résultat fournit une nouvelle maniere de dériver automatiquement des
formulations étendues. Nous appliquons cette nouvelle connexion au probleme d’optimisation
polynomiale binaire et retrouvons de nombreux résultats de tractabilité existants.
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Foreword

Here we are. Finally writing the first lines of the weirdest document anyone pursuing a career
in the French academic system has to undertake, the infamous Habilitation a diriger des
recherches. An administrative formality for some, a pointless but necessary exercise for others,
a scientific document with the noble purpose of enlightening the entire scientific community, a
summary of one’s work, an academic life work... Each one has his own personal understanding
of the exercise and it took me some time to go through this diversity and find my own definition.
So, here we are, in this foreword section which will serve, hopefully, as a clarification, for the
reader of course, but mainly for myself.

Ten years ago, I defended my PhD where I tried to understand what really made the
#SAT problem hard. My first contribution on this topic has been a paper at SAT14 [CDM14]
where Arnaud Durand, Stefan Mengel and I defined a new notion of hypergraph acyclicity,
namely, disjoint branches acyclicity, and gave a polynomial time algorithm for #SAT when the
hypergraph of the input CNF formula is disjoint branches acyclic. After delivering my talk,
Jean-Marie Lagniez approached me for discussing the result. I guess this encounter changed
the course of my scientific career. Jean-Marie explained to me how his d4 solver works and
how it was related to this weird domain known as Knowledge Compilation. I went home and
started reading some random papers on DNNF and friends. It is a mouthful I know, and my
dear fellows keep making fun of me when new acronyms keep popping up in the middle of
my slides (hopefully, the notations from Chapter 4 will make all of this clearer). But that
day, upon reading and understanding the definition of DNNF and its restrictions, something
clicked. Every #SAT algorithm I had encountered so far was implicitly building such a data
structure (an observation partially made in [HDO5] already but that I was not aware of it).
And it was a very natural and unifying way of explaining why tractable classes of formulas for
#SAT where also tractable for other tasks such as enumeration, sampling or weighted model
counting. So many hard looking algorithms were now only an encoding away.

This prompted me into looking into other domains of computer science I was familiar with
and see where such a unifying framework could be applied, or already has been implicitly.
“Decomposability” and “determinism” (whose better name would actually be “unambiguity”
but it is too early to start arguing) are notions so natural that the concept of DNNF or
close cousins have appeared in many other areas of computer science. The lens of knowledge
compilation allows one to simplify, unify and reexplain existing results with a better interface
between seemingly disconnected areas of computer science. The present document serves an
overview of how I have applied these concepts in my research.
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Introduction

Efficient manipulation of Boolean functions has been identified as a fundamental task very early
in the history of computing, when it clearly appeared that all information could eventually
be encoded as binary. From the seminal algebraic approach of Shannon [Sha38] motivated by
the design of circuits, easy to manipulate graph-based representations of Boolean functions
have been proposed. In 1959, Lee proposed a representation where functions are represented
as successions of switches leading to a decision [Leeb59]. Akers [Ake78| later introduced the
notion of binary decision diagrams where a Boolean function is implemented as a succession
of tests on the values of its input variables, leading to a decision to accept or reject the
current state of the input. A natural syntactic restriction of this representation has since been
studied by Bryant [Bry86; Bry92] who defined the ordered binary decision diagrams (OBDD)
where variables have to be tested following a static order, see Fig. 1 for an example computing
whether the number of variables set to 1 is odd. Bryant showed that this representation enjoys
interesting properties: it can be exponentially more compact than the truth table or the list
of models of the function while still allowing efficient manipulation of the underlying function.
For example, one can compute the number of models of a Boolean function represented as
an OBDD by doing a linear (in the size of the OBDD) number of arithmetic operations. He
also observed that OBDDs allow for efficient manipulation. Given an OBDD, one can easily
build an OBDD computing the negation of the original one, or one could combine two OBDDs
(following the same order) into one accepting the conjunction or disjunction of the two. One
could hence see OBDDs as an efficient way of implementing a data structure for Boolean
functions offering an interface for computing the number of models, the conjunction of two
functions, the enumeration of all models, and so on.

Efficiently manipulating Boolean functions becomes particularly useful when such a Boolean
function encodes something one is interested in, such as knowledge on how a system works, a
common point of view in the field of declarative artificial intelligence where the knowledge base
and the program manipulating it are separated. A natural way of encoding such knowledge
has been to use various rule-based [McD82] or logical frameworks, using propositional logic for
example [KR87]. These developments led to the notion of propositional knowledge base where
propositional logic is used to encode knowledge. For example, when building a software, the
compilation process may be configured using options depending on what the user needs and
can afford. We see each compilation option as a Boolean variable O; such that enabling the
option corresponds to setting O; to true. However, some options may be incompatible with one
another, or may have complicated dependencies. Hence, we would like to be able to express

xi
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Figure 1: An OBDD accepting assignments having an odd number of variables set to 1.

which combinations of O; are correct. This can be modeled as a Boolean function K mapping
to true each such combination (a model, in logic) and to false otherwise. In this case, K is a
Boolean function representing a knowledge base, in the sense that it encodes some knowledge
on a process. For example, there may be an option Ogpy to enable GPU acceleration and an
option O p to enable high-definition graphics. In this case, one wants to ensure that whenever
Ogp is set to true, one also needs to enforce Ogpy. Hence K will evaluate to false as soon as
Ocgpuy is set to false and Opgp is set to true. Consider this other example: the program may
rely on a library for arbitrary precision computation but gives the user the choice between
three libraries L1, Lo, L3. Each library corresponds to a compilation option Oy, ,Or,, Or, and
the user needs to pick exactly one such library. Hence K should evaluate to false as soon as no
library or more than one library is chosen by the user. Finally, let’s say that only library L
has the necessary features for implementing GPU acceleration, so if Ogpy is true, then only
L1 can be used.

Now, assume that such a knowledge base is provided to the user. Its main use will be to
be queried. The most obvious case is to check whether a given choice of options is consistent
with K. In this case, it boils down to evaluating K on the given assignment of options, which
seems a relatively easy task. Now, many other types of queries could be imagined. Maybe
the user is certain about a subset of options but does not really care about the value of the
others and would happily let the computer decide for him. In this case, one needs to check
whether K has a model for which a subset of its variables has been set. And in many cases,
one may be interested in picking the “best model” compatible with the user’s needs, assuming
we have some way of comparing each model (e.g., by assigning a cost in Ry to each option and
picking the one which minimizes the total cost of chosen options). Another useful direction
for testing would be to sample consistent sets of options for compilation, or to enumerate a
few distinctive examples.

The main hurdle with this approach is that the complexity of each task listed above depends
on how the knowledge base K is given to the user. In general, K is implicitly described in a
“natural form”, corresponding to the way experts would describe the problem. More often than
not, knowledge is described in propositional logic as a list — that is, from a logical point of view,
a conjunction — of constraints the system has to respect. In the example above, we could say
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Figure 2: An OBDD representing a knowledge base on compilation options.

that K is defined by the following constraints: Ogp = Ogpv, Or, VOr,VOr,, 2O,V =0p,,
-0Or, V =0r,, 7Or, V =Or, and Ogpy = Op,. Unfortunately, this kind of representation
is usually hard to work with. It is indeed well known since the seminal work by Cook and
Levin [Lev73; Coo71] that deciding the satisfiability of a formula given in Conjunctive Normal
Form (CNF) is NP-complete!. While this observation may seem depressing at first, it turns out
that the underlying system of constraints is often well-behaved enough that dedicated solvers
are capable of answering most queries asked by the user in a reasonable amount of time, despite
these tasks being NP-hard to answer. But even in this case, calling the solver several times
with different assumptions hides the fact that the calls are not independent from one another:
they all share the knowledge encoded in K. To take this observation into account, a better
approach has been used: given a knowledge base K, construct a data structure representing K
which also allows one to efficiently solve the reasoning tasks needed for the problem at hand.
In the previous example, one could build the diagram depicted in Fig. 2 which represents K.
Now, each time the user needs to query the knowledge base, it can directly perform reasoning
on the OBDD instead of calling a dedicated solver on the original representation of K. The
complexity of each operation now depends on the size of the new representation, which ideally
is small.

Efficient reasoning on propositional knowledge bases by using appropriate data structures
has been the main focus of a research area in artificial intelligence known as Knowledge Com-
pilation. This use of the term was originally coined by Kautz and Selman in [KS91] as a
very general notion studying the influence of precomputation on the complexity of solving a
given problem. More precisely, they study the complexity of a function f in the following

! Alternatively, the power of conjunction can be directly seen through the Tseitin transforms of Boolean
circuits [Tse83] where the computation performed by a circuit is emulated as a conjunction of local constraints
expressing the value each gate is supposed to take given the values of its input gates.
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framework: given a partial input K to f, can we precompute some data structure so that
computing f(K,7) for any 7 becomes tractable. For example, K could be a propositional
knowledge base represented as a CNF, 7 could be a partial assignment of the variables of K
and f the function that accepts every partial assignment 7 that can be extended to a model
of K. It was quickly observed by Cadoli, Donini and Schaerf [CDS96] building on an idea of
Kautz and Selman [KS92] that almost every interesting function f does not admit this kind
of preprocessing (unless NP C P/poly, which would be very surprising from the perspective of
complexity theory). But in practice, the notion remains interesting because some knowledge
bases are indeed tractable. The approach morphed into the art of transforming a “bad” repre-
sentation of a Boolean function into a “better” representation that fits the user’s needs. This
point of view has been solidified by Darwiche and Marquis in their seminal paper [DM02] giving
a systematic study of concrete data structures for representing Boolean functions, comparing
their strengths and weaknesses in terms of succinctness and supported queries or transforma-
tions. Their approach offers a clear and usable framework, a “map”, as they call it, to navigate
a complicated space. This point of view encompasses three main research directions:

1. The design and implementation of compilation algorithms, whose aim is to transform
a knowledge base into a tractable representation. For example, transforming a given
Boolean function described as a CNF formula into an OBDD.

2. The design and implementation of algorithms for manipulating these representations.
It encompasses two main directions. The first one consists in solving a query on the
Boolean function, for example, computing its number of satisfying assignments. The
second consists in transforming the data structure to represent a new Boolean function,
for example, computing a representation of —f from a representation of f.

3. Comparing different representations in terms of succinctness and tractability, for exam-
ple, establishing that there exist Boolean functions succinctly represented as CNF but
which admit only OBDDs of exponential size.

All three directions have generated important contributions in several fields of computer
science. The first one has, for example, helped in the design of efficient tools for solving
#SAT in practice [LM17; Darll], a notoriously hard problem. The second one has been
implemented to reason in real time on large knowledge bases representing product configura-
tions [ACF10; Par03]. Finally, the last one has uncovered connections with many aspects of
computational complexity, e.g., communication complexity [Bov+16; Vin24], proof complex-
ity [Cap19; BHK25; BHS24| or extension complexity [CPG23].

This manuscript summarizes and organizes the different contributions I made in the field
of knowledge compilation, more specifically, in applying techniques and ideas from knowledge
compilation to other fields of computer science: propositional logic, proof complexity, database
theory and convex optimization theory. Every chapter (but the first one containing prelim-
inaries) is dedicated to a different field and all chapters are independent from one another.
They are introduced with a general introduction, presenting the field, the main ideas and the
chapter’s organization. At the end of each introduction, I summarize my main contributions
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covered in the chapter. The rest of this introduction gives a general idea of the content of each
chapter.

Knowledge compilation and Propositional Logic: tractability of structured CNF
formulas. As hinted before, the field of knowledge compilation has mostly focused on com-
piling Boolean functions, often represented as CNF formulas, hence using propositional logic.
It is only natural that knowledge compilation has several applications in logic. For example,
the #SAT problem of computing the number of models of a given CNF formula can be solved
using tools from knowledge compilation: first, compile the formula F' into a data structure C
for which we can efficiently compute the number of models and run the counting algorithm
directly on C. The total time is then the time to produce C plus the time needed to compute
the number of models of C, which is polynomial in the size of C'. Since #SAT is a notoriously
hard problem to solve, we cannot have guarantees that the compilation phase runs in poly-
nomial time in the size of F' but, depending on the structure of F', we can sometimes obtain
such guarantees. One extreme example is the following: consider a tree 7' = (V, E) and the
following formula on variables V:

F = /\ (x Vy).

{z,y}€FE

In this case, we can show that, by following the structure of the tree, we can represent F' with an
OBDD of size linear in F, and in particular, find #£F. This is obviously not the only approach
to find #F. It is not hard to see that #F is the number of vertex covers of T" which we can
find using a dynamic programming algorithm. However, the compilation approach here offers
modularity. If one now wants to sample uniformly a model of F', we can either design another
dynamic programming algorithm for this specific task or simply invoke the fact that uniformly
sampling models of OBDDs is tractable. This modularity is both interesting in theory, to
avoid duplicating very similar proofs and in practice, since having efficient implementations to
solve several tasks for OBDDs can then be reused for many problems as long as we are able
to convert them into OBDDs.

While the previous example is very limited, it can be generalized via the notion of treewidth,
which intuitively measures how tree-like a graph is. In this case, OBDD may be too weak to
offer interesting complexity guarantees, but it can be recovered by using simple generalizations
of OBDD presented in Chapter 1. This approach is the starting point of a fruitful line of
research which tries to understand what kind of structures in CNF formulas lead to interesting
tractability results [Che04; FMROS8; SS10; PSS13; SS13; OPS13; GS17; Bov+15; Ama+20]. In
Chapter 2, we focus on this line of research, showing that CNF formulas of bounded treewidth
can efficiently be compiled into a tractable representation language, recovering many known
tractability results. While the results are not new in themselves, the way we prove them is.
Indeed, we introduce a new data structure for representing Boolean functions, that we call
Tree Decision Diagrams (TDD), and which generalizes OBDD. They are powerful enough to
recover the interesting tractability results of bounded treewidth CNF formulas while retaining
most properties of OBDD. In particular, we show that each Boolean function has a canonical
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and minimal representation in this formalism and that any representation can be minimized
into its canonical form.

Knowledge compilation and Proof Complexity: proof systems for #SAT. When a
SAT solver answers that a given CNF formula is satisfiable and outputs a satisfying assignment,
it is easy to check that it is indeed the case. Even if the solver has a bug, it may not have been
encountered during this specific run and it does not change the correctness of its output. This
fact is not symmetrical however: when a SAT solver answers that the input CNF formula is
unsatisfiable, it is not straightforward to check and the user is left to trust a possibly buggy
software. To circumvent this problem, the community has focused on outputting a proof of
unsatisfiability which can efficiently be checked independently from the solver. In a nutshell,
the proof of unsatisfiability can often be seen as a list of logical steps one can follow to derive
a contradiction from the input formula. This approach quickly became standard for SAT
solvers and inspired other tools solving hard to check logical problems to follow a similar
path, for example, in the design of MaxSAT solvers [BLMO07; Bon+18], where one tries to
maximize the number of satisfied clauses in unsatisfiable formulas or QBF solvers [Jus+07;
JGM13; BBM21], where one tries to decide the satisfiability of quantified CNF formulas. A
notorious exception, however, is the situation with #SAT solvers, outputting the number of
satisfying assignments of a given CNF formula. When I started investigating this question in
2019 [Cap19], no #SAT solver was able to output a proof that the output number of satisfying
assignments was correct. This can be partially explained by the fact that, in the case of QBF
and MaxSAT, proof systems based on generalizations of resolution, a well-understood proof
system for SAT, have been described early. No such proof system is known for #SAT and it
may explain why no certified tool was created earlier.

To design proof systems for the #SAT problem, we rely on the following observation
from [Capl9]: if one wants to certify that a CNF formula F' has k satisfying assignments, one
can simply exhibit a representation C of the satisfying assignments of F' where there is an
efficient algorithm to find the number of models of C. C could, for example, be an OBDD
as in Fig. 2. The main problem with this approach is that there is no reason to trust the
fact that C faithfully represents the models of F. The main idea from [Capl9] has been to
introduce a labeling of C which allows to check that it is indeed equivalent to F'. Other proof
systems based on the same idea (sometimes implicitly at first) have later been proposed, such as
MICE [FHR22; BHS24] or CPOG [Bry+25]. We also implemented a similar approach [CLM21]
to certify in practice the output of the #SAT solver b4 [LM17]. In Chapter 3, we review this
contribution and explain the connections between the many proof systems introduced so far
for #SAT.

Knowledge compilation and database theory. The most important task in a database
management system, from the user’s point of view, is arguably its ability to efficiently list
the answers to a given query. One obvious limitation is the fact that the number of answers
may be large, leading to important inefficiencies in just printing them out. One unsatisfactory
workaround is to limit the number of answers printed. While it works well for presenting the
answers to the user, it is hard to guarantee that the sample chosen is representative of the
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answer set, nor whether it fits what the user needed. A more useful approach has been to
consider enumeration algorithms which build a data structure from which we can extract the
answers one after the other in a streaming fashion, while guaranteeing that the time needed to
output the next answer is reasonable [BDGO07]. This point of view works well when the goal is to
perform an action on every tuple from the answer set but may not be satisfactory when the user
needs to understand the answer set. Indeed, when this set is too large, it is more interesting to
get insights by sampling it, by computing some statistics such as the number of answers sharing
values on some attributes or by enumerating targeted parts of the answer set. In this case,
the approach is akin to the one used in knowledge compilation: we want to precompute a data
structure succinctly representing the answer set, which we can then use to better understand
it. Not surprisingly, this approach has emerged independently from knowledge compilation
in the database community under the name factorized databases [OZ15]. The main difference
with the setting of knowledge compilation is that we go from a binary to a larger domain
but the data structures introduced in [OZ15] are all straightforward generalizations of data
structures already present in the knowledge compilation map [DM02], a fact already observed
by Olteanu in [O1t16].

Interestingly, the focus in database theory has specific features that do not naturally arise
from the point of view of knowledge compilation. One illustrative example of this is that
new tasks are needed which were barely considered until now for knowledge compilation. For
example, aggregating tuples with weights in a semiring [KNR16; JPR16] is a task in database
that has many applications in database theory as it allows to compute explanations on why
tuples are in the answer sets, via the notion of provenance. While the task has been considered
in knowledge compilation [KVD17], it has not received the same degree of attention. Another
task is to answer direct access queries [Bag+08; Car+20]. In this setting, we assume that
there is an order on the answer set and we want to be able to efficiently find the k" answer
given k on the input. The complexity of this problem depends on how the answer set is
represented and how its order is defined and it has led to a fruitful line of research, classifying
the tractable and intractable cases [BCM22; Car+23] that we have revisited and generalized
using tools from knowledge compilation [CI24]. Another example of the specific features of
the database point of view comes from how the complexity is measured. In the knowledge
compilation approach, we mostly focus on the size of the representation as a whole while in
the database setting, there are quantities of different orders of magnitude. Indeed, the query
is considered to be much smaller than the database itself, and it changes how one understands
the notion of tractability. If s is the size of the query and d the size of the database, then a
representation of size 2° - d is more useful than a representation of size s - d>. It may seem a
triviality now but it actually forces us to study the algorithms in more details and realize that
even if two representations of the same answer set support the same query in polynomial time,
their dependency on s and d may be different, leading to one being “more tractable” than the
other.

In Chapter 4, we present the notion of relational circuits and explain how they can be seen
as generalizations of the data structures introduced in Chapter 1. The rest of the chapter is
mostly dedicated to compilation algorithms, which transform an input query and database into
a relational circuit. We first revisit a celebrated result by Yannakakis [Yan81] as a compilation
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Figure 3: The convex hull of =z V =y with interior point (1/3,1/3) = (1/3) - ((0,0) + (0,1) +
(1,0)).

algorithm. We then show that a minor adaptation of exhaustive DPLL [San+04; HDO05] to
this setting offers comparable complexity guarantees while allowing to compile a larger family
of queries.

Knowledge compilation and Convex Optimization. When a Boolean function is suc-
cinctly represented using tools from knowledge compilation, it is known that one can solve
various optimization problems such as finding the assignment that has maximal value, where
the value of an assignment is defined as some linear function over literals. This can be seen
as some form of weighted model counting using an appropriate semiring [KVD17]. When the
objective function is not linear, however, many optimization problems become hard [Kor+16].
This is partially explained algorithmically: as long as the objective function is linear, it can
be decomposed into independent parts, each of them concerning one variable at a time. It
allows the design of dynamic programming algorithms, progressing toward the objective value
inductively. When the value of the objective function depends on the interaction of more
than one variable together, in a non-trivial way, it is not clear how the data structure can be
exploited to speed the computation. In Chapter 5, we present a new point of view explaining
the tractability of optimizing linear functions over circuits from knowledge compilation using a
geometric explanation, which we first presented in [CPG23]. To do so, we consider the models
of a Boolean function with n variables as points in the space R™. In this space, we can define
the convex hull of f as the set of points that can be obtained as a convex combination of
models of f, that is, a combination of the form Efil()\i - p;i) where p; is a point in {0, 1}"
corresponding to a model of f and A\; € Ry are such that Zf\i 1 Ai = 1. For example, Fig. 3
shows the convex hull for the Boolean function over variables x, y defined by the propositional
formula —z V =y and shows that the point (1/3,1/3) belongs to this convex hull.

This convex hull is a polyhedron P C R™ and we know that any linear function will reach
its optimal value at an extreme point of P, and we can see that the extreme points of P
coincide with the models of f. Now, it says that to optimize a linear function over the models
of f, we can optimize over its convex hull and use tools from convex optimization theory. That
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said, we do not get anything from this observation alone since the size of the description we
have of the convex hull is at least the number of models of f, which can be large. Our key
observation is that if f is represented with a small data structure of size s, we can extract
from it a description of its convex hull with O(s) linear constraints.

In Chapter 5, we review in detail this connection between knowledge compilation and
compact description of the convex hull of Boolean functions. We then apply this connection
to the problem of Binary Polynomial Optimization (BPO) where one tries to maximize a
multilinear polynomial over {0,1}" [DK17]. We show that by describing the optimal value of
this problem as a Boolean function and using results from knowledge compilation, we are able
to recover and generalize many tractability results for BPO.
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Chapter 1

Data structures for Boolean
functions

In this chapter, we study various data structures for representing Boolean functions and their
properties. It serves as a basis for the other chapters, where these data structures are used as a
means to derive, explain, and generalize tractability results in other areas of computer science.
After giving general definitions and notation used throughout this manuscript, we focus on
the main data structures used in knowledge compilation. We review a few algorithms for
manipulating these data structures without going into too much detail. We also provide more
detailed proofs for a few folklore results that are hard to find explicitly stated in the literature,
while keeping the presentation short. Definitions and notions that are only necessary for a
given chapter are given in that chapter, to make each of them as self-contained as possible.

Organization of this chapter. We start by giving general-purpose definitions and notation
in Section 1.1. We then present data structures based on decision diagrams in Section 1.2 as
a warm-up before generalizing to data structures based on syntactic restrictions of Boolean
circuits in Section 1.3. We conclude this chapter with Section 1.4, where we study the suc-
cinctness and tractability of these data structures.

Personal contributions covered in this chapter. As this chapter is an introduction to
knowledge compilation, it is intended as an opinionated survey and not as a presentation of my
contributions. That said, some results in this chapter follow from earlier work. In particular,
Section 1.4.1 compares the succinctness of different data structures presented earlier. Some
separations here follow from [Bov+16], where we established a connection with communication
complexity to prove new lower bounds.

1.1 Definition and notations

In this section, we give general definitions and notation that will be used throughout this
document.
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Assignments. Given two sets A and B, we denote by B4 the set of functions from A to
B. When B = {0,1}, we will often write 24 to denote the set of assignments from a set A to
{0,1}. An element 7 € 24 is called a Boolean assignment on variables A, and we will often
just write “assignment” when it is clear from context that it is Boolean. A partial (Boolean)
assignment on variables X is an element of 2¥ for some Y C X. Given two assignments
71 € 2X and ™ € 2Y, we say that 7 and 7 are compatible, and write 71 ~ 7 if for every
z2€ XNY, 11(2) = m(z). In this case, we denote by 71 < 73 the assignment in 2XYY defined
as (11 < 71)(2) =11(2) if z € X and (11 ™M 72)(2) = 72(2) if z€ Y. When X NY = (), then we
necessarily have 71 ~ 7 by definition. In this case, to emphasize this property, we will also
use the notation 71 X 73 in place of 71 1 7. We denote by (x/0) (resp. (/1)) the assignment
in 2{} mapping z to 0 (resp. to 1). We will also use the notation (x1 /b, ...,z /by) to denote
the assignment in 2{#1-%k} mapping 2; to b;. Given 7 € 2¥ and Y C X, we denote by Tly
the assignment in 2 such that 7|y (y) = 7(y) for every y € Y.

Boolean functions. A Boolean function f on variables X is a subset of 2X. An assignment
T € f is said to satisfy f and is alternatively called a satisfying assignment or a model. Given
a Boolean function f C 2% on variables X and Y C X, we denote by f|y C 2¥ the Boolean
function on variables Y defined as {r|y | 7 € f}.

Given a Boolean function f C 2%, the negation of f, denoted by —f, is the Boolean
function on variables X defined as 2% \ f. Given two functions f C 2% and g C 2", we denote
by fAg={n>xmn|mncfncgmn~n}C2¥, Inother words, 7 € f A g if and only if
Tlx € fand 7|y € g. We say that fAg is the conjunction of f and g. When XNY = (), we can
observe that f A g is isomorphic to the Cartesian product of f and g and we will denote it by
f X g, to emphasize this syntactic property. This is also known as a decomposable conjunction
(see Section 1.3 for more details).

Let f € 2% and g C 2¥. We denote by f = g if and only if f A =g has no model. Or,
equivalently, if f and g are defined over the same variables, then every model of f is also a
model of g. We also denote by f = ¢ the Boolean function over variables X UY defined as
—f V g. Observe that f |= g if and only if f = ¢ is a tautology.

We denote by fVg={r €2XYW | r|x € f or 7|y € g} and call fV g the disjunction of f
and g. When X =Y, we can observe that f V g is equivalent to f U g, when seeing f and g¢
as sets of assignments. We will hence sometimes use the U-symbol to emphasize the fact that
f and g are defined on the same set of variables. This is also known as a smooth disjunction
(see Section 1.3).

Conjunctive and Disjunctive Normal Form Formulas. While there are many ways of
specifying Boolean functions, one central concept used throughout this document is that of
Conjunctive Normal Form (CNF) formulas. Given a set X of variables, a literal over X is
either z € X or —z. We let lit(X) be the set of literals over X, and for ¢ € lit(X), we denote
by var(f) its underlying variable (that is, # = var(z) = var(—z)). For an assignment 7 € 2%,
we naturally extend it to literals by defining 7(—z) = 1 — 7(z).

A clause c is a set of literals. We will often write it as ¢ = ¢ V - - - V £, because a clause is
to be interpreted as a disjunction, and we let var(c) = (J,c. var(¢). An assignment 7 satisfies
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a clause c if there exists ¢ € ¢ such that 7 is defined on var(¢) and 7(¢) = 1.

A Conjunctive Normal Form formula (CNF formula for short) F' is a set of clauses. We let
var(F) = J.cp var(c). We will often denote it by ¢ A--- Acy, because it is to be interpreted as
a conjunction of clauses. An assignment 7 satisfies F' (or is a model of F) if for every clause
c € F, 7 satisfies ¢. The Boolean function defined by a CNF formula is the Boolean function
over var(F') whose satisfying assignments are the assignments over var(F') that satisfy F. We
will often identify a CNF formula or a clause with the Boolean function it represents. Hence,
we will use the notation we defined for Boolean functions directly on formulas. For example,
we write F' |= ¢ whenever every satisfying assignment of F' is also a satisfying assignment for
c.

The size ||F|| of F'is defined as ) . [var(c)|. We sometimes use the notation |F'| to denote
the number of clauses in F', but we usually try to be explicit about this number instead of
relying on the notation.

A CNF formula can be conditioned by a partial assignment as follows: for 7 € 2¥, we let
F[r] be the CNF formula obtained as follows. We remove from F' every clause ¢ containing
a literal ¢ such that 7(¢) = 1. In the remaining clauses, we remove every literal ¢ such that
7(£) = 0. An assignment o € 2"\ gatisfies F[r] if and only if o x 7 satisfies F.

A wunit clause is a clause having exactly one literal. If F' contains a unit clause ¢ = {¢},
then every satisfying assignment of F' must set ¢ to true because it must satisfy c¢. Simplifying
a CNF formula by iteratively conditioning it on its unit clauses until no unit clause remains
is called unit propagation.

Example 1.1. Let F = (xVyVz)A(-xVy)A(—-zVx). The size of F'is |F| =34+2+2=1T.
Its satisfying assignments (or models) are given by:

— = O8
= =R
= O O|w

We have Fz/1] = y and F[z/0] = (yVz)A(=z). In F[z/0], the clause (—z) is a unit clause;
hence every model of F[z/0] must set z to 0. We can then perform a unit propagation
step and obtain F[z/0, z/0], resulting in the formula y. Performing unit propagation again
leads to the empty CNF; hence we find that F' has only one model with x = 0, namely

(/0,y/1,2/0).

A Disjunctive Normal Form formula (DNF formula for short) is the dual of a CNF formula:
it is a disjunction of terms, where terms are sets of literals. An assignment 7 satisfies a term
T if and only if for every literal £ € T, we have 7(¢) = 1. An assignment 7 satisfies a DNF
formula F'if and only if there exists a term T' € F such that 7 satisfies . The size ||F|| of a
DNF formula is defined as ) ;.. [var(7T')|. Using De Morgan’s laws, it is easy to see that the
negation of a CNF formula F' can be written as a DNF formula of size || F||.
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Graphs. We will use graphs for many different reasons in this text: to describe circuits, to
analyze the structure of formulas and queries, etc. We assume the reader is familiar with the
basics of graph terminology, and refer to [Diel2] for more details. That said, we give here a
few useful definitions that we will use throughout the text. A directed graph G = (V, E) is
defined as a set of vertices V and aset E CV x V of edges. If e = (u,v) € E, we say that e
is an edge from u to v, also denoted u — v. A self-loop is an edge of the form (u,u) for some
u € V. If the graph does not contain self-loops and has the property that for every (u,v) € E,
we have (v,u) € E, we say that G is undirected. If not specified, we assume graphs to be
undirected by default.

Two vertices u, v are called neighbors if and only if (u,v) € E or (v,u) € E. The neigh-
borhood of u is the set of neighbors of u together with u. The open neighborhood of u is the
set of neighbors of u.

We will also use the notion of a multigraph. In this setting, the edge set E of a graph
G = (V,E) is a multiset; that is, the same edge may occur more than once. This will be
particularly useful when describing decision diagrams, where we can have duplicated edges
(albeit with distinct labels).

A path in a graph G = (V,E) is a sequence vy,...,v; of distinct vertices such that
(vi,vi41) € E for every 1 <i < k. A cycle is a path such that (vg,v1) € E.

Given a graph G = (V| E), a connected component of G is a subset W such that:
e For every u,v € W, there is a path from u to v.
o If there is a path from u € W to some v € V, then v € W.

It is straightforward to find all connected components of G in linear time by performing a
depth-first search, a fact we will use later. A graph with exactly one connected component is
said to be connected.

A graph is said to be acyclic if it does not contain any cycle. We write DAG in place of
directed acyclic graph. A connected undirected acyclic graph is called a tree. In this case, we
can root the tree at an arbitrary vertex v and orient every edge toward the root. Observe that
every vertex u except the root has exactly one outgoing edge (u, f). In this case, we call f the
parent of u, and wu is called a child of f.

Hypergraphs are generalizations of undirected graphs where edges may have an arbitrary
number of vertices. More formally, a hypergraph H = (V, E) is a pair of sets: V is the set
of vertices of H and E C 2V is the set of edges of H. An edge e € E is thus a subset of V,
i.e., e C V. We extend most notions from graphs to hypergraphs. In particular, a path in H
is a sequence of distinct vertices vy, ..., v, such that for every 1 < i < k, there exists e € £
such that {v;,v;+1} C e. Contrary to graphs, there may be more than one edge connecting
v; and v;41 together. Sometimes, we will therefore describe a path with the explicit sequence
of edges it uses, i.e., as a sequence v1,e1,v9,...,€k_1,Vr Where v1,...,v; are distinct vertices
and eq,...,ei_1 are edges of H such that {v;,v;41} C e; for every 1 <i < k.
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1.2 Binary Decision Diagrams

Binary Decision Diagrams form a family of graph-based data structures for representing
Boolean functions that have a rich history, both in theory and in practice, that dates back
to the 1980s [Bry92; Bry86]. We only give a brief introduction. We encourage the interested
reader to consult the book by Wegener [Weg00] for a thorough treatment of the topic.

A Binary Decision Diagram (BDD) C' on variables X is a directed acyclic multigraph such
that:

e (' contains exactly one vertex with indegree 0 called the source,
o Every vertex with outdegree 0 is called a sink and is labeled by either T or L,

e Each remaining vertex is referred to as a decision-gate, is labeled by some x € X, and has
at most two outgoing edges: at most one labeled 0 and at most one labeled 1. (Because
C' is a multigraph, these two edges may share the same endpoints, but they must have
different labels.)

We will call the vertices of decision diagrams (and, later, of circuits) gates. When drawing
decision diagrams such as the one in Fig. 1, we use solid edges to denote 1-labeled edges and
dashed edges to denote 0-labeled edges.

We let edges(C) be the multiset of edges of the underlying DAG of C' and gates(C') be the
set of gates of C. We define the size of C, denoted by |C|, as the number of edges it contains.

Given a gate g of C, we let var(g) C X be the set of variables x such that there exists
a path from g to a decision-gate ¢’ labeled by z. Alternatively, we can define var(g) =
Uy (9.9 cedges(c) Var(e)-

Given a path P = g1, ..., gi in C and an assignment 7 € 22791 we say that P is compatible
with 7 if and only if for every 1 < i < k, if g; is labeled by the variable x, then there is an edge
between g; and g;4+1 that is labeled by 7(x). We say that an assignment 7 € ovar(9) satisfies g
or is a model of g if and only if there exists a path from ¢ to a T-sink that is compatible with
7. Observe that in this case, the path from g to a T-sink is unique. Indeed, for every i, there
is at most one neighbor ¢’ of g; such that there is an edge (g;, ¢’) labeled by 7(z), that is, g;+1
is uniquely defined by g; and 7(z). This is why we will often say the path compatible with 7.
A BDD C on variables X and with source s computes the Boolean function fo on variables
X defined as {7 € 2% | 7 satisfies s}.

Now, BDDs themselves are not our main focus and we usually consider subclasses of them.
A BDD is read-once if for every g and ¢’ such that there is a path from g to ¢/, the labels of g
and ¢’ are distinct. In particular, no variable is tested twice on any source-to-sink path. The
read-once property is interesting because it allows us to check the existence of a model very
easily. Indeed, if C' is read-once then it has a model if and only if there exists a path from the
source of C to a T-gate, since we can reconstruct the model from this path by setting 7(z) = b
if the path contains a decision-gate labeled by x and goes through an edge labeled by b. Since
it is read-once, there is at most one such gate, leading to a correct definition of 7. Read-once
BDDs also appear under the name Free Binary Decision Diagram (FBDD) in the literature.
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Figure 1.1: Smoothing BDDs by adding dummy gates: here y € var(go) \ var(g1), so we add it
with a dummy gate.

Observe that FBDDs are deterministic by nature, in the sense that given an FBDD C
over X and an assignment 7 € 2%, there is at most one path that is compatible with 7 in C.
Indeed, at each decision-gate on variable z, there is at most one edge labeled by 7(z), hence,
a path compatible with 7 must contain this edge.

A decision diagram is ordered if there exists an order z1,...,z, on X such that for every
decision-gate g on variable x;, if there is a path from g to a decision-gate ¢’ # g in C, then ¢’
is labeled by a variable x; with j > i. Observe that by definition, an ordered BDD (OBDD)
is also read-once. While OBDDs are exponentially weaker than FBDDs [Weg00, Example
5.9.4], their stronger structure allows more tractable transformations, see Section 1.4.3 for
more details.

A BDD may not test every variable on every path because sometimes, the value of a
variable may be arbitrarily chosen. While this is allowed in the definition, it is sometimes
handy to have BDDs that are smooth (also known as complete): a BDD C' is smooth if there
exists a set X of variables such that on every path from the source to a sink, every variable
from X is tested. Equivalently, it means that for every decision-gate g and ¢, ¢” such that
(9,4¢") and (g,¢") are edges of C, we have var(g') = var(g”). Observe that if C' is read-once,
then it is equivalent to say that all paths from the source to a sink have the same length.

A BDD C on variables X can always be made smooth and the transformation preserves
the fact that it is read-once and/or ordered. To do so, we can simply add dummy gates that
test the missing variables after each decision-gate, as illustrated in Fig. 1.1. More precisely,
say ¢ is a decision-gate on variable x with one 0-labeled outgoing edge (g, go) and one 1-
labeled outgoing edge (g,g1). Assume var(go) # var(g1) and, without loss of generality, let
y € var(go) \ var(g1). We can add a decision-gate gj on y with two outgoing edges pointing to
g1 and replace the edge (g,91) by (g,9¢}). It does not change the function computed by C and
now, var(go)\var(g}) has diminished in size. We can hence apply this transformation iteratively
until var(g1) = var(go) for every gate g. The resulting BDD will have size O(|X| - |C|) and be
smooth.

Lemma 1.2. Given a BDD C (resp. read-once, ordered) on variables X, we can construct a
smooth (resp. read-once, ordered) BDD C' computing fc of size at most O(|X| - |C|) in time
o1 X[ -[C]).

We illustrate the different properties in Fig. 1.2. Observe that in many cases, we do not
really need the L-sink. Indeed, if a decision-gate g on x has only one outgoing edge labeled
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by b € {0,1}, it prevents any path going through g from setting x = 1 — b. We observe that
all these properties are syntactic and can be tested in polynomial time.

Lemma 1.3. Given a BDD C of size s and having n variables, we can test in time O(ns)
whether C' is read-once and whether it is smooth. We can test in time O(n + s) whether it is
ordered.

Proof. We start by arbitrarily numbering the variables of C as z1,...,x, and precompute
var(g) for each gate g of C'. To do so, we store at each gate g a table T, with n entries such
that Ty[i] = 1 if and only if x; € var(g), and 0 otherwise. This can be done in time O(ns) by
recalling that var(g) = Uy (g, ¢)cedges(c) var(¢’). Hence, we can set Ty[j] - 1 where z; is the
variable tested at g and Ty[i] <= maxy.(g o)cedges(0) (Ty[i]) for every i # j. It takes time O(n)
per edge of the form (g, ¢’). Hence the total time is O(ns).

Now, to test whether C is read-once, we only have to check that for every decision-gate g
on variable z;, and ¢’ such that (g,¢’) is an edge of C', we have T [i] = 0. This can be done
in O(s) by simply going over every edge of C.

To test whether the BDD is smooth, we need to check that for every g and ¢’, ¢” such that
(9,9") and (g,9"”) are edges in C, we have var(g’) = var(¢g”). This check can be done in time
O(n) after the previous precomputation and we only have to do it at most once per edge of
the BDD, so a total time of O(ns).

To test whether the BDD is ordered, we build a directed graph G¢ whose vertices are the
variables of C as follows: we visit every decision-gate g of C. Let x be the variable labeling ¢
and ¢’ a gate such that (g,¢’) is an edge of C. If ¢’ is a decision-gate and z labels ¢’, we add
an edge r — z in G¢. Obviously, G¢ has at most s edges and n vertices and we can build
G¢ in time O(s 4+ n) because we only need to visit every edge of C' once and each of them
generates at most one edge in G¢o. Now it is easy to see that a variable z is tested before a
variable y in C' if and only if there is a path from x to y in G¢. Hence, if G¢ is acyclic, we
can compute in time O(|G¢|) = O(s+n) a total order yi,...,y, on X such that if j > i then
there is no path in G¢ from y; to y;. In other words, C'is ordered by y1,...,y,. Conversely, if
C is ordered for some order yy, ..., yn, then clearly G¢ is acyclic. Hence, we can test whether
C is ordered in time O(s + n). O

Non-determinism. BDDs can be augmented by adding new gates labeled by V that rep-
resent non-deterministic choice. Such BDDs are called non-deterministic BDDs, abbreviated
nBDD. We naturally have the corresponding notions of smooth BDD, read-once BDD (nF-
BDD) and ordered BDD (nOBDD). We adapt the definition of compatible paths as follows
(boldface is used to show the change). Given 7 € 22"(91) and a path P = g1,..., g in C, we
say that P is compatible with 7 if and only if for every ¢ < k, if g; is a decision-gate labeled
by z, then there is an edge (g;, gi+1) labeled by 7(z). For a gate g, we say that 7 € 2¥2"(9) ig
a model of g or satisfies g if there exists a path from g to a T-labeled sink that is compatible
with 7. The Boolean function fo computed by a non-deterministic BDD C on variables X is
the function whose models are 7 € 2% such that 7 satisfies the source of C.
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(¢) An OBDD. (d) A decision-tree.

o

(e) A non-smooth OBDD.

Figure 1.2: Many shades of BDD, all computing z <y < z.
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Figure 1.3: A non-deterministic FBDD. The assignment (z/1,y/1,z/1) has two compatible
paths depicted in red and green.

The definition of compatible paths is roughly the same as for (deterministic) BDDs but
this time, given 7 € 2¥"(9) we may have more than one path compatible with it, see Fig. 1.3
for an example.

Non-determinism adds much power to BDDs as there exist functions with polynomial size
nFBDD but no FBDD of polynomial size, see Section 1.4.1 for details. However, it comes at the
price of weaker tractability. The main difference, as we shall see in Sections 1.4.2 and 1.4.3,
is that we cannot compute the negation of an nBDD efficiently and counting the number
of models of an nBDD is now #P-hard, that is, very unlikely to admit a polynomial-time
algorithm. This can be seen as a straightforward reduction to the #DNF problem since a DNF
F' can be easily encoded as a small nOBDD having one V-node as the source corresponding to
the outer disjunction of F' which is connected to one OBDD per term of F. That said, it was
recently established that despite this #P-hardness, the problem of approrimating the number
of models of an nOBDD is tractable, namely, it admits an FPRAS [Are+21a], which was then
generalized to the case of nFBDD [MC25]. An interesting subclass of nEFBDD still supports
tractable counting. The main source of #P-hardness in nFBDD comes from the fact that it is
hard to compute the number of models of a given V-gate because its inputs may have common
satisfying assignments. But, in some cases, it may be that these models are disjoint, in which
case we say that the V-gate is unambiguous or deterministic'. More formally, a V-gate g is
said to be unambiguous whenever for every 7 € 2¥2"(9) | there is at most one gate ¢’ such that
(9,4") is an edge of C' and 7 is a model of ¢’. For example, the V-gate from Fig. 1.3 is not

There is a bit of a mismatch regarding this terminology in the literature. For BDD and automata, the
usual term is unambiguous, but for NNF circuits (see Section 1.3), this has been historically called determin-
istic [Dar01]. Unambiguous describes the phenomenon more faithfully since determinism is usually understood
as the fact that the computational process is determined by its input. When regarding an FBDD as a computa-
tion transforming an input assignment into a compatible path from the source to a sink, the path is iteratively
constructed in a unique manner, so the computation is deterministic. In other words, the computation per-
formed by a decision-gate is deterministic. Now, when encountering a V-gate, even if it is unambiguous, it is
not clear at all how to either construct the unique compatible path, nor to decide whether such a path exists.
The computation has to be performed possibly to the end of the diagram before being able to conclude. For
these reasons, we prefer the word unambiguous when describing such V-gates but we will use the established
terminology throughout this manuscript.
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unambiguous because there are two compatible paths starting at two distinct successors of g.
A non-deterministic FBDD C' is said to be unambiguous, uFBDD for short, if every V-gate
of C' is unambiguous. Unambiguous V-gates add a lot of succinctness to FBDD [Weg00].
Contrary to the other property previously introduced, unambiguity is not a syntactic re-
striction. For example, it cannot be tested as easily as smoothness. In fact, it is actually
coNP-hard to check the unambiguity of a given nFBDD. More precisely:

Lemma 1.4. The problem of deciding, given an nF'BDD C and a V-gate g of C, whether g is
unambiguous is coNP-complete.?

Proof. The problem is obviously in coNP since it is enough to give an assignment 7 satisfying
two distinct successors of g to prove g is ambiguous (i.e., not unambiguous). Since checking
that 7 is indeed a satisfying assignment of two distinct successors of g can be performed in
linear time in O(|C]), this concludes the proof of the problem being in coNP.

To see the completeness, we reduce from UNSAT. Let F = A", ¢; be a CNF formula over
variables z1, ..., z, and consider F' = A", ¢} where ¢} is a clause obtained from ¢; by replacing
variable x; by a copy :U§Z). It makes the variables of ¢ and ¢}, disjoint for ¢ # k. Hence, F' is
computed by an FBDD C” of size O(|F'|) which is made from a sequence of OBDDs, each of

them computing ;.

Now consider F” = /\?ll(xgl) == xEm)) Obviously F” can be computed by an OBDD
of size O(nm). We now consider the nFBDD made from a V-gate g with inputs C’ and C”.
Observe that even if C’ and C” are OBDD, they do not use the same order on variables. We

claim that ¢ is unambiguous if and only if F' is unsatisfiable.
Indeed, if F is satisfied by an assignment 7 then we define 7" by 7/ (xgj )) = 7(x;). Clearly,
7/ is both a satisfying assignment of C’ and C”, meaning that g is ambiguous. Similarly, if g is

(k))

ambiguous then let 7/ be an assignment satisfying C’ and C”. By definition 7/ (xij )) =7'(x;

for every i < mn and j,k < m. The assignment 7 defined by 7(x;) := T(:cz(l)

a satisfying assignment of F'. Indeed, since 7’ satisfies c} for every j < m, there exists i < n

) for every i < n is

such that ¢ contains literal ¢’ over xgj ) and 7/ (¢') = 1. Now, it means that there is a literal ¢
in ¢; such that 7(¢) = 7/(¢') = 1, that is, 7 satisfies c¢;. O

1.3 Negation Normal Form Circuits

We now turn our attention to Negation Normal Form circuits (NNF circuits for short). In a
nutshell, an NNF circuit is a Boolean circuit where every negation has been pushed to the
inputs of the circuit, which is always possible using De Morgan’s laws. For this reason, NNF
circuits are as powerful as Boolean circuits and not particularly interesting from a tractability
perspective but we define them anyway to study restrictions thereof.

2Tt seems that this result is folklore and does not appear in the literature. I remember discussing it with
Antoine Amarilli while preparing [AC24] though he mentioned this proof, credited to Marcelo Arenas, though
the tale may be even older. Let them be credited here anyway!
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A Negation Normal Form circuit C' over X (NNF for short) is a directed acyclic multigraph.
The nodes of C are called gates and it contains a distinguished gate out(C') called the output
of C. Moreover, it respects the following conditions:

e Every gate g with no incoming edges is labeled by either a literal over X or by a constant
b € {0,1}, in which case we say that g is an input of C.

e Every other gate g is labeled by either V, in which case we say that ¢ is a V-gate, or by
A, in which case we say that g is a A-gate.

Observe that the only occurrence of negation in NNF circuits is on the inputs of the circuit,
where negative literals can be used, which motivates the name. We usually draw circuits with
their inputs at the bottom and their output at the top, see Fig. 1.4 for examples. Hence when
describing algorithms or in proofs, bottom-up means that we are visiting the gates of the circuit
from its inputs to its output; top-down means from its output to its inputs.

If (¢, g) is an edge of C, we say that ¢’ is an input of g and g is an output of ¢’. If a gate
¢’ has more than one output, we will often say that ¢’ is “shared” in the circuit, meaning that
its computation is reused. We denote by var(g) C X the set of variables x such that there is
a directed path from an input labeled by = or =z to g. Alternatively, we can define var(g)
inductively as follows: if g is an input labeled by literal ¢, we let var(g) = var({). If g is labeled
by b € {0,1}, we let var(g) = 0. Otherwise, var(g) = var(g1) U --- U var(gx) where gi,..., gk
are the inputs of g.

Given 7 € 2¥ with Y D var(g), we say that 7 satisfies g or is a model of g if the following
holds:

e g is an input gate labeled by either 1 or a literal ¢ such that 7(¢) = 1.
e ¢ is a V-gate and 7 satisfies at least one input of g,
e g is a A-gate and 7 satisfies every input of g.

We let f,; be the Boolean function computed by g defined as the set of assignments 7 € var(g)
such that 7 satisfies g. Observe that if g has inputs ¢1,..., gr then either it is a V-gate and
we have f, = f4, V-V fg, oritis a A-gate and we have f, = f4, A--- A fg,. The Boolean
function fo computed by C'is defined as the Boolean function computed by its output gate.

CNF and DNF formulas can both be seen as particular shallow forms of NNF circuits. For
this reason, testing whether fo has at least one model is NP-complete.

Decomposable A-gates. Let C' be an NNF circuit. A A-gate g of C' is decomposable if and
only if for every pair g; # g2 of inputs of g, we have var(g;) Nvar(g2) = 0. An NNF circuit C
is said to be decomposable if every A-gate of C' is decomposable. In this case, we also say that
C'is a DNNF circuit.

Decomposability is particularly useful for the following reason: if g1, ..., g; are the inputs
of gand 7,...,7; are models of g1, ..., g on var(g1),...,var(gx) respectively, then 7 x - - - x 7%
is a model of g. Observe that it does not hold for non-decomposable gates because we would
need to add the assumption that 7; ~ 7;. This is precisely what makes the problem SAT
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(a) A DNNF circuit.

Figure 1.4: Negation Normal Form Circuits.

hard: finding a common assignment that satisfies every clause. Decomposability sidesteps this
hardness and it is now easy to check whether fo has a satisfying assignment or even enumerate
them (see Section 1.4.2).

It is easy to see that DNF formulas (after removing inconsistent terms, that is, terms
having opposite literals) are a particular case of DNNF circuits having only one V-node at the
top and one decomposable A-gate per term.

Deterministic V-gates. While DNNF circuits already offer a good trade-off between suc-
cinctness and tractability, they cannot be used for counting. Similarly to nEFBDD, the com-
plexity stems from the possible non-empty intersection between models of distinct inputs of a
V-gate. As for FBDD, we introduce a specific kind of V-gate: the deterministic V-gates. Given
an NNF circuit C' and a V-gate g of C with inputs g¢1,..., g, we say that g is deterministic
if and only if for every 7 € 2¥(9) there is at most one i < k such that 7 satisfies g;. In this
case, observe that the models (over var(g)) of g; and g; for every i < j < k are disjoint. A
deterministic DNNF' circuit, &-DNNF circuit for short, is a DNNF circuit where every V-gate
is deterministic. Observe that if g is deterministic with inputs gy, ..., gr and N; is the number
of models of g; over var(g), we have that the number of models of ¢ is Zle N;. It gives a poly-
nomial time algorithm for counting the models of d-DNNF circuits, by inductively computing,
for every gate g, the number of satisfying assignments of g over var(g).

Testing for determinism is coNP-complete and this is a direct consequence of Lemma 1.4
since nFBDDs are, in particular, DNNF circuits.

Corollary 1.5. The problem of deciding, given a DNNF circuit C and a V-gate g of C,
whether g is deterministic is coNP-complete.

Often, the determinism of the circuit is either given as a promise on the input or ensured
by the correctness of the algorithm that constructed the d-DNNF circuit. For example, the
algorithm from [Bov+15] constructs a d-DNNF circuit from structured CNF formulas and the
determinism follows from the fact that each time a V-gate ¢ is created in the circuit with
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children g; and go, then the satisfying assignments of g; do not satisfy the same clauses of F’
as those satisfying gs.

Decision-gates. In many algorithms for knowledge compilation however, the source of de-
terminism is even more explicit as it is syntactic. Indeed, many knowledge compilers only
introduce V-gates in the form of decision-gates, that is, gates similar to the ones used for
FBDD and OBDD: the knowledge compiler picks a variable = and creates a decision-gate g
on variable . One input of g accepts the models of g where x is set to 0 while the other
input accepts the models of g where x is set to 1, as depicted on Fig. 1.5. As with BDDs,
we need a read-once property: if g is a decision-gate labeled by x with input g¢g, g1, then
x ¢ var(go) and x ¢ var(g1). Observe that this condition ensures that the A-nodes in Fig. 1.5
are decomposable. Formally, let g be a decision-gate labeled by x with inputs gg, g1, where the
incoming edge (go, g) is labeled by 0 and the incoming edge (g1, g) is labeled by 1. We say that
7 € 2Y satisfies g if and only if either 7(z) = 0 and 7 satisfies gg or 7(x) = 1 and 7 satisfies g;.
Observe that with this definition, the V-gate from Fig. 1.5 is indeed deterministic since the
models from its first input must set « to 0, while the models from its second input must set
x to 1. A decision-DNNF circuit is a circuit having only inputs, decomposable A-gates, and
decision-gates. Observe that a decision-DNNF circuit can straightforwardly be transformed
into a d-DNNF circuit but keeping the structure of decision-gate is often more interesting than
using the resulting d-DNNF circuit.

We observe here that the orientation of edges differs from the definition of BDD. In BDD,
the edges are going out of the decision-gate while in decision-DNNF circuit, we use the conven-
tion that the edges are going in the decision-gate. While this may seem confusing, it is hard to
avoid: in Boolean circuits in general, gates are seen as functions producing an output from its
inputs, and the inputs are oriented toward the gate. Hence, in this case, decision-gates must
have their input oriented toward themselves. In BDD, a decision-gate orients a path toward
the next node by deciding on the value of some variable, in which case, the decision-gate is
oriented toward the next one. We do not see any way of really bridging the gap between
the two notions here. In Chapter 3, we will orient the edges of decision-DNNF circuits as
for BDDs, that is, from its output to its inputs. This orientation makes more sense in this
chapter because we are often considering properties of paths from the output to the input and
it is more natural to orient the circuit this way. When we want to stress that decision-DNNF
circuits are just a specific kind of DNNF circuits, we will more often use the DNNF circuits
orientation.

Structuredness. The final syntactic property that is useful for NNF circuits is the notion
of structuredness. In a nutshell, it is a generalization of the ordering property introduced for
OBDDs but in the case of NNF circuits. In BDD, a model corresponds to a path in the DAG,
hence, it is natural that the additional structural properties of OBDDs restrict how these paths
can test variables by imposing a static ordering. In DNNF circuits, a model corresponds to a
tree since both inputs of A-gates must be satisfied (see Lemma 5.11 later for a more detailed
presentation of this fact). Hence, we will add constraints on how these trees can be structured.
To do so, we introduce the notion of variable trees. Given a finite set X of variables, a variable
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Figure 1.5: A decision-gate on variable z seen as a deterministic V-gate.

tree (vtree for short) T on X is a rooted tree such that every node except the leaves has exactly
two children and such that the leaves of T' are in one-to-one correspondence with X, that is,
each leaf of T is labeled by some xz € X and for every x € X, there is exactly one leaf of
T labeled by x. Given a node t of T, we denote by T} the subtree of T rooted at t and by
var(t) C X the set of variables labeling the leaves of T;.

Given a DNNF circuit C' on variables X, T a vtree on X and t a node of T" with children
t1,te, we say that a A-gate g with inputs g1, gs respects t if and only if var(g;) C var(t;) and
var(ge) C var(t2). If for every A-gate g of C, g respects some node t of T', we say that C respects
T. If C respects a vtree T, we say that C is a structured DNNF circuit. We similarly use
terms structured d-DNNF circuit, structured decision-DNNF circuit etc. Structured DNNF
circuits have been introduced by Darwiche in [PD10] because, like OBDDs, they can be joined
together: from two structured DNNF circuit Cy, Cs respecting the same vtree, we can build a
structured DNNF circuit C” of size at most |C1] - |C2| computing C1 A Cs. It gives a method
to transform CNF formulas into structured DNNF circuits known as bottom-up compilation,
which we will cover extensively in Chapter 2 for a subclass of structured d-DNNF circuits.

It is straightforward to see that testing whether a DNNF circuit C' on variables X respects
a given vtree T' can be done in polynomial time. Indeed, we can precompute var(g) for every
gate ¢ in the circuit and then, for every A-gate g of C' with input g1, g2, find the least common
ancestors t1,t2 in T of the leaves labeled by var(g;) and var(g2) respectively and check that
the least common ancestor ¢ of ¢1, to is neither ¢; nor to. Computing var(g) for each gate g of
C takes time O(]X]| - |C|) and checking one A-gate can be done in time O(]|X|) hence a total
running time of O(|X| - |C).

Lemma 1.6. Given a DNNF circuit C and a viree T on variables X, one can check whether
C respects T in time O(|X| - |C|).

Normal Forms. We conclude this section with a few observations on NNF circuits. It is
often handy to assume a few syntactic properties of the circuit. We show here that some of
them can always be ensured. We first turn our attention to constants. While allowing inputs
labeled by a constant b € {0, 1} is useful, it is sometimes better to remove them to ensure that
every subcircuit contains at least one variable. Fortunately, we can always do this in linear
time.
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Lemma 1.7. Let C' be an NNF circuit which does not compute a constant Boolean function.
We can compute in time O(|C|) an equivalent NNF circuit C' of size at most |C| which does
not use constant inputs. Moreover, the transformation preserves structuredness, determinism
and decomposability.

Proof. Let g be an input of C labeled by b € {0,1}. If ¢’ is a gate that has g as input, we
simplify it as follows:

o If ¢’ is a V-gate and b =0, or if ¢’ is a A-gate and b = 1, we remove the edge (g,¢’).

o If ¢’ is a V-gate and b = 1, or if ¢ is a A-gate and b = 0, we remove the edge (g, ¢’) and
relabel ¢’ with b.

This transformation may leave some gates isolated (that is, without outputs), in which case, we
remove them from the circuit. Similarly, some V-gate or A-gate may not have inputs anymore.
We replace A-gate without inputs by 1 and V-gate without inputs by 0.

It is easy to see that this transformation does not change the function computed by the
circuit and that it preserves structuredness, determinism and decomposability of every gate in
the circuit. Moreover, it decreases the size of the circuit by at least one. Therefore, applying
the transformation iteratively converges toward a circuit where it cannot be applied anymore,
hence where no constant gates remain. Finally, each transformation takes time proportional
to the number of edges connected to g, and it removes them all. Hence, the total time needed
to eliminate constants is O(|C|). O

Another useful transformation is to make the circuit smooth. A circuit is smooth if for
every V-gate g and input ¢’ of g, we have var(g) = var(g’). We can always complete the circuit
to make it smooth.

Lemma 1.8. Given an NNF circuit C on variables X, we can compute a smooth NNF circuit
C’" of size at most O(|X| - |C|) computing the same function as C in time O(|X|-|C|). The
transformation preserves determinism and decomposability.

Proof. First, observe that for any set of variables Y C X, we can build a smooth deterministic
DNNTF circuit Cy of size O(]Y']) accepting every assignment over Y. Cy is simply /\yey(y\/ﬁy).
Now if g is a V-gate of C' and ¢’ an input of g with var(¢") C var(g), we let A = var(g)\var(g’) #
(). We disconnect ¢’ from g and add a A-gate ¢” computing ¢’ A Ca, and connect g” to g.
Clearly, ¢" computes 2 x fq and is decomposable, hence the function computed by g has
not changed. Moreover, var(g”) = var(g). Since Ca is smooth, we hence have reduced the
number of edges (¢’, g) where g is a V-gate and var(g’) C var(g). We can iteratively apply this
transformation until every V-gate is smooth. Each edge of C' may incur O(]X|) new gates,
hence the resulting circuit has size at most O(]X|-|C|) and it can be built in this amount of
time. O

In the case of structured NNF, smoothing can still be performed while preserving struc-
turedness but one has to work inductively on the vtree T and ensure that every A-gate g
respecting a node ¢ of T is such that var(g) = X;. If not, one can add a similar gadget as
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before to ensure it. We can then force V-gates to be connected to other V-gates or A-gates ¢’
with var(g') = X; for some t. Because of structuredness, the gadgets used in different parts of
the circuit will share a lot of structure. By using a clever construction, Shih, Van den Broeck,
Beame and Amarilli have shown that smoothing structured circuits can actually be done in
time and space O(«a(|C|, |X|) - |C]) where « is the inverse Ackermann function [Shi+19].

1.4 The Knowledge Compilation Map

We have so far introduced many different data structures that allow us to represent Boolean
functions. To compare their respective usefulness, it is first important to understand how they
compare with one another. First of all, it is important to understand the succinctness of each
language. For example, does forcing an order in OBDDs make them really less succinct than
FBDDs or can we always pay a reasonable increase in size to ensure this syntactic property?
It turns out that some functions have polynomial size FBDD but no polynomial size OBDD.
The second thing that is important to understand is the tasks we are able to solve depending
on the representation of a given Boolean function. In their seminal paper [DM02], Darwiche
and Marquis have proposed to summarize results as tables explaining for each representation
the tasks that could be solved in polynomial time on them and the transformations that are
possible.

In this section, we review some results concerning how representation languages compare
with one another and present some queries and transformations that will be interesting in the
rest of the manuscript and give a high-level description of the algorithms involved.

1.4.1 Comparing Representations

We have introduced several representations of Boolean functions as NNF circuits or decision
diagrams. We are now interested in understanding how relatively succinct they are. Given two
representation languages C1, Co of Boolean functions, we will say that Cy is at least as succinct
as Ca, denoted by C; < Cy if and only if for every C € Cs then there exists C’ € C; computing
the same function as C' and such that |C’| = poly(|C|). We say that C; is more succinct than
Co, and write C1 < Co, if we do not have Cy < C;. In other words, it means that there exists a
sequence (fn)nen of Boolean functions and a superpolynomial function w: N — N such that:
for every n € N, f,, has a representation Cy € Cy of size s,, with s, = +00 as n — +o0 and
every representation Cy € Cy of f,, has size at least w(sy).

For example, FBDD < OBDD because an OBDD is in particular an FBDD, so for every
OBDD C, there exists an FBDD of size polynomial in |C| and computing the same function,
in this case, C itself. We also have FBDD < OBDD. Indeed, consider functions ROW (M,,)
and COL(M,) which respectively decide whether there is a row and a column of all ones in
an n x n matrix M, = (z; ;)i j<n of Boolean variables and let s be a distinct Boolean variable.
Then f, = (s AROW (M,))V (-s N\COL(M,)) can be represented by an FBDD of size O(n?)
but every OBDD representing f,, must have size at least 2 for some constant ¢ [Weg00].

It is obvious that FBDD < decision-DNNF < d-DNNF < DNNF < NNF because they are
a succession of restrictions of NNF circuits. All these succinctness results are strict. Separating
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representations C; and Cs often relies on finding the right function that is easy for C; but hard
for Cy. Proving that a function is easy for C; is usually the easiest part as one only has to
come up with an algorithm computing the function with the right representation. On the
other hand, proving that a function cannot be represented with polynomial size in Cy requires
a precise understanding of the computational process. We give below a few examples:

e Decision-DNNF circuits are more succinct than FBDD [Raz14]|. Razgon uses a Boolean
function encoding the vertex covers of a graph having n vertices and whose treewidth
is O(logn) and pathwidth is O(log?n). The smallest FBDD for this function is ncloe"
for some constant ¢ > 0 while we can represent it with a decision-DNNF circuit of size
poly(n). The separation is not really exponential and we can actually prove that any
decision-DNNF circuit of size s can be represented as an FBDD of size s'°¢° [Bea+14].
The bound for FBDD actually works even if we allow non-deterministic nodes, showing
that nFBDD are not more succinct than decision-DNNF circuits.

e d-DNNF circuits are more succinct than decision-DNNF circuits. We can use a function
fn = (PARITY (M) N ROW (M,))V (-PARITY (M) N COL(M,))

to separate them [Bea+13|. Intuitively, the PARITY function implies that the disjunc-
tion is deterministic but it is hard to encode with decision-gates.

e DNNF circuits are more succinct than d-DNNF circuits. We prove this result in [Bov+16]
using tools from communication complexity and a Boolean function proposed by Sauer-
hoff [Sau03].

e NNF circuits are more succinct than DNNF circuits. We can actually prove an even
stronger separation, namely that there exists a CNF formula F' of size s (which are
a restricted form of NNF circuit) such that any DNNF circuit computing F' has size
20() We can prove the separation by relying again on the communication complexity
techniques from [Bov+16]. The function used here encodes vertex covers of bounded
degree expander graphs [Capl6, Chapter 6]. Observe however that some function can
be represented as succinct FBDDs (even OBDDs) but not by succinct CNF formulas.
For example, the PARITY,, function is known to have only exponential size circuits of
bounded depth [Has86], hence only exponential size CNF formulas. But this function
has an OBDD of size O(n).

The goal of this section is mostly to give a feeling about what it means for representations
to be more succinct than others and how this can be obtained unconditionally. There is,
however, one open question that is, in our opinion, worth investigating, namely:

Open question 1. Prove a superpolynomial lower bound on the size of d-DNNF' circuits
representing DNF' formulas.

Indeed, while we can separate d-DNNF from DNNF circuits, we cannot separate DNF
formulas from d-DNNF circuits. It is clear that the function PARITY,, has small d-DNNF
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circuit but only exponential size DNF formulas, but it is not clear whether there exists DNF
formulas having no polynomial size d-DNNF circuits. We observe that if every DNF formula
can be transformed into polynomial size d-DNNF circuits, then this transformation is very
unlikely to be possible in polynomial time. Indeed, it is known that finding the number of
models of a DNF formula is #P-hard while computing the number of models of a d-DNNF
circuit C' can be done in time polynomial in |C|. Hence, a polynomial time transformation from
DNF formulas to d-DNNF circuits would give a polynomial time algorithm for a #P-complete
problem, which is unlikely.

We also observe that in general, we have separations between the structured and the
unstructured version of the same circuit class. For example, OBDDs are exponentially weaker
than FBDDs, as mentioned earlier in this section. Similarly, structured d-DNNF circuits are
exponentially weaker than d-DNNF circuits. We can even exhibit a Boolean function having
small FBDD but only exponential sized structured d-DNNF circuits, see [Capl6, Chapter 6]
for an example.

1.4.2 Tractable queries

We are mostly interested in two queries: model enumeration and model counting. Observe
that the knowledge compilation map reviews other interesting queries but it will not be the
focus of this document.

Model enumeration. Model enumeration is the task of listing every model of a Boolean
function f. The quality of enumeration algorithms may be measured along several parameters.
The easiest one is the total time needed to perform the operation. In this case, it is customary
to take the output size into account when reasoning about the complexity of a given enumer-
ation algorithm. For example, we say that an enumeration problem is output polynomial if
every solution to the problem can be listed in time polynomial in the size of the input plus
the size of the output. That said, one is usually more interested in the time needed to output
a new solution. Hence, given an enumeration algorithm producing solutions, we will study its
complexity in terms of preprocessing, that is, the time needed to output the first solution, and
delay, that is, the maximal time needed between the output of two distinct solutions. There
are many other relevant ways of studying enumeration algorithms, and this has been one focus
of my research [CS19; CS21; CS23] but this is not needed within the scope of this manuscript
and the interested reader can learn more about it in Yann Strozecki’s thesis and habilitation
manuscript [Strl10; Str23].

Given a representation language C of Boolean functions, we will say that model enumer-
ation is tractable for C if we can output every model of C' € C with preprocessing and delay
polynomial in |C|. It is clear that model enumeration is not tractable for NNF circuits, as it
would mean in particular that we can solve SAT in polynomial time. The most general class
of circuits for which model enumeration is tractable is DNNF circuits:

Theorem 1.9. Given a DNNF circuit C over variables X, we can enumerate the models of
C' with preprocessing and delay O(|C| - | X]).
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Proof. The algorithm relies on the following observation: given ¥ C X and 7 € 2, we can
decide in time O(|C|) whether there exists ¢ € 2¥\Y such that 7 x ¢ is a model of C. To do
so, we compute a value my € {0,1} at each gate g of C' such that my, = 1 if and only if g has
a model that is compatible with 7. If g is an input labeled by a literal £ over a variable y € Y,
then we let mgy = 7(¢). If the literal is over x € X \ Y, then my, = 1. If g is a A-gate with
input g1,...,9%, then my = my, x --- X my, and if g is a V-gate, we let my = max;<y my,.
It is readily verified that if o is the output of C' then m, = 1 if and only if C' has a model
compatible with 7.

To enumerate the models of C', we use the following strategy: we first pick an arbitrary
order z1,...,x, on X. Then we recursively define a function enum(C,t) for 7 € olw1,.wi}
which enumerates the models of C' compatible with 7 as follows:

o If x; = x,, we output .
e If C has a model compatible with 7 x (z;11/0), we recursively call enum(C, T x (x;+1/0)).
e If C has a model compatible with 7 x (z;11/1), we recursively call enum(C, 7 X (x;4+1/1)).

Clearly enum(C, ()) enumerates every model of C. More interestingly, we never perform
a recursive call without being sure that there is at least one model below, by using the fact
that we can test whether C' has a model compatible with 7. Hence, after at most n recursive
calls, we find at least a new model of C'. Since each recursive call takes time O(|C|) (the time
needed to test whether 7 X (x;41/b) can be extended to a full model of C'), we have delay
O(|X] - C). 0

One consequence of Theorem 1.9 is that enumeration is tractable for d-DNNF circuits,
decision-DNNF circuits and FBDD as well. That said, when the circuit is deterministic, we
can improve the delay. Indeed, if C' is a d-DNNF circuit, then we can enumerate the models
of a gate g using the following recursive approach:

e If g is a V-gate with inputs ¢1,..., gk, then we initialize ¢ to 1 and while ¢ < k, we
recursively enumerate the models of g;. When done, we increment ¢ by 1. Since g1, ..., gk
have disjoint models by determinism, we have no duplicates in the output and list every
model of g. The delay d, to enumerate the models of g is equal to K1 + max;<j, dg, for
some constant K representing the overhead of orchestrating the different enumeration
algorithms.

o If g is a A-gate with inputs g1, g2, then we enumerate the models of ¢g;. Each time a
model 7 of g1 is found, we enumerate the models of go and output 7 x o for every model
o of go. When we reach the end of the enumeration of go, then we enumerate the next
model of g; and enumerate again every model of go. The delay d, is then K3+ dy, + dg,
where K> is again a constant overhead for orchestrating the interlaced enumeration of
g1 and gs.

For simplicity, we have assumed above that the A-gates of C' have fan-in 2, but if they have
larger fan-in, with inputs g1,..., g%, we can adapt the same idea by seeing it as a tree of
A-gates of fan-in 2.
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It is not hard to see by induction that, if constants have been removed from C' in a
preprocessing step of O(|C]), the delay of the previously described algorithm is O (| X| x h(C))
where h(C') is the height of C, that is, the longest path from an input to the output of C.
Observe that the dependency in h(C) stems purely from the fact that inputs of V-gates may
also be V-gates and there may be long paths of V-gates that we need to go through before
going on. There are two ways of circumventing this difficulty. The first easy way is to only
consider decision-DNNF circuits. In this case, the depth is bounded by O(]X|) once constant
gates have been removed, because if g is a gate with input ¢/, then we have var(g’) C var(g).
In this case, we can actually show that the previously described algorithm has delay O(|X]).

A more subtle approach for improving the naive O(|X| - h(C)) delay has been proposed
in [Ama+17] by Amarilli, Bourhis, Jachiet and Mengel. The trick is to use the preprocessing
to jump over long paths of V-gates. The key observation here is that determinism enforces
that given a V-gate g, if we consider the set of V-gates ¢’ such that there is a path from ¢’ to
g made entirely of V-gates, then this subcircuit must be a tree and its leaves are connected to
only A-gates g1, ..., gk, known as the ezit gates of g. The models of g are the union of models
of its exit gates. Indeed, if there is an undirected cycle, it would break determinism. Using a
clever linear time preprocessing, they are able to construct a data structure such that given
a V-gate g of C, one can enumerate its exit gates with constant delay. Using this approach,
we can reduce the delay of the enumeration to O(|X|), after a linear preprocessing. We hence
have:

Theorem 1.10 (Adapted from [Ama+17]). Given a DNNF circuit C on variables X, we can
enumerate the models of C with preprocessing O(|C|) and delay O(|X|) if C is deterministic
and O(|X| - |C|) otherwise. The space needed for enumeration is at most O(|X|-|C).

We observe that these algorithms can be generalized to weighted models and we now want
to enumerate the models in nondecreasing order of weights (as long as the weights of models
are computed from independent weights on variables), see [Ama+24]. However, in the ordered
enumeration setting, the space consumption of the algorithms is now exponential since we
must keep track of the ordered models.

Model Counting. The other main query that we will focus on in this manuscript is the
problem of computing the number of models of a Boolean function f, which we will denote by
#f. This problem is known to be #P-complete when f is given as a CNF formula, a problem
usually referred to as #SAT. We will not need much knowledge of the complexity theory of
counting problems in this manuscript which has been introduced by Valiant [Val79]. Hence,
we omit the detailed definitions. A good introduction to the topic may be found in [ABO09].
The only thing that we need to know is that a problem is in #P if it can be expressed as the
number of accepting paths of a non-deterministic Turing machine running in polynomial time.
For example, #SAT can be seen as the number of accepting paths of a Turing machine that,
given a CNF F on variables X, non-deterministically guesses an assignment of 7 € 2% and
accepts only if 7 is a satisfying assignment of F'. The number of accepting paths of this Turing
machine is clearly the number of models of F. Now, guessing 7 can be done with O(|X|)
non-deterministic steps and checking whether 7 is a satisfying assignment of F' can be done in
polynomial time, so it proves that #SAT is a problem in #P.
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The notion of #P-completeness is a generalization of NP-completeness: intuitively, we
want a problem A to be #P-complete to mean that it is in #P and every problem B in #P
reduces to it, in the sense that having an algorithm for A gives an algorithm for B via an
easy to perform transformation. Several notions of reduction may be defined and they yield
different notions of completeness. The most powerful being parsimonious reduction, where
we want that an instance of B can be encoded as an instance of A, of polynomial size, and
having exactly the same value. The core of the proof of the Cook-Levin theorem[Coo71; Lev73|
being to encode the runs of a polynomial time non-deterministic Turing machine, it gives a
parsimonious reduction from any problem in #P to #SAT. We can also consider reductions
allowing postprocessing in the following sense: we can transform an instance I; of B into an
instance I5 of A such that B(I;) = g(A(I2)) where g is a polynomial time computable function.

Under such reduction, it gives that the problem #DNF of computing the number of sat-
isfying assignments of a DNF formula is #P-complete. Indeed, we can reduce #SAT to it:
given a CNF formula F, we can write G = —F as a DNF formula. Now since #G = 2" — #F,
we have a reduction from #SAT to #DNF. This reduction is not parsimonious and it is very
unlikely that such a reduction exists. Indeed, we know that #DNF admits an approximation
algorithm [KLMS89] (more precisely an FPRAS). A parsimonious reduction from #SAT to
#DNF would mean that #SAT also admits an approximation algorithm, which is unlikely
unless P=NP [Rot96].

After this loose introduction to the complexity theory of counting problems, we turn our
attention to model counting problems when the input is given as an NNF circuit. Since
#DNF is #P-complete already, we directly have that #DNNF is also #P-complete because
every DNF formula is, in particular, a DNNF circuit. Now, observe that if f is given as a
deterministic DNNF circuit C on variables X, then it is tractable to compute #C. Indeed,
we can inductively compute #g, the number of models of a gate g over var(g) as follows: if
g is an input then #g = 0 if it is labeled by 0 and #¢g = 1 otherwise. If g is a A-gate with
inputs g1, ..., gr then because of decomposability, #g = Hle #g¢;. Finally, if g is a V-gate
with inputs g1,..., gk, we have #g = Zle 2%i4kg; where 6; = |var(g) \ var(g;)|. Since we
can precompute var(g) for every gate g of C' in time O(|C| - |X]), we can compute ¢; in time
O(|X]). It shows that we can compute #C by doing at most O(|C|) arithmetic operations,
for a total running time O(|C| - |X]). Observe that if the circuit is smooth, then we do not
need to compute §; and we have a complexity of O(|C|) arithmetic operations. One has to be
careful, however: the integers #¢ used in this algorithm may have a value up to 2% and will
be encoded with up to O(|X|) bits. The bit complexity, even in the smooth case, will hence
be O(|C| - |X]|) on the RAM model.

Theorem 1.11. Given a d-DNNF circuit C' on variables X, we can compute the number of
models #C' of C in time O(|C| - | X]).
We observe that the algorithm for counting the models of C' also works when we have

weights on literals. In this setting, given a Boolean function f on variables X and a weight
function w: X x {0,1} — Q, we want to compute:

w(f) = Zw(T) where w(7) := H w(z, 7(x)).

T=f zeX
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In this case, we can use the same dynamic programming as before. For an input labeled
by z, we set #g = w(x,1) and we set #g = w(x,0) for inputs labeled by literal —x. Also, if
C' is not smooth, one has to replace 2% by [] y(w(z,0) +w(z,1)) when computing
the value of a V-gate.

More interestingly, we can perform model counting over any semiring (K, @, ®). A semiring
is an algebraic structure with two commutative and associative operations ¢ and ® with
respective identity elements Og and 1k such that for every a, b, ¢ € K, a®(b®c) = (a®b)®(a®c).
Moreover, a®0g = Ogx ®a = Og. In this case, we are given a weight function w: X x{0,1} — K
and we want to compute:

z€var(g)\var(g;

w(f) == P w(r) where w(r) := (X) w(x, 7(z)).

TS reX

This problem, known as algebraic model counting in [KVD17], has been shown to be
tractable on d-DNNF circuits. Essentially, the same algorithm as the one previously de-
scribed works, by simply replacing addition with @ and multiplication with ®. Again, in
the case of non-smooth circuits, one should normalize by missing variables and multiply by
@ sevar(g)\var(g:) (W(@, 0) Bw(z, 1)), which is the weight of the tautology of var(g) \ var(g;) since
we can distribute ® over .

One semiring will be particularly interesting for us in Chapter 5: the tropical semiring
(Q, max, +). Over this semiring, we have

w(f) = max 3wl (e))

It is hence an optimization problem where one is looking for the maximal weight of an as-
signment. The tropical semiring has an interesting property: it is additively idempotent. A
semiring (K, @, ®) is additively idempotent if for every a € K, we have a ® a = a. In the
tropical semiring, @ corresponds to max and we indeed have max(a,a) = a. For idempo-
tent semirings, determinism is not needed to compute w(f). We will use this fact to solve
optimization problems via knowledge compilation in Chapter 5.

Theorem 1.12 ([KVD17]). Given a weight function w valued in a semiring K and a d-DNNF
circuit C', we can compute w(fc) by doing O(|C|) semiring operations. If K is additively
idempotent, then we can compute w(fc) with O(|C|) semiring operations even if C is not
deterministic.

We conclude this section on model counting by quickly reviewing recent results concerning
the complexity of approximating the model count in classes of circuits where it is #P-hard
to compute exactly. As mentioned before, the earliest result in this direction is certainly the
fact that #DNF admits an FPRAS [KLM89]. A recent breakthrough by Arenas, Croquevielle,
Jayaram and Riveros [Are+21a] gives an FPRAS for counting the number of words of a given
length N accepted by a non-deterministic finite automaton. It is not hard to see that this
is actually equivalent to having an FPRAS for the #nOBDD problem. They proposed a
generalization to tree automata that could be also seen as an FPRAS for structured d-DNNF
circuits [Are+21b]. In both works, structuredness is essential for their algorithms to work.
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This restriction has been recently lifted by Meel and de Colnet in [MC25] where they show
that #nFBDD and, later, #DNNF[MC26] admit an FPRAS.

1.4.3 Tractable Transformations

As before, we will only consider a limited set of transformations in this document that will be
relevant for us. We refer to the knowledge compilation map for more details [DM02]. In this
section, we use the word “transformation” as a mapping from one Boolean function f (and
possibly other parameters) to another Boolean function. For example, we may be interested
in the “negation” that maps a Boolean function f on variables X to the Boolean function —f
on variables X defined as —f(7) = 1 — f(r) for every 7 € 2X. Similarly, conditioning maps a
Boolean function f on variables X and 7 € 2 to the Boolean function f[r] on variables X \ Y’
defined as f[r](c) = f(r x o) for every o € 2X\Y

A class of representations C is said to support a transformation T if for every C € C, there
exists a circuit C” € C of size polynomial in |C| such that C’ computes T'(fc). Note that it
does not mean that C’ can be constructed in polynomial time from C' although it is often the
case. In the case where, in addition, we can construct C’ in polynomial time, we will always
state it explicitly. We will say, in this case, that the transformation T is tractable for C.

For example, negation is tractable for OBDD since we can always construct an OBDD for
—C' from C by swapping its T and L sinks. On the other hand, since DNNF circuits and CNF
formulas are exponentially separated [Bov+16], we know that DNNF circuits does not support
negation. Indeed, let (F,)nen be a family of CNF formulas such that F,, has no DNNF circuit
of size smaller than 2¢I#=1l for some constant ¢ and let G,, = —F,,. For every n € N, G,, = —F,
can be represented by a DNF and hence a DNNF circuit of size O(|| F,,||) by simply applying
De Morgan’s law. But by definition, —=G,, = F,, cannot be represented by DNNF circuits of
size smaller than 2¢1#n1l,

In contrast with the case of tractable queries, it is not necessarily true that if a class of
representations C supports a transformation 7' then every class of representations C’ C C also
supports the transformation. Indeed, we only know that for every C € C’, there exists C' € C
computing T'(fc) but there is no a priori reason that C’ is in C’. A notorious example of this
phenomenon is the existential projection of variables which is tractable for DNNF circuits but
not for OBDDs.

Conditioning. Conditioning is one of the most fundamental transformations. As explained
before, given a Boolean function f on variables X and 7 € 2Y, f conditioned on T is the
Boolean function f[r] on variables X \ Y defined as f[7](0) = f(7 x o). Every representation
introduced so far supports conditioning. In NNF circuits, it is indeed enough to replace an
input labeled by a literal £ on a variable y € Y by the constant 7(¢). It is straightforward to see
that the resulting circuit computes f[7] and that the transformation preserves determinism,
structuredness, and so on. For BDDs, one simply has to modify every edge (h, g) entering a
decision-gate g labeled by y € Y as (h, ¢’) where ¢’ is the gate such that (g, ¢’) is labeled by
().

Conditioning is important because it allows us to show that every tractable query on a
class of representation C is still tractable when the truth values of some variables are fixed. For
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example, if f is represented as a d-DNNF circuit, we can quickly find the number of models of
f extending a partial assignment 7 by first conditioning to obtain a d-DNNF circuit computing
f[r] and then counting the number of models of this new d-DNNF circuit.

We observe here that the literature contains a few examples of representations which do
not support conditioning or for which, it is not yet known whether they support conditioning
or not. This is the case of canonical SDD [Darll; VD15] where enforcing canonicity (without
changing the vtree) may blow up the size of the circuit exponentially, see Section 2.1.5 for
details. It is also the case for representations exploiting symmetries, for example [Bar+14],
where subcircuits computing the same function after renaming variables can be shared. In this
case, conditioning may break the symmetries and induce a blow-up in the size of the circuit.

Negation. Surprisingly, only a few representations presented so far support negation. It is
clear that for OBDD and FBDD, it is sufficient to swap the 1-sink and the 0-sink to construct
a new diagram computing the negation. For other representations, it is in general not possible
or not known to be possible. We have already explained that the separation between DNNF
circuits and CNF is enough to show that there exist DNNF circuits such that their negation
does not have any small DNNF circuits. The same argument shows that nOBDD and nFBDD
do not support negation either. In many cases, non-determinism is enough to make negation
hard. But the case of unambiguity is not settled either. Recently, Vinall-Smeeth has shown
that structured d-DNNF circuits do not support negation [Vin24] but the question is still open
for d-DNNF circuits:

Open question 2. Do d-DNNF circuits support negation?

We can consider an extension of d-DNNF circuit using negation gates. This has been con-
sidered in the literature under the name d-D circuits [Mon20] (for deterministic Decomposable
circuits) or POG [Bry+25] (for Partitioned Operation Graphs). In this case, d-D circuits ob-
viously support negation since we can simply add a negation gate at the top of the circuit.
d-D circuits retain some tractability properties such as model counting or weighted model
counting, but not others. For example, algebraic model counting on an arbitrary semiring is
not necessarily tractable, though, to the best of our knowledge, no hardness results have been
formally shown in this direction. One related open question asked by Mikaél Monet (personal
communication) is the following: given a weight function over (Q, max,+) and a d-DNNF
circuit C' computing f, what is the complexity of finding the maximum weight of a model of
—f, in symbols, max . w(7)?

In Chapter 2, we propose a new data structure which supports negation and is between
OBDD and structured d-DNNF circuits.

Existential projection. Existential projection, also called forgetting, is the operation that
maps a Boolean function f over variables X and a subset Y C X to the Boolean function 3Y. f
on variables X \ Y such that o € 2X\Y s a model of 3Y.f if and only if there exists 7 € 2
such that ¢ x 7 is a model of f.

By conditioning, it is not too hard to see that if we are given a DNNF circuit C, we can
decide whether o is a model of 3Y. f by checking whether C[o] has a model. It should therefore
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not be surprising that DNNF circuits supports existential projection. The transformation is
actually very simple: we replace every input labeled by y and by —y for y € Y by a 1 input.
One can show that the resulting circuit computes FY.C. A similar transformation also works
for nFBDDs or nOBDDs by simply replacing every decision-gate over variable y € Y by a
non-deterministic node V.

Theorem 1.13. Given a DNNF circuit (resp. an nOBDD, an nFBDD) C' on variables X
and Y C X, we can compute in time O(|C|) a DNNF circuit (resp. an nOBDD, an nFBDD)
C" computing IY.C' with size at most |C|.

This transformation may however break determinism in the following sense: if C is a d-
DNNF circuit and we replace every input labeled by y or —y by 1, we obtain a DNNF circuit
computing Jy.C' but this circuit is no longer deterministic. Indeed, consider for example
(xA—y)V(xAy). The circuit is deterministic but after the transformation, we get (xA1)V(zA1)
which is not deterministic anymore.

We can actually show that neither OBDD, FBDD, structured d-DNNF nor d-DNNF cir-
cuits support existential projection. This is actually easy to see using known separations of
circuits and we illustrate it on d-DNNF circuits. Indeed, consider a function f that is hard for
d-DNNF circuits but easy for DNNF circuits and consider a small DNNF circuit C for f and
assume without loss of generality that C has fan-in 2. Replace each V-gate with inputs g1, g0
of C with (z4 A g1)V (mz4 A g2) where x4 is a fresh variable. We obtain a new circuit C’ that is
deterministic. Let Z be the set of fresh variables x, that have been introduced in the circuit.
It is clear that 3Z.C" computes f. Hence C’ has a small d-DNNF circuit but 3Z.C" does not.

We observe however that in some cases, this projection actually preserves determinism.
Indeed, let f be a Boolean function on variables X, Z C X and assume that the Z-variables
we want to project are defined by X'\ Z in f, that is, for all models 71, 72 of f, if 71|x\ 7 = 72| x\z
then 7 = 7. This often happens when the Z-variables are used for encoding constraints, for
example, when performing a Tseitin encoding of a Boolean circuit. For example, we could use a
z variable to encode z < x1 Axs, in which case, fixing the value of x1, zo completely determines
the value of z. We claim that if Z is defined by X \ Z in f and if f is represented by a d-
DNNTF circuit C, then 3Z.C remains deterministic, see [MW20, Lemma 18]. In a nutshell, the
argument is as follows: if some deterministic V-gate g is connected to the output of C' and not
deterministic after projecting Z variables, it means that there exists some 71,7 € 2¥2"9) such
that 71 |var(g)\z = T2lvar(g)\z and 71|z # T2|z. Now, because d-DNNF circuits are decomposable
and ¢ can be reached from the root, we know that there exists o € 2X\¥ar(9) such that o x 7
and o X 79 are both models of C' [Bov+16], which contradicts the fact that Z is defined by
X\Zin f.

In Section 2.3.1, we show that in structured circuits, we can sometimes control the blow-up
of size in the circuit by bounding some of its parameter by recovering the determinism lost
after existential projection. The transformation is akin to the well-known determinization of
automata and could actually be applied straightforwardly to OBDDs.

Apply. We conclude this tour of transformations with the apply transformation. So far, the
transformations were transforming a given Boolean function. In the case of apply, the goal



26 CHAPTER 1. DATA STRUCTURES FOR BOOLEAN FUNCTIONS

is to combine Boolean functions together. More precisely, given Boolean functions f;, fo on
variables X and g on variables {z1, 22}, we let APPLY (f1, f2,g) be the Boolean function on
variables X defined as: APPLY (f1, f2,9)(7) = g(f1(7), fa(7)) for every 7 € 2%X.

We say that a class of representation C supports the apply operator if and only if for
every Boolean function g on {z1,22} and Ci,Cy € C, there exists a circuit C5 computing
APPLY (C1,C4,g) of size poly(|C1|+|C2|). In some cases, a class of circuits may support the
apply operator only for a handful of functions g.

In practice, we are particularly interested in the case where g(x1,x2) = x1 A x2, in which
case, APPLY (f1, f2,9) = fi A\ f2, a transformation that we call conjunction. Indeed, if a class
supports conjunction and if we are able to build a circuit for every clause, then we have an
algorithm to build a representation in this class from CNF formulas. We compile each clause
of the input CNF formula F' into a circuit and combine these circuits using conjunction. The
size of the circuit will likely blow up but using clever heuristics or minimization algorithms (as
for OBDD), we can sometimes manage to keep the circuit small enough during the computa-
tion. This approach is known as “bottom-up” compilation which we study in more detail in
Chapter 2.

Structuredness is essential for the apply transformation to be tractable and it is actually
the main motivation for it. Indeed, if we are given two OBDDs C', Cs respecting the same
variable order, then we can build an OBDD computing C; A Cy of size at most |Cy| - |Col.
The construction is a product construction: we introduce a gate g, for every pair (a,b)
of decision-gates and inductively ensure that g,; computes f, A fp. Since OBDDs can also
be negated, we can implement the apply transformation for any function g(x1,x2) since for
example, x1 V z9 = =(—x1 A —x2). The transformation is, however, only possible if C; and Cy
respect the same variable order. Otherwise, we can build two OBDD Cy, Cs using different
variables order and such that any OBDD computing C; A Cy has size exponential in |C1|+|Ca|.
One such function is ROW (M,,) A COL(M,,). Both functions can be implemented by OBDD
of size O(n?) but using different orders.

A similar result holds for structured DNNF circuits: if two structured DNNF circuits C7, Co
respect the same vtree, then we can compute a structured DNNF circuit of size O(|C1| 4 |C2|)
which computes Cq A Cy. The transformation preserves determinism, in the sense that if both
C7 and (9 are deterministic, then the resulting circuit is also deterministic. Now if C; and
C have distinct vtrees, the transformation may induce an exponential blow-up, see [Capl6,
Chapter 6] for a separation of structured DNNF circuits and FBDDs that can be seen as an
example of this phenomenon. Another notable difference between structured d-DNNF circuits
and OBDDs is that, since d-DNNF circuits cannot be efficiently negated, then the apply
transformation cannot work for arbitrary g. Indeed, we could take g(x1,x2) = —x1. Applying
g results in negating the first DNNF circuit, which is not possible in polynomial blow-up,
see [Vin24]. In Chapter 2, we present a restriction of structured d-DNNF circuits where we
can both negate and apply conjunction, leading to a tractable apply for any function g.
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1.5 Conclusion

This section has presented the main classes of representation that have been used in knowledge
compilation and the ones that will be useful for reading this manuscript. Exhaustiveness
not being the goal of this section, we have not included many interesting data structures
and algorithms that have been studied. For example, Sentential Decision Diagrams (SDD)
are really useful data structures, both theoretically and in practice, which nicely generalize
OBDD to tree-like decomposition [Darll]. We present this important data structure in more
detail in Chapter 2 because this section is dedicated to another generalization of OBDD.
Other ideas have been considered, for example, by using affine functions to represent Boolean
functions with Affine Decision Trees [Kor+13|, using symmetries [Bar+14], algebraic decision
diagrams [DPV20], etc.

We emphasize in this conclusion the fact that the notions of decomposability and deter-
minism (or unambiguity) are really the ones enabling most tractability results, because they
allow us to design efficient dynamic programming algorithms that reduce a Boolean function
into smaller ones. We argue through this document that if these notions have been isolated
and formalized in the domain of knowledge compilation, they are so natural that they actually
appear under different disguises and different names in many other parts of computer science:
in proof complexity (see Chapter 3), in database theory (see Chapter 4), in optimization theory
(see Chapter 5) and many others. One aspect of this manuscript is to review the few places
where I came across similar notions and could use this connection to get new insights.
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Chapter 2

Applications to Propositional Logic

An obvious application of data structures for efficiently representing Boolean functions is in
the field of propositional logic. In this setting, Boolean functions are naturally represented as
formulas built from a set of variables called propositions glued together using connectives with
a precise semantics. This semantics maps a formula to a Boolean function, corresponding to its
models. Hence, from a computational point of view, one can see propositional logic as a logical
representation of Boolean functions. Unfortunately, this representation is often not tractable,
in the sense that even the SAT problem of deciding whether the Boolean function represented
in Conjunctive Normal Form (CNF) has a satisfying assignment is NP-complete. A successful
line of research has been to identify classes of formulas where SAT and other problems are
tractable, that is, classes for which every formula admits a polynomial time algorithm. One
way of achieving this is by restricting how the variables and the clauses interact in a CNF
formula. One of the earliest results in this direction has been to establish the tractability of
SAT for instances having bounded treewidth. The earliest reference for this fact appears to be
in a paper by Dantsin from 1979 [Dan79], though it is not specifically stated with the treewidth
terminology, later refined by Razborov and Alekhnovich [AR11], where the result is expressed
in terms of the equivalent branch-width measure. These results have then been generalized in
two main complementary directions: by either generalizing the class of tractable formulas, or by
showing that even harder problems than SAT are tractable. For the first direction, more general
definitions of treewidth such as incidence treewidth [Sze04] or consensus treewidth [GS17] have
been considered, or alternative graph and hypergraph parameters such as -acyclicity [OPS13]
or clique-width [FMROS8|. For the second direction, the counting version #SAT of SAT has
first been observed to be tractable on bounded treewidth instances by Sang, Bacchus, Beame,
Kautz, and Pitassi in [San404] and later generalized to the more general case of incidence
treewidth by Samer and Szeider in [SS10]. Other generalizations to broader graph classes
have followed such as modular treewidth [PSS13], clique width [SS13], MIM-width [Vat12],
see [Capl6, Chapter 2] for a survey. Omne contribution here has been to show that most
model counting algorithms could be seen as compilation algorithms into “small” d-DNNF
circuits. It is implicit in Darwiche’s early contribution [Dar04] and explicit in a collaboration
with Pipatsrisawat [PD10] for primal treewidth. The case for incidence treewidth has been
formally proven along more general results in [Bov+15].

29
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There are two main ways of leveraging the structure of a CNF formula for efficient com-
pilation that can be found in the literature. The first one is based on an algorithm which is
a generalization of DPLL known as exhaustive DPLL. It was first introduced as an algorithm
for #SAT in [San+04]. It has been observed that the trace of the exhaustive DPLL algorithm
is a decision DNNF circuit [HDO05] and hence, one can use it as a compiler from CNF formulas
to decision DNNF circuits. By carefully choosing the order in which variables are set, one can
prove that the circuit built this way has polynomial size. This has been observed when the
primal graph of the formula has bounded treewidth [San+04] and also when the underlying hy-
pergraph of the formula is S-acyclic [Capl7]. We will cover a generalization of this approach in
detail in Chapter 4. The other approach uses dynamic programming algorithm which usually
follows a tree structure which inductively decomposes the formula into smaller subformulas.
This approach has been dominant in structure-based algorithm for solving #SAT [PSS13;
SS13; SS10; STV14] and has been generalized to knowledge compilation in [Bov+15]. This
connection and its consequences have been the main topic of my PhD thesis [Capl6] and we
refer interested readers to it for more details.

In this chapter, we revisit the dynamic-programming-based approach for compiling struc-
tured CNF formulas into deterministic DNNF circuits and offer a novel, more modular way of
understanding this result. To this end, we use an approach known in knowledge compilation
as a bottom-up compilation. The idea is to build the circuit by incorporating clauses one after
the other. We start from a data structure D representing the constant Boolean function T
and iteratively update D <— D A C for every clause C of the CNF formula. This supposes that
one has a way of computing a data structure for D A C' from D and C, a special case of an
operation known as the apply operation, which some data structures studied in the literature
efficiently support. Moreover, in order to avoid exponential blow-up, we also need to keep the
circuit as small as possible at each step. This has previously been made possible by using
a minimization operator that minimizes a circuit without changing the computed Boolean
function, for example, when compiling OBDDs [Bry92]. In this chapter, we hence introduce a
new data structure that generalizes OBDD, in the sense that it is more succinct, while enjoy-
ing tractable apply operation and a minimization procedure. We also show that the minimal
circuit obtained this way is minimal, meaning that if two circuits compute the same function,
then they will have the same minimal circuit. We apply this bottom-up algorithm to show that
compilation of bounded treewidth CNF formulas can be recovered as bottom-up compilation
on this data structure, avoiding the need for specially-crafted dynamic programming. We also
generalize the result to the case of bounded treewidth Boolean circuits. Finally, we also show
how to leverage this result to solve the more general problem of QBF on structured instances,
revisiting the result of [CM19], itself a generalization of a seminal result by Chen [Che04].

Organization of this chapter. Section 2.1 introduces the new data structure, known as
deterministic tree decision diagrams and studies them with a knowledge compilation approach,
by explaining the tractable tasks and transformations. In particular, Section 2.1.4 covers the
minimization algorithm and introduce a semantic measure on Boolean functions characteriz-
ing the size of their smallest TDD. Section 2.2 explains how TDD can be used to perform
bottom-up compilation and why this algorithm builds a small circuit on instances having
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small treewidth with respect to the chosen vtree respected by the TDD). Finally, Section 2.3
shows how determinism can be recovered from non-deterministic TDDs at the cost of an ex-
ponential blow-up in their size. This observation is then applied to universally or existentially
project blocks of variables in a TDD and thereby derives from this the tractability of bounded
treewidth QBF and generalizations of it.

Personal contributions covered in this chapter. This chapter can be understood as
a new perspective on our early work in showing that many classes of CNF formulas can be
compiled into succinct deterministic DNNF circuits. It reproves, using a bottom-up approach,
a result about compiling CNF formulas of bounded incidence treewidth that can be found
in [Bov+15], and its generalization to QBF [CM19] and to Boolean circuits [Ama+20].

2.1 Tree Decision Diagrams

We introduce our new data structure, called Tree Decision Diagrams (TDD). While they can
be seen as a syntactic restriction of structured DNNF circuits, we choose a definition that is
not directly related to them to make their syntactic properties more salient.

2.1.1 Main definitions

Non-deterministic TDD. Let T be a vtree whose leaves are labeled by the set of variables
X. A non-deterministic Tree Decision Diagram (nTDD for short) C = (N, E) respecting T is
defined as follows:

o N = lf,cr Nt is a set of nodes, partitioned into disjoint sets NNy for each node t of T'.
The elements of NV; are called ¢-nodes.

e If ¢ is a leaf labeled by x, then every node in N, is labeled by either x, =z, 1 or 0.

e E maps every t-node g to its inputs: if t is a leaf, then E(g) = (). Otherwise, if ¢ has
children t1,ts, E(g) € N¢, X Ny, that is, E(g) is a set of pairs (g1, g2) such that g; € Ny,
is a t;-node and g2 € NV, is a ta-node.

e There is one distinghuised r-node out(C') called the output of C, where r is the root of
T.

C computes a Boolean function over X defined inductively as follows. KEach t-node g
computes a Boolean function f, C 2%t where X; = var(T}):

e if ¢ is a leaf, then g computes the Boolean function defined by its label, that is, if g is
labeled by 0 then f, = 0, if ¢ is labeled by 1 then f, = 2{z} and if ¢ is labeled by ¢ for
¢ e {x,~x}, fy = {7} where 7 is such that 7(¢) = 1.

e if ¢ is an internal node with input ¢1,?2, then 7 € f; if and only if there exists (g1, g92) €

E(g) such that 7|x, € fg, and 7|x,, € fg,. In other words, fg =V, oyep(g) (for A fo2)-
If E(g) is empty, we take the convention that f, = () is the 0 constant functlon
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Figure 2.1: A vtree and an nTDD respecting it.

An nTDD C computes the Boolean function fc defined as fou (). An assignment 7 € 2Xt
such that 7 |= f; for some ¢-node g is called a model of g. For 7 € 2% such that 7 = C, we
say that 7 is a model of C.

Example 2.1. Fig. 2.1 shows a vtree T on variables X = {z1,...,24} and an nTDD
C respecting T. We grouped together the set of t-nodes for every node ¢ of T. The
assignment defined as 7(x) = 0 for every x € X is a model of C because it is a model of
every node pictured in red.

Another way of characterizing the models of C' is via the notion of certificates. Given an
assignment 7 € 2%, a certificate for T in C'is an nTDD P formed by picking exactly one t-node
gl of C for every node t of T and such that:

e If ¢ is a leaf of T, then g} is either labeled by T or by a literal £ such that 7(¢) = 1.
e If ¢ is a node of T with children ¢y, ¢2, then (g7, 97) € E(g]).

The red part of Fig. 2.1 represents the certificate for 7, where 7 is the assignment setting
every variable to 0, which is indeed a model of the circuit C. More generally, a certificate for
7 in C is a witness of the fact that 7 is a model of C:

Proposition 2.2. Let T be a vtree over X and C an nTDD respecting T. For every T € 2%,
7 is a model of C if and only if there exists a certificate P for T in C. In particular, for every
node t of T, T|x, satisfies gf .

Proof. First assume 7 has a certificate P in C. By induction, we prove that 7|x, is a model of
gl for every node t of T. It is true for the leaves of T by definition of certificates. Now if ¢ is
a node with children ¢, %2, then X; = Xy, W Xy, and 7|x, = 7[x,, X T[x,,- By induction, 7|x,,
satisfies gZ? for i € {1,2}. By definition of certificates, (gﬁ, gZZ ) € E(gl), hence 7|x, satisfies
g7 . In particular, 7 is a model of g7’ = out(C), hence 7 is a model of C.

Now let 7 be a model of C. We construct a certificate. We let g, = out(C). Now let ¢ be
a node of T" and assume that we have constructed P for every node u on the path from the
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Figure 2.2: A DNNF circuit for the nTDD from Fig. 2.1.

root to t, including ¢. Let t1,t2 be the children of . Now, since 7 is a model of C, there exists
(91,92) € E(gF) such that T|x,, is a model of g; for i € {1,2}. We let g;; = g1 and 9l = g0
By definition, (g7, g/) € E(g]) which corresponds to the definition of certificates.

To show that this process constructs a certificate, it remains to show that it is correct on
input nodes. But by definition, if ¢ is a leaf and hence gf is an input, 7 is a model of gf .
Hence, either g/ is labeled by 1 or by a literal ¢ such that 7(¢) = 1, which concludes the
proof. O

The size |C| of C'is defined as ) -y |E(g)|. The width of C is defined as max;er [N¢|. It is
straightforward to see from the definition that any nTDD C respecting 1" can be transformed
into a structured DNNF circuit C” in linear time by interpreting every internal t-node g as a
V-gate vy whose inputs are {vg, Avg, | (g1,92) € E(g)}. If t is a leaf, ¢ is interpreted by an
input with the same label in C’. Clearly C” is a DNNF circuit respecting 7" which computes
the same Boolean function as C' and has size )y 3|E(g)| < 3|C| since vy needs 3 edges
to be connected to vy, and vy, for every (gi1,92) € E(g). This transformation is mostly a
reformulation of n'TDDs but the shape of n'TDD will make the proofs in this chapter easier to
follow.

Theorem 2.3. For every nTDD C respecting T, there exists a DNNF circuit C' respecting T
of size O(|C|) computing the same function as C.

In Fig. 2.2, we give a DNNF circuit equivalent to the nTDD from Fig. 2.1.
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2.1.2 Determinism

We define a syntactic restriction of nTDD which ensures determinism of its underlying DNNF
circuit. A Tree Decision Diagram (TDD) C = (N, E) is an n'TDD satisfying the following
property, called determinism. For every node t of T

e If ¢ is a leaf labeled by x, then no two nodes of N; can be satisfied simultaneously.
Syntactically, it means that IN; contains at most one node labeled by x, at most one
node labeled by —x and at most one node labeled by 1. Moreover, if there is a node
labeled by 1, then all other nodes of N; are labeled by 0.

e Otherwise, for every g,g' € N;, we have E(g) N E(g") = 0.

Observe that a TDD of width k has size at most 2|X| - k2. Indeed, T has at most 2|X|
nodes and each t-node can contain at most k2 pairs.

Contrary to the notation of determinism for DNNF circuit, the determinism of TDD is a
syntactic notion. Therefore, it can be checked in polynomial time whether a given nTDD is
deterministic. Moreover, it induces a very strong form of determinism, in the following sense:

Theorem 2.4. Let C = (N, E) be a TDD respecting a vtree T. For every node t of T and
any two t-nodes g,q', fq and fy have disjoint models.

Proof. The proof is by induction on 7T'. It is obvious if ¢ is a leaf by assumption. Indeed, either
exactly one t-node is labeled by 1 and all the other t-nodes are labeled by 0, in which case the
property is clear. Otherwise, we have at most one t-node labeled by x, at most one t-node
labeled by —x and all others labeled by 0. Again, we have disjoint models.

Now let t be a node of T' with children t¢1,¢5 and assume the property holds for ¢; and
to. Let g and ¢’ be two t-nodes. Let 7 be a model of g and let (g1,92) € F(g) be such that
T|x,, is a model of g; and 7|x,, is a model of g2. Now if 7 is also a model of ¢’, there exists
(91,95) € E(t) such that 7|, is a model of ¢} and 7|x,, is a model of g5. By determinism,
(91,92) # (91, 95). Without loss of generality, assume g1 # g;. In this case, 7|y, is a model of
both g1 and of ¢g}. But this is not possible by induction. Hence 7 is not a model of ¢'. ]

A consequence of Theorem 2.4 is that all models of C' have unique certificates:

Corollary 2.5. Let T be a vtree over X and let C = (N, E) be a TDD respecting T. For
every model T of C, there exists a unique certificate Po (1) for 7 in C.

Proof. We have already observed in Proposition 2.2 that if P is a certificate for 7 in C then
7|x, is a model of g7. By Theorem 2.4, there is a unique t-node oy that is satisfied by 7|x,,
hence a; = g} for every ¢, that is, P is unique. O

Interestingly, observe that we can build the certificate for 7 in C efficiently in a bottom-up
way, or report that 7 is not a model for C'. To do so, we try to construct the certificate
bottom-up: if ¢ is a leaf of T labeled by x, then by determinism, there exists at most one

t-node that 7 satisfies and we choose it. If no such node exists, we report that 7 is not a model
of C.
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Now assume ¢ is a node of 1" with children ¢1,¢3. Assume we have constructed the unique
t1-node g1 such that 7'|th is a model of g; and the unique to-nodes go such that T‘XtQ is a
model of go. Either there is a unique t-node g such that (g1,¢92) € E(g), in which case we
know that g is the t-node from the certificate of 7. Otherwise, no such node exists, in which
case, we reject 7.

The exact complexity of this procedure depends on how we exactly represent the t-nodes.
If we do it naively, so that each node is a list of pairs, then we may need to go over every
t-node to decide whether (g1, g2) appears in E(g) for some g. The total time of the procedure
would therefore be O(|CY).

Now we can efficiently maintain a data structure for each t-node that allows us to get the
only t-node g such that (g1,92) € E(g) if it exists and fail otherwise. This can, for example,
be a hash table mapping pairs (g1, ¢2) to g or a matrix indexed by g; and g2 whose entry at
(g1,92) is g. In this case, each check takes constant time (expected average constant time in
the case of hash tables) and we can construct the certificate for 7 in time O(|T|) = O(| X]).

Lemma 2.6. Given a TDD C over variables X and T € 2%, we can check that T satisfies C
and construct its certificate in time O(|X]|).

Another consequence of Theorem 2.4 is that the DNNF circuit built from a TDD using The-
orem 2.3 is deterministic:

Theorem 2.7. For every TDD C respecting a vtree T', we can construct a d-DNNF' circuit
C’ respecting T in time O(|C).

Proof. Let vy be one V-gate from the construction of Theorem 2.3, corresponding to t-node
g- It is of the form Ve p(g) (g A vg,). If v is not deterministic, there exists (g1, g2) and
(91.95) with (g1,92) # (91,95) and 7 that is both a model of (vg, A vg,) and of (vy A wvgy).
Assume wlog g1 # ¢;. Then 7 is a model of g; and of g} which contradicts Theorem 2.4. [

In particular, every tractable query for d-DNNF circuits is also tractable for TDD and the
algorithm is straightforward since the corresponding d-DNNF circuit has a structure close to
the original TDD. We illustrate this for model counting. The counting algorithm for d-DNNF
circuit straightforwardly translates directly to the following algorithm. For each t-node g, we
inductively compute Sy, the number of models of g over X; as follows:

e If g is an input labeled by a literal then S; = 1. If it is labeled by 1, then S, = 2.
Otherwise S; = 0.

e Otherwise Sg =37 yer(g) a1 * Seo-

Observe that this algorithm returns the number of models of C' over X, the underlying set of
its vtree. It may be that the circuit does not depend on a given variable x (that is, no input
is labeled by a literal on z). If we want the number of models of C on X \ {z}, we can then
either divide by 2 or modify the algorithm to set S, = 1 for g a 1-input.

While tractable queries directly transfer from (structured) d-DNNF circuits to TDDs, this
is not the case for transformations, as applying a transformation to the TDD seen as a d-
DNNF circuit may break the syntactic properties of TDD. In the next section, we explore the
tractable transformations for TDD.
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2.1.3 Tractable transformations

Constants elimination. Before studying transformations of TDDs, we explain how one can
remove constant inputs in TDD. This is necessary to properly explain some transformations
such as conditioning or forgetting where some variables are removed from the vtree, which
may induce an ambiguity on the semantics of the circuit.

Recall that by convention, a gate g such that E(g) = () computes the 0-constant Boolean
function. We refer to such gates as gates with empty inputs. We explain how one can remove
0 constants and gates with empty inputs.

Theorem 2.8. Given a TDD C respecting vtree T with at least one model, one can build in
linear time a TDD C' respecting T, computing the same function as C and such that C' does
not contain any 0-labeled input nor gates with empty inputs. Moreover, the transformation
preserves determinism.

Proof. Let g be a gate that is either a 0-labeled input or a gate with empty inputs. Assume
that g is a u-node for some node u of T'. If w is the root of C, we simply remove g from the
circuit. Indeed, since C has at least one model, g is not the output of C' and it is not connected
to any other gate, hence we can remove it without changing the function computed by the
circuit.

Otherwise, let ¢t be the parent of u in T'. We remove g from the circuit and propagate
the change upward: for every t-node h, we remove from FE(h) any pair containing g. Now
for some h, F(h) may become empty, in which case, we remove h from the circuit similarly
and propagate the change upward. We can apply this transformation until no 0-input remains
nor any gate with empty inputs. Observe that we only remove gates from C, hence the
transformation preserves determinism. ]

Removing 1-inputs is however more delicate. Indeed, by construction, TDDs have a rigid
structure: if one node h has a pair (g,¢’) as input, with g being a 1-labeled input, then we
cannot simply remove g from the pair since it will change the definition of TDD. One way of
doing it would be to allow TDD gates to have singletons in their inputs but it will make the
definition of determinism slightly more delicate. Hence, we cannot always remove 1-inputs in
TDD.

There is a setting where it is possible. Assume that for some variable z, C' does not contain
any input labeled by x nor by —z. In this case, we say that C' does not syntactically depend
on x. Now, if £ is the leaf of T" labeled by x, every f-node of C' is labeled by a constant, and,
without loss of generality, by Theorem 2.8, we can assume these constants to be 1. These
constants can be removed in the circuit by removing x from the vtree and renormalizing it
along this new vtree.

Given a vtree T over variables X and x € X, we let 7'\ = be the vtree obtained as follows:
we start by removing the leaf labeled by x in T. Now the parent ¢ of this leaf in T' has only
one child u which is not allowed in a vtree. If ¢ is the root of the circuit, we simply remove t.
Otherwise, we remove t and connect u directly to the parent p of t in T. See Fig. 2.3 for an
illustration.
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Figure 2.3: Removing x from a vtree T": we first remove the x leaf, then remove the parent of
x by plugging its only child v with its parent p.

Theorem 2.9. Let T be a viree over X and C' a TDD respecting T. Assume there is x € X
such that C' does not syntactically depend on x. Then we can build a TDD C' respecting T \ x
in linear time. Moreover, this transformation preserves determinism.

Proof. We let [ be the leaf of T' labeled by x and use the same notation as in Fig. 2.3 for the
other nodes of T'. First assume that every [-node is labeled by L. In this case, every t-node
h has no model and then, the whole circuit has no model and we can replace it by the TDD
computing .

Otherwise, there exists exactly one [-node g labeled by T, all the other /-nodes being
labeled by L. Let h be a t-node and let Uy, be the set of u-nodes ¢’ such that (¢',g) € E(h)
The models of h are exactly the disjoint union of the models of ¢, for ¢ € Uj,. For every
t-node h, we introduce a new u-node gp, whose inputs are (J,;;, £(v) and remove every other
u-node. It is clear that g, and h have the same models over X \ {x}.

Now if ¢ is the root of T', the output of C is some t-node h. We remove every t-node from
C' and choose gy as the new output. We hence have a new TDD over T'\ & which computes
the same function as C' but over X \ {z}.

If ¢ is not the root of T', let p be its parent in T'. Let v be a p-node of C. Its inputs are of
the form (h,b) with h a t-node. We replace each such input of v by (gp,b). It does not change
the function computed by v but now g is a u-node and we have a new TDD over T\  which
computes the same function as C' but over X \ {z}.

The transformation preserves determinism because if C' is deterministic, then U, NUp = ()
for distinct t-nodes h, h'. Hence, E(gn) N E(gn) = 0. O

Conditioning. Conditioning TDDs works similarly as conditioning on DNNF circuits. Let
C be a TDD respecting some vtree T over variables X. Let € X be a variable and b € {0, 1}.
Let £ = x if b =1 and ¢ = -z otherwise. We let C’ be the circuit obtained by simply relabeling
every input labeled by ¢ with 1 and every input labeled by —¢ with 0. This new circuit almost
computes C' conditioned by (z/b), but not exactly. Indeed, C’ is still defined over X. Its
models are hence {7 x (x/b') | b/ € {0,1} and 7 x (2/b) € fc} while what we would like to
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have is a circuit whose models are {7 € 2X\{#} | 7 x (2/b) € fc}. We get such a circuit by
observing that C’ does not syntactically depend on x. Hence, we can apply Theorem 2.9 to
get a TDD structured over T'\ 2 whose models are exactly {r € 2X\{#} | 7 x (z/b) € fo}.

The transformation does not affect the size nor the determinism of the TDD. Indeed,
assume that C is deterministic. Since the structure of C” is the same as the structure of C, we
still have that for every pair g, ¢’ of internal t-nodes, E(g) N E(g') = 0. For t a leaf, observe
that either there is a t-node labeled by 1 in C', in which case, we have nothing to change since
by determinism, no input is labeled by £ nor —¢. Otherwise, we introduce at most one 1-input
and there is no t-node labeled by a literal anymore so the circuit is still deterministic. Finally,
the transformation from Theorem 2.9 also preserves determinism. We have proven:

Theorem 2.10. Given a TDD C of width k, a vtree T over variables X, v € X and b € {0,1},
one can build in time O(|C|) a TDD C" with size at most |C| and width at most k computing
folz/b]. Moreover, C" respects T'\ x and the transformation preserves determinism.

Negation. Deterministic TDDs can be negated in polynomial time. It is a great advantage
over structured deterministic DNNF circuits, making them more akin to OBDD in this respect.
Intuitively, we can transform a TDD such that we can add a new t-node that accepts every
assignment of X; that is not accepted by another t-node. If we have this property at the root,
then we can merge every t-node that is not out(C) and set it as the new output to compute
-C.

We say that a TDD C = (N, E) respecting a vtree T is t-full if f; = \/gENt fq is the
1-constant Boolean function (every assignment 7 € 2% is a model of f;). It is full if it is ¢t-full
for every node t of T.

Proposition 2.11. Let T be a vtree over X. For every TDD C = (N, E) of width k and
respecting vtree T, one can build in time O(k?|X|) a full TDD C’ of width k + 1 respecting T,
computing the same function and of size at most |C| + 2|X| - k2.

Proof. The proof is by induction on T: for every node ¢, we transform C' in a bottom-up way
to make it u-full for every node u below ¢ in T

If t is a leaf, then either there is a t-node labeled by 1 and it is obviously ¢-full. Otherwise,
for every literal ¢ over x such that no ¢-node is labeled by ¢, we add a t-node labeled by £. In
the end, we have a t-node labeled by x and one by —x, hence the circuit is now ¢-full.

Now let ¢ be a node with children #1, ¢, and assume that the circuit is u-full for any node
below ¢ but t itself. We transform the circuit into a t-full circuit. To this end, we add a new
t-node g to C that is connected to every pair of Ny, x N, that is not plugged into any other
t-node. In other words, we let E(g) = (Ni; x Ni,) \ Uyen, £(9'). We now claim that the
circuit is t-full. Indeed, let 7 € 2%t and let 7 = T]th, Ty = T\XQ. Since the circuit is #1-full
and to-full, we let (g1,92) € Ny, X Ny, such that 71 is a model of g; and 79 is a model of go.
Let ¢’ € N; be the t-node such that (g1, g2) € E(g’) which exists since every pair of Ny, X Ny,
is now covered. We have that 7 is a model of ¢’. Hence the circuit is now ¢-full.

Observe that we have added at most one new gate per node ¢ of T" in the circuit hence we
have increased the width of C by at most 1. The number of edges introduced for each node is
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at most k? and T has at most 2|X| nodes, hence the total size of the circuit is now at most
IC| + 2| X]| - k2.

To build the circuit efficiently, one can do it as follows: for each t-node, create a Ny, x Ny,
indexed matrix M initialized to 0. Loop over every t-node v and their inputs. Upon seeing
(91,92) € E(v), update M|g1,g2] to 1. The new gates to be added are exactly the entries of
M whose value is 0 after having looped over every input of every t-node. The size of M is at
most k? and we loop over at most k? values to build it, hence we need O(k?) time to treat a
t-node. Since there are at most 2|X| nodes in T, we need a total time O(| X |k?). O

Full TDDs can easily be negated:

Proposition 2.12. Let T be a vtree over X. Given a full TDD C = (N, E) of width k
respecting T, one can build in time O(k) a full TDD C' computing —=C' of width at most k and
size at most |C].

Proof. Let r be the root of T'. Since C' is full, it is r-full, that is, vgeNr fg is the 1-constant
Boolean function over X. Moreover, by Theorem 2.4, this disjunction is deterministic. Hence,
—fo = \/gENT,g;éout(C) fg- We build C’ by merging every r-node g which is not out(C): that
is, we remove every r-node that is not the output and add a new r-node ¢’ such that E(¢’) =
Ugen, gout(c) £(9)- Obviously, fi = =fc. We hence set out(C’) = ¢’ and C’ computes - fc.
Moreover C is still full since the previous output gate is still in the circuit and neither the
width nor the size have increased. We only need O(k) to perform this transformation as we
only need to loop over every r-node but the output and there is at most k£ — 1 such node. [

Applying Proposition 2.11 and Proposition 2.12 successively gives:

Theorem 2.13. Let T be a viree over X. Given a TDD C of width k respecting T, there
exists a TDD C' of width at most k + 1 and of size at most |C| + 2|X| - k* computing —~C.
Moreover, C' can be constructed in time O(k?|X|).

Observe that for full TDDs, we can assume that we only have two r-nodes where 7 is the
root of T": one that is the output of C' and computes fc, and one which computes the rest,
hence = fc. In other words, it resembles an OBDD where we have two sinks, one computing f
and the other —f. We will see in the next section that this connection can actually be made
formal: an OBDD can be seen as a TDD if rooted at its sinks.

Apply. We now prove that we can efficiently implement the apply operator over TDDs, and
this transformation preserves determinism. The transformation for conjunction is mostly the
same product construction as the one for OBDDs or structured DNNF circuits. For disjunction,
we simply express C'V O as =(=C A =C").

Proposition 2.14. Let T be a viree over variables X. Let C1 and Co be two TDDs respecting
T of width k and k' respectively. One can build a TDD C respecting T and computing Cq N\ Co
in time O(|Cy| - |Cs|). The size of C is at most |C1| - |Ca| and its width is at most k - k'.
Moreover, if C1 and Cy are deterministic then C' is also deterministic.
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Proof. We construct C' such that for every node ¢ of T, for every t-node g, of C; and gy of Cy,
C has a t-node vy, 4,3 which computes fg, A fg,. We proceed by induction on T

If T only contains a leaf ¢ labeled by z, then for each pair g1, g2 of t-nodes in Cj and Cs,
we introduce a gate vy, 4, labeled by e; Aex where ey is the label of g1 and es is the label of go.
The label of vg, g, is in {z,—x,0,1} and vy, 4, clearly computes fy, A fg,. Observe that if Cy
and C9 are both deterministic, then the resulting TDD is also deterministic. Indeed, assume
Vg,.,g0 1 labeled by 1, then it means that both ¢g; and g2 are labeled by 1 and then every other
t-node of Cq and C4 are labeled by 0. Therefore, for every pair g}, g5 distinct from g1, go, Vgt gl
is labeled by 0. Otherwise, assume vy, 4, is labeled by a literal £. Then either both g1, g2 are
labeled by ¢, in which case v, 4, is the only gate of C' labeled by ¢ because C7 and C do not
have any gate labeled by 1. Or g; is labeled by 1 and g2 by /¢, in which case again, vy, 4, is the
only gate of C labeled by £ because C; does not have any gate labeled by ¢ nor —¢. The last
case where g7 is labeled by £ and g2 by 1 is symmetrical.

Now let t be a node of T with children ¢1,ts. Assume that we have constructed C up to
t1 and to. We construct the t-nodes of C' as follows: for every pair g1, g2 of t-nodes of C; and
Cy respectively, we create a t-node vg, 4, and define E(vg, g,) = {(Vay b1sVas,be) | (a1,02) €
E(g1), (b1,b2) € E(g2)}-

By induction, vy, 4, computes

\ (far A for) A (fan A fo)

(a1,a2)€E(g1),(b1,b2)€E(g2)

= \/ (fal/\fa2)/\(fb1/\fb2)

(a1,a2)€E(g1),(b1,b2)EE(g2)

= \/ (fa1 A fa2) A \/ (fb1 A sz)

(a1,a2)EE(g1) (b1,b2)€E(g2)

= fgl A fgz-

It remains to show that C is deterministic. Let vg, 5, be a t;-node of C' and vg, p, be a
to-node of C. We claim that there is at most one t-node vy, g, in C such that (vg, p,,Vag.,) €
E(vg, ,4,)- Indeed, there is at most one t-node g; of Cy such that (a1,a2) € F(g1) and at most
one t-node gp of Cy such that (by,b2) € E(g2). Hence (vq, b, , Vay by ) only appears in E(vg, g,),
that is, C is deterministic.

By construction, it is clear that the width of C' is k- k' and its size is at most |Cy| - |Ca].
Constructing the circuit takes time O(|C1| - |Ca|) since we loop once over every pair of gates
in Cl, 02. O]

Combining Proposition 2.14 and Theorem 2.13, we can also construct a circuit computing
foV for as 7(=C A —~C") when both C and C’ are deterministic. In other words:

Theorem 2.15. Let T be a viree over variables X. Let C7 and Cy be two TDDs respecting
T of width k and k' respectively. Let f(x1,x2) be a Boolean function over {xi,z2}. There

exists a TDD C respecting T and computing f(Cy,Cq). Moreover, the size of C is at most
O(|C4] - |C4)), its width is at most (k+ 1) - (k' + 1) and it can be built in time O(|Cy| - |Cy|).
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Observe that one corollary of TDDs supporting the apply transformation is the fact that
TDDs form a complete language, that is, it can represent every Boolean function over a given
set of variables X and with any vtree over X.

Proposition 2.16. For every Boolean function f over X and vtree T' over X, there exists a
TDD computing f.

Proof. Let T be a vtree over X. It is enough to observe that for any 7 € 2%, there exists a
TDD C; respecting T' that accepts only 7. This is straightforward by induction over T. Now,
given a Boolean function f with models 71,...,7,, we get a TDD C,, for f by constructing it
iteratively as follows: C; = C;, and C; = APPLY (V,C;_1,C5,). O

Proposition 2.16 may seem obvious, but note that enforcing structure in decision-DNNF
circuits leads to incomplete language. Indeed, if we fix a balanced vtree T over variables
Z1,...,%y, then there is no decision-DNNF circuit respecting T' and computing x1 V --- V x,,.

Forgetting. We conclude this section with one last transformation, which is notoriously
easy for DNNF circuits but not for deterministic DNNF circuits. We have a similar property
with TDDs. Given a Boolean function f over X and Y C X, we denote by 3Y.f the Boolean
function whose models are {7|x\y | 7 = f}. This operation is often called forgetting or
existential projection. Forgetting is easy in TDD but the transformation does not preserve
determinism:

Theorem 2.17. Let T be a vtree over X and Y C X. Given a TDD C respecting T, one
can construct in time O(|C|) a TDD C" respecting T \'Y computing 3Y.fo. Moreover, C' has
smaller width and size than C.

Proof. The same transformation as for DNNF circuits works: we construct C’ by relabeling
in C' every input gate labeled by either y or —y for some y € Y with constant 1 and removing
the introduced constants as explained in Theorem 2.9. It is easy to see by induction that C’
computes FY. fo with no increase in width nor size. O

The construction from Theorem 2.17 does not preserve determinism however because we
could have more than one 1-input gate in the inputs corresponding to y. We will however see
in Section 2.3 that TDD can be made deterministic with only an exponential increase in the
width, allowing us to prove tractability results on quantified Boolean formulas.

2.1.4 Minimization and canonicity

This section is dedicated to one of the most important aspects of TDDs: they can be minimized
in polynomial time and the minimal circuit is unique up to isomorphism, a property that is
usually referred to as canonicity. The minimization algorithm is akin to the minimization of
OBDD: we identify in the circuits pairs of gates that we call twins and which can be merged
without changing the function computed by the circuit. We repeat this merging procedure
until no twins can be found. The circuit we obtain is now the minimal TDD computing the
same Boolean function. Moreover, we show that we are able to precisely understand what each
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gate in the circuit computes. This knowledge will be used in Section 2.2 to recover compilation
of bounded treewidth CNF formulas and circuits in a modular way.

In this section, we fix a vtree T' over variables X and a TDD C respecting T'. Let t; be
a node of T' that is not the root of T', let ¢ be its parent and t9 its sibling. For a ti-node
g1 and a t-node g, we define the siblings of g1 with respect to g, denoted by sib(g1,¢), to be
{92 | (91,92) € E(g)}, that is, the set of ts-nodes that appears together with g; in the set
E(g).

Two ti;-nodes g¢1,g] are said to be twins if the following holds: for every t-node g, we
have sib(g1,g) = sib(g},9). If g1 and g] are twins, we define the twins contraction of g1, ¢} to
be the operation where we replace g1, ¢} in C with a new gate Vg, ¢, Such that: E(Ughg’l) =
E(g1) UE(g}). Moreover, for any t-node g, we replace any pair of the form (g1, g2) in E(g) by
(Vg.,41 92) and remove every pair of the form (g, g2). Observe that since g1 and g; are twins,
(91,92) € E(g) if and only if (g7, ¢92) € E(g) by definition. We have:

Lemma 2.18. After contracting two twins, the function computed by the circuit is not changed.
Moreover, the circuit is still deterministic.

Proof. Let C' = (N, E') be the circuit obtained after contraction. It is clear by definition that
Vg, g, I C' computes fg, V fgfl . Since the twin operation does not change the number of t-nodes
(only their input), there is a natural one-to-one correspondence between the ¢t-nodes of C' and
C’. We claim that they compute the same function. Indeed, every pair (g1, ¢g2) in E(g) appears
together with (g7, ¢92) € E(g) since g; and ¢} are twins. This part of the function computes
(for N fgo) V (fg/1 A fg,) which is equal to (fy, V fgi) A fgs, that is, the function computed by
Vg, g, - Hence, replacing pairs (g1, g2) and (g1, g2) in E(g) with (v, g, g2) does not change the
function g computes. Determinism is preserved since we did not add duplicates. O

We transform C as follows: first, if 7 is the root of T', we remove every r-node but out(C').
We also remove every node that is not connected to the output of the circuit by a directed
path. More precisely, for every ¢ with parent ¢’ in T, we remove every t-node g that is not
in any pair of |J gEN, E(g"). Clearly, this does not change the function computed by C' since
these gates are not used in any certificate. Once no such node exists anymore, we apply twins
contraction to C until no twins exists anymore. We denote by m(C') the TDD obtained after
applying this transformation. This procedure terminates since each twin contraction reduces
the total number of nodes in the TDD by at least one, hence it cannot be applied more than
the initial number of nodes in C'. It even runs efficiently since both identifying and contracting
twins can be done in polynomial time in the width of the circuit. The resulting circuit m(C)
has width and size smaller than the width and size of C.

To prove the minimality and the canonicity of m(C'), we need to understand what are the
gates of m(C') with respect to fco. To this end, we need the notion of subfunctions and factors
from [BS17]. Let f be a Boolean function over X and Y C X. A subfunction (or cofactor) of
f induced by Y, or Y-subfunction for short, is a Boolean function over X \ Y of the form f[r]
for some 7 € 2¥. Observe that f has at most 2% < 21XI distinct Y-subfunctions but it could

! [BS17] mainly uses the name cofactor also calls them subfunctions, which also appears in the literature over
OBDD. We prefer the term subfunction here.
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have less. Indeed, two distinct assignments 71,75 € 2¥ could be such that f[r;] and f[7s] have
the same models over 2%X\Y hence define the same subfunction. A subfunction is said to be
non-trivial if it has at least one model. Given a vtree T and a node t of T, we will mostly be
interested in the X;-subfunction of f.

Observe that given Y C X we can define a relation E}/ on 2Y as T E}/ 7/ if and only
if f[r] = f[7/]. This is clearly an equivalence relation, hence partitioning 2¥ into classes
fi,.-+, fr, which could be seen as Boolean functions over Y. Such a function over Y is called

a Y -factor. In other words, a Y-factor is a Boolean function g over Y such that there exists a
Y-factor f’ of f and the models of g are exactly the assignments 7 € 2¥ such that f[r] = f’.

Example 2.19. Consider the function FV EN over X whose models are the set of as-
signments 7 € 2% such that |7~!(1)| is even. For any vtree T' over X and any node ¢ of T,
EVEN has at most two distinct X;-subfunctions. Indeed, if 7 € 2% is such that |771(1)|
is even then the models of f[7] are the assignments o € 2X\X¢ such that |¢=*(1)| is even.
Now if 7 € 2%t is such that |[77!(1)] is odd then the models of f[r] are the assignments
o € 25X\ Xt guch that |0~'(1)| is odd. Hence EVEN has two X;-factors: the first one ac-
cepts assignments of 2%¢ with an even number of variables set to 1 and the other accepts
those with an odd number of variables set to 1.

Now, we observe that a t-node naturally defines an X;-subfunction in the following sense:

Lemma 2.20. For a node t of T and g a t-node of C, let 7,19 be two models of g. We have
that fcm] and fc[m] define the same X;-subfunction, denoted by sub,. Moreover, for every
model T of C such that g is in the certificate of T, T|x\x, is a model of suby.

Proof. Let o be a model of fc[ri]. In particular, o x 71 is a model of C. The t-node in the
unique certificate of o x 7 is g, since 7 is a model of g. Now, we can swap the part of the
certificate below ¢ with the certificate of 75 below ¢. This way, we get a certificate for o x 7o,
hence o X 1 is a model of fc, and then o is a model of fo[rz]. Symmetrically, we have that
every model o of fo[mz] is a model of fo[r1]. Hence fo[m] and fo[rz] have the same models and
define the same X;-subfunction. Finally, observe that for every model 7 of C' whose certificate
contains g, we have that 7|x\ x, is a model of fc[r|x,] and by the above, fo[r|x,] is subg. [

Lemma 2.20 hence uniquely defines, for every ¢-node g of C', an X;-subfunction sub, of fc
as fo[r] for some model 7 of g. Observe that it also gives a lower bound on the number of
t-nodes that any circuit representing a Boolean function f must have: the number of t-nodes in
C must be at least the number of non-trivial X;-subfunctions of fo. Indeed, if 71,7 € 2%¢ are
such that fo[r] and fo[m] define two distinct X;-subfunctions, then they cannot be models
of the same t-node. Now, if fo[71] is non-trivial, then there must be a ¢-node g; such that 7
is a model of g1, since there exists at least one o € 2X\Xt guch that o x 71 is a model of C.
Similarly, if fo[72] is non-trivial, there is a t-node gy such that 75 is a model of go. Hence we
have at least one gate per non-trivial X;-subfunctions of fo. We have proven:

Theorem 2.21. Given a Boolean function f over variables X and T a vtree over X, the
smallest TDD computing f has at least Sy t-nodes for every node t of T where Sy is the
number of non-trivial X¢-subfunctions of f.
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We now show that m(C) actually matches the lower bound from Theorem 2.21.

Theorem 2.22. Let T be a vtree over X with root r and C' a TDD. Let m(C') be the circuit
obtained after having removed every r-node but out(C), removed every dangling node and
contracting all twins. Then m(C) has exactly Sy t-nodes, where Sy is the number of non-trivial
X-subfunctions of fc.

Proof. Assume m(C') does not match the lower bound. It means by the pigeonhole principle
that there is a node ¢ of T and two distinct ¢-nodes g, ¢’ such that sub, = suby and sub, is
not trivial. We can assume that ¢ is not the root r of T' since m(C) has only one r-node.
Moreover, we can assume that for every ancestor u of ¢ in T, there is exactly one u-node per
X,-subfunction. Indeed, if this is not the case, then we could have picked w instead of ¢.

To summarize, there is a node t1, with parent ¢ and sibling t5, and two ¢;-node g, g’ such
that sub, = suby. Moreover, there is exactly Sy t-nodes, one for each X;-subfunction of fc.
We claim that in this case, g and ¢’ are twins, contradicting the fact that m(C) does not
contain twins. Indeed, let h be a t-node such that F(h) contains a pair (g, ) for some t3-node
~v. We show that F(h) also contains (¢’,~). Consider a model 7 of g, a model 7" of ¢’ and
o a model of 4. By definition, 7 x ¢ is a model of h. Let o« be a model of suby, that is,
B :=ax 71 x o is amodel of C. Now it means that a x o is a model of sub,, hence, it is also
a model of suby. In other words, f’ := a x ¢ x 7" is a model of C. Now the certificate of '
must contain h, because « is a model of sub;, and we assumed that h is the only ¢-node for
this Xy-subfunction. Hence, (¢’,7) € E(h). Since the argument is symmetric in g and ¢’, we
immediately get sib(g,h) = sib(¢’, h) for any t-node h. In other words, g and ¢’ are siblings
which contradicts the construction of m(C).

Hence, for every node t of T and g, ¢’ distinct ¢t-nodes of m(C), suby # suby,. The X;-
subfunction defined by g is non-trivial because we removed dangling nodes. Hence m(C)
contains ), . Sy gates. O

Theorems 2.21 and 2.22 together prove that m(C) has minimal size. Moreover, this minimal
circuit is unique because each gate is uniquely defined by the factor it computes. Indeed, each
t-node of m(C') computes exactly one X;-factor of fo and we need exactly one t-node for each
non-trivial factor. Deterministic TDD can therefore be minimized in polynomial time into a
canonical minimal circuit.

Observe that the time needed to minimize the circuit can be parametrized by the width
of the circuit. Indeed, detecting and contracting twins can be done at each node t in time
polynomial in the width of the circuit. Let ¢ be a node of T" with children ¢, 5. If we have two
t1-nodes that are twins, merging them can only create new twins in ¢;-nodes or in ¢2-nodes.
Hence, for every t, we can iterate over t1-nodes and to-nodes until there are no twins anymore
among them. This can be done in polynomial time in the width of C'. Now, if we proceed
from the root of T' to its leaves, then when this contraction finishes, the circuit cannot have
twins anymore. Hence the total time for this contraction is in time poly(k)|X| where k is the
width of the TDD and X its set of variables. Removing 0-constants and dangling gates can
also be done in time poly(k)|X| for the same reasons. Hence, we have the following;:

Theorem 2.23. Given a TDD C of width k over variables X, we can minimize C' in time
poly (k)| X].
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Figure 2.4: An OBDD represented as a TDD. The output of the TDD is represented in green
and each node ¢ of the vtree is made explicit by a rectangle around ¢-nodes.

The exact complexity of the minimization procedure heavily depends on the actual data
structures that are used to represent the circuit gates and their inputs. We will not go into
such detailed granularity and leave such an analysis for a practical implementation of a TDD
compiler.

2.1.5 Comparing d-TDD with other data structures
2.1.5.1 Deterministic TDD and OBDD

Tractable queries and transformations for TDD are similar to the tractable queries and trans-
formations for OBDD. In this section, we argue that TDD can be seen as a natural extension
of OBDD to trees. More precisely, OBDD can be seen as TDD on a linear vtree. A linear
vtree is a vtree such that for each internal node ¢ of T', the right child of t is a leaf.

Given a set of variables X and m = (z1,...,2,) an order on X, we define T, to be the
linear vtree defined as follows: T has 2n — 1 nodes ¢1,...,¢, and py,...,p2. The root of Ty
is py. For every ¢ > 1, the left child of p; is p;_1, the right child of p; is ¢;. The left child of po
is £1 and its right child is ¢5. The nodes ¢; are leaves labeled by ;.

Similarly, we can extract an order 7w from every linear vtree. Given a linear vtree T on
variables X, mp = (z1,...,2y) is the order defined from T as follows: if T has exactly one
node, then it is a leaf labeled by x1 and the order is simply (z1). Otherwise, let r be the root
of T. We let 1 be the label of the right child of r, which is a leaf by definition, and we define
inductively (zo,...,2,) = 7 where T is the vtree rooted at the left child of r.

We claim in this section that an OBDD on some order 7 is precisely a TDD respecting 7.
We illustrate the correspondence with an example in Fig. 2.4 and sketch the correspondence
below.
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Theorem 2.24. For every complete OBDD C on variables X and order <= (x1,...,2,),
there exists a TDD C' respecting T~ of size at most 3|C| computing the same function and
having the same width as C.

Proof. Intuitively the TDD corresponds to rooting the OBDD at its 1-sink. We assume without
loss of generality that C' has exactly two sinks: a 1-labeled sink and a 0-labeled sink. For each
decision node v but the source of C, we introduce a node g, in the TDD. The models of g,
are exactly the set of assignments that are compatible with a path from the source of C to v.

First assume v is a decision-node on 5. Either every assignment of variable z; leads to v
(that is, both outgoing edges of the source of C' are connected to v), in which case we define
gv as the unique #1-node labeled by T. Otherwise, we define g, as the f1-node labeled by the
literal corresponding to the path leading to v. More precisely:

e If both outgoing edges of the source of C' are connected to v, then g, is labeled by 1 (and
it is the only ¢1-node of C”).

e If only the 1-labeled outgoing edge of the source of C' is connected to v then g, is labeled
by x;.

e If only the 0-labeled outgoing edge of the source of C is connected to v then g, is labeled
by .

By definition, the models of g, are clearly the set of assignments of {z} whose path in C
ends in v. Now assume v is a decision-node on x;41 (i > 1) and that g,, has been constructed
for every node w before v in C. We let g, be a new p;-node and we introduce two £;-nodes L}
and L? respectively labeled by z; and —z;. The inputs of g, are defined as follows: it contains
a pair (L}, g) for every node w such that there is an edge labeled by 1 from w to v and a pair
(LY, gw) for every node w such that there is an edge labeled by 0 from w to v. By induction,
the models of g, are the assignment 7 € 2{#1:-%i} guch that the path of 7 goes to w and such
that, 7(x;) = b if and only if there is an b-labeled edge between w and v. But this is exactly
what it means for the path of 7 to ends in v. Hence the induction hypothesis is preserved.

If v is a sink, we do the same construction as above but on variable x,,. That is, we have
two £,-nodes L% and L}L labeled by —x,, and x,, respectively. We introduce a p,,-node g, whose
inputs are pairs (L2, g,) if (w,v) is an edge of C labeled by b € {0,1}. As before, the models
of g, are exactly the assignments whose path ends in v. Hence, if we choose the output of the
C’ to be g, where v is the 1-sink of C, the models of C’ are the same as the models of C.
Observe that we have not changed the width of the circuit. O

The construction works both ways in the sense that any TDD on a linear vtree can also
straightforwardly be transformed into an OBDD:

Theorem 2.25. For every TDD C respecting a linear vtree T, there exists an OBDD C' of
size at most 3|C| using order mp = (z1,...,xy,) and computing the same function as C.

Proof. We only sketch the construction. We have one decision gate v(g) in C’ for each ¢t-node
g where t is an internal node of T. We define it as follows: Let g be a t-node of C' where ¢
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is an internal node of T'. Let u be the parent of ¢t in T and ¢ be the sibling of ¢ in T. By
definition, ¢ is labeled by some variable z; since T' is linear. We add a decision gate v(g) in
the OBDD on variable z;. The 1-edge of v(g) is connected to v(h) where h is the only u-node
containing input (z;,g) or (T, g). If no such h exists, we plug the 1-edge of v(g) into a L-sink.
We connect the 0-edge of v(g) similarly to v(h), where h is the only u-node containing input
(i, g) or (T,9). [

Theorems 2.24 and 2.25 offer direct construction between OBDD and deterministic (linear)
TDD. We observe however that Theorem 2.21 offer a way to obtain the same correspondence
in a non (directly) constructive way. Indeed, it is known [HI98] that the width of the mini-
mal OBDD is exactly the maximum number of subfunctions one can get by fixing variables
x1,...,x; for some ¢ < n. This exactly corresponds to the number of subfunctions we can have
with a linear vtree. The previous constructions can be extended to the case of non-deterministic
TDD and non-deterministic OBDD. TDDs and OBDDs are separated, however. This follows
as a corollary of [Razl4] and Theorem 2.39 that we will prove later in this manuscript. In
[Raz14], Razgon proves that there exists a family of CNF formulas (F),),en where F,, has
n variables and treewidth O(logn) such that every OBDD representing F,, must have size
nf2ogn) while Theorem 2.39 shows that such instances have a polynomial size TDD.

Theorem 2.26. There exists a family (Fy)neny of CNF formulas such that F,, can be repre-
sented by a polynomial size TDD while every OBDD representing F,, has size at least n¢1°8™
for some constant c.

The separation given by Theorem 2.26 is only quasi-polynomial and one can wonder
whether a truly exponential separation is possible. It may seem possible that TDD can be
quasi-polynomially simulated by OBDD, in the same way FBDDs quasi-polynomially simulate
decision-DNNF circuits [Bea+13]. We leave this question for future investigation though:

Open question 3. Given a TDD C of size N, does it exist an OBDD C’ of size at most
NO@ollog(N)) computing fe ?

2.1.5.2 Deterministic DNNF

As we have already observed, TDD is a subclass of structured deterministic DNNF circuits. We
show in this section that structured deterministic DNNF circuit can be exponentially smaller
than TDD. To do so, we will be interested in the Hidden Weighted Bit function, which are
known to be hard for OBDD [Weg00]. Given n € N, we define HWB,,(z1,...,2,) to be the
Boolean function defined as:

n
HWB,,(z1,...,z,) = xg where S = sz
i=1

In other words, the models of HWB,, are the assignments setting xs = 1 where S is the
number of variables set to 1. It can easily be rewritten as follows:
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n
HWB, (21, ..., z,) = \/ z; AHAM (21, . . ., 2p)
i=1
where HAM; is the function that evaluates to 1 if the number of variables set to 1 is exactly
7. Observe that this disjunction is deterministic. Moreover, it is easy to build an OBDD H;
of width n using the variable order (zy,...,z,) computing z; A HAM;(z1,...,z,) by simply
keeping track of the number of variables set to 1 in each layer, where the layer testing on z;
only has outgoing edges labeled by 1. The last layer accepts iff the number of variables set to
1 is i. In other words, HWB,, can be computed by an unambiguous OBDD of size O(n?), and
in particular, by a structured deterministic DNNF circuit.

Lemma 2.27. For every n € N, there exists a structured deterministic DNNF circuit of size
O(n?) computing HWB,,.

We now show that for every vtree T, the factor-width of HWB,, on T is at least 2" for
some constant c. In other words, we show that fw(HWB,,) > 2° and by Theorem 2.21, it gives
a 2" lower bound on the size of any TDD computing HWB,,, separating TDD from structured
deterministic DNNF circuits. The proof essentially follows the known lower bound for OBDDs,
for example, the one that can be found in [Weg00, Lemma 4.10.1], with small adaptations to
go from orders to trees. It relies on this technical lemma (whose proof is delayed at the end
of this section).

Lemma 2.28. Let n € N and I C [n]. Assume there exists p,{ € [n] such that:
o J:=1INI[p;p+{ has size t,
o / <n—|I,
en>p+l+t/2.
Then HWB,, has at least (t;2) subfunctions over Xy := {x; | 1 € I}.
It can be used as follows:

Theorem 2.29. Let n € N which is a multiple of 7. We have fw(HWB,,) > 2" for some
constant c. In particular, any TDD computing HWB,, has size at least 2°".

Proof. Let T be a vtree over {z1,...,z,} and let ¢t be a node of T" such that n/3 < | X;| < 2n/3.
Welet I = {i| z; € X;} C [n]. We show that we can find a sub-interval J = [p; p+/] respecting
the conditions of Lemma 2.28 with ¢ = Sn for some constant . This is enough to prove the

claim as (/3%}2) > 2%

We start by splitting [n] into seven segments of size n/7: Jy = [1,n/7],...,Js = [6n/7,n].
Since Jp U Jg has size at most 2n/7. Hence I\ (Jo U Js) has size at least |I| — |Jo| — |Js| >
(1/3 —2/7)n = n/21. It means there must be J; for 1 < i < 5 such that J; N I has size t >
(n/21)/5 =n/105. Welet p=1i(n/7)+1,£=n/7,J =J; =[p;p+{ and t = |JNI| > n/105.

We have to verify the conditions of Lemma 2.28, namely:
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o / < n — |I|. This is straightforward as ¢ = n/7 < n/3 = n —2n/3 < n — |I| since
|| < 2n/3.

e n>p+l+t/2. Inour case, p+{+t/2 =1i(n/7)+1+n/7+n/210 < 6n/7+14+n/210 < n.
Hence, by Lemma 2.28, HWB,, has at least 2t/2 > 21/210 gubfunctions over X;. O

Corollary 2.30. Deterministic TDD are exponentially less succinct than structured determin-
istic DNNF' circuits.

We finish this section by providing the proof of Lemma 2.28.

Proof of Lemma 2.28. Let A be the set of assignments of X ; setting exactly ¢/2 variables to 1
(and ¢/2 to 0). Given a € A, we define a* € 2%7 as follows: we set the largest possible number
of variables X;\ X to 1 so that the total number of variables set to 1 by a* does not exceed
p. Since | X7\ X;| = |I| —t and a already sets ¢/2 variables to 1, we have two cases:

e cither [I| —t > p —t/2, in which case, we pick p — t/2 variables from X7\ X, set them
to 1 and then the other to 0. In this case, we have that a* sets exactly p variables to 1.

e or |I| —t < p—t/2, in which case, we set every variable from X7\ X to 1, in which
case, a* sets t/2 + |I| —t = |I| — t/2 < p variables to 1.

Observe that the number of variables set to 1 by a* does not depend on a, but only on whether
|I| —t/2 > p. We denote this number by Nj.

We claim that given distinct a,b € A, HWB,[a*] and HWB,,[b*] are two different sub-
functions of HWB,, over X;. Indeed, since a and b are distinct, there exists ¢ € J such that
a(xz;) # b(x;), and in particular, a*(z;) # b*(x;). Assume without loss of generality that
a*(z;) = 1 and b*(x;) = 0. Now if we pick ¢ € 2X\X7 such that ¢ sets exactly i — Nj variables
to 1 (assume for now that this is possible). In this case, a* x ¢ and b* X ¢ both set exactly i
variables to 1. But then exactly a* x ¢ and b* X ¢ is a model of HWB,, since a*(z;) = 1 but
b* x ¢ is not a model of HWB,,. Hence HWB,,[a*] and HWB,,[b*] are distinct subfunctions. In
other words, HWB,, has at least |A| = (t;2) subfunction over X;.

It remains to show that we can pick ¢ € 2X\X1 g0 that it sets ¢ — N; variables to 1. First,
observe that ¢ — Ny > 0 since by definition, N7 < p and i € [p;p + ¢]. We now have to prove
that |[n]\ I| = n —|I| > i — N;. Since i < p + ¢, we will prove n — |I| > p+ ¢ — N;. We
distinguish two cases. First assume |I|—t/2 > p, that is N; = p. In this case, we need to prove
n — |I| > ¢ but this was part of our assumption. Otherwise, |I| —¢/2 < p and Ny = |[I| — t/2.
We hence have to prove n — |I| > p+ ¢ — |I| +t/2, that is n > p + ¢+ t/2 which is also part
of our assumption. O

2.1.5.3 Sentential Decision Diagrams

Another class of circuits resembling TDD is the class of Sentential Decision Diagrams (SDD)
introduced by Darwiche in [Darll]. SDD are also a restriction of structured deterministic
DNNF circuits with canonical representations, efficient negations and efficient apply. Hence,



50 CHAPTER 2. APPLICATIONS TO PROPOSITIONAL LOGIC

they enable bottom-up construction of circuits. An efficient bottom-up compiler has been im-
plemented together with nice heuristics allowing to dynamically change the vtree to minimize
the constructed SDD [CD13], something that would be necessary to understand for TDD too
if one wants to implement an efficient and practical compiler.

SDD is another natural generalization of OBDD based on the following observation: in
an OBDD, a decision gate on variable x can be seen as a way of partitioning the models of
the circuit into those satisfying the Boolean function x and the one satisfying the Boolean
function —x. The functions x and —x partition the space of Boolean functions over {z}. SDD
generalizes this idea by introducing the notion of X-partition. Given a set of variables X, an
X-partition is a set of Boolean function p1, ..., pr over X such that:

e p; Ap; = L, that is, p; and p; do not have any common model
° \/f:1 pi = T, that is, every assignment 7 € 2% satisfies at least one p;.

In other words, p1, ..., p; is an X-partition if and only if for every 7 € 2%, 7 satisfies exactly
one p;. Now, gates of SDD decomposes function using X-partitions in the following way. Given
a set of variables Z, disjoint subsets X,Y C Z such that Z = X UY, and a Boolean function
f over Z | an (X,Y)-decomposition of f is a set of pairs {(p1,s1),..., (pk,sk)} of Boolean
functions such that: {p1,...,pr} is an X-partition and f = \/le(pi A S;).

Let T be a vtree over variables X and ¢ a node of T. An SDD C' that respects the vtree
rooted at t is either:

e A single gate g labeled by a constant {0,1}, in which case, it computes the constant
Boolean function,

e If ¢ is a leaf of T labeled by z, it can be a single gate g labeled by a literal (x or —z). In
this case, it computes the Boolean function associated with each literal.

e Otherwise, if ¢ is an internal node of T" with children ¢1,%2 and C' is given by a gate g
labeled by {(p1,81),--., (P, sk)} where for every i < k, p; is an SDD respecting ¢, $;
is an SDD respecting t3 and {fp,,..., fp, } is an Xy -partition. In this case, it computes

Vi (fo A fs,).

It is easy to build a deterministic DNNF circuit from an SDD of linear size in the size of the
SDD by simply rewriting every internal gate as a disjunction of conjunctions, the disjunction
being deterministic because of the partition property, and the conjunction is decomposable
because of the underlying vtree structure.

SDD are canonical in the following sense. An SDD is said to be trimmed if it does not
have an internal gate of the form {(T,«), (L, @)} nor {(T,a)}. It is easy to trim an SDD in
polynomial time by simply replacing such gates by . Now, we say that an SDD is compressed
if every internal node labeled by {(p1, s1), ..., (pk, sx)} has the property that s; # s; for every
1 < 7 < k. One can transform an SDD to a compressed SDD by duplicating gates that are
used several times within internal nodes. This transformation however cannot be done in
polynomial space: the duplication may cascade, resulting in an exponential blow-up. The
terminology here is a bit misleading as one could think that compressed SDD are smaller than
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the others but this is really not the case. We stick to the original terminology from [Darl1],
where Darwiche shows that for every Boolean function f over variables X and a vtree T, there
is a unique, canonical, trimmed and compressed SDD respecting 7" and computing f.

The canonicity of SDD is however really different from the canonicity of OBDD and TDD.
First of all, the canonical SDD respecting some given vtree T' for a Boolean function f is not
the smallest SDD respecting 1" and computing f, as the compressing operation may blow the
size of the SDD. This has undesired side effects. Indeed, the main application of canonicity
is to check whether two circuits compute the same function. The previous observation can
be understood as follows: checking the equivalence of two given SDD C}, Cy by comparing
their canonical form does not run in polynomial time. Indeed, constructing the canonical
representations of Cy and Cs to check that they are equal may induce an exponential blow-up.

Another important difference between the canonicity of SDD and that of OBDDs and
TDD: the additional syntactic restrictions of trimming and compressing put on SDDs are not
stable by conditioning. This means that the canonical SDD of f[z/1] over a vtree T' may
be very different from the canonical SDD of f over a vtree T' which is somehow unexpected.
Actually, Darwiche and Van der Broeck have shown [VD15] that an exponential blow-up in
the size of the canonical SDD may happen when conditioning (as long as we impose the same
vtree). It is however open to prove that the canonical SDD of the conditioned function may
be large for any vtree.

We conclude this section with a comparison between SDD and TDD. One can see that
SDD can be cast into non-deterministic TDD. Indeed, internal gates compute disjunction in
the similar way as for TDD. The only thing that SDD can do which is not allowed in TDD
is to have constant inputs that respect internal nodes of the vtree but we can easily pad the
TDD with dummy nodes.

Theorem 2.31. Given an SDD C' on variables X, there exists a non deterministic TDD C’
computing the same function and has size at most |X|-|C]|.

The transformation from Theorem 2.31 does not yield a (deterministic) TDD despite the
fact that the TDD constructed this way has a small deterministic DNNF circuit corresponding
to it because it retains the partition property from SDD. That said, the notion of deter-
minism for TDD is very different from the notion of partitions. Indeed, an internal gate
{(p1,51)s---, (pk,sk)} in an SDD cannot use the same p; twice as the determinism is ensured
by the fact that (p;)i<x form a partition. This asymmetry between the left and right part of
SDD is not present in TDD but determinism is ensured in a very different way. In a TDD,
determinism can be rephrased as the fact that for each node t of the vtree T', t-nodes form an
Xy-partition, but neither the left nor the right child are responsible for this.

The results from the previous section can however be used to prove the following:

Theorem 2.32. SDD and compressed SDD cannot be polynomially simulated by TDD.

Proof. This follows from a result by Bova [Bov16]. He shows that HWB,, from the previous
section can be computed by an SDD of size O(n?®). Hence, the lower bound follows from

the lower bound of Theorem 2.29. In the same paper, Bova also builds a Boolean function
F(X,Y) such that FI(X,1,...,1) = HWB,(X) and such that F has a small compressed SDD.
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Since TDD can be conditioned in polynomial time, the smallest TDD for F' must be of size
polynomial in the size of the smallest TDD of HWB,,. By Theorem 2.29 again, F' cannot have
polynomial size TDD. O

We however leave the symmetric question open:

Open question 4. Can TDDs be polynomially simulated by compressed SDD or by SDD??

2.2 Compiling Structured CNF formulas

We are ready to use TDDs to prove tractability results on CNF formulas having a specific
structure. We use a very simple strategy known as bottom-up compilation, which has success-
fully been employed for OBDD already [Som98]. We present this strategy in detail for TDD
and then proceed to study its complexity guarantees in the case of structured CNF formulas,
namely, CNF formulas with bounded treewidth. We also improve the results from Bova and
Szeider [BS17] and provide a new efficient algorithm to construct a TDD from any Boolean
circuit.

2.2.1 Bottom-up compilation of CNF formulas

The bottom-up strategy for knowledge compilation usually refers to algorithms that compile
a CNF formula F' by iteratively using the APPLY operator until a circuit for F' is found. In
its simplest form, the algorithm proceeds as follows: on input F', it starts by ordering the
clauses of F' as cq,...,c, and then builds a circuit B; for each clause ¢;. It then builds a
circuit for F by computing the following sequence of circuits: C; = B; and for every i < n,
Cit1 := APPLY (Cy, Biy1,N). It is straightforward to see that C; computes ¢; A --- A ¢; and
hence C,, computes F.

This technique can be applied in a straightforward fashion to any class of circuits supporting
the apply transformation and for which every clause can be represented by a small circuit.
The former is guaranteed by Theorem 2.15 while we prove the latter now:

Proposition 2.33. Let T be a vtree over variables X and ¢ be a clause such that var(c) C X.
We can construct in time O(|X|) a TDD C of width 2 respecting T such that the models of C
are exactly the models of ¢ over X.

Proof. We construct a TDD C' = (N, E) such that for every node ¢ of T', N; contains exactly
two gates g and ¢! such that the models of g, are the models of —c|x, and the models of g}
are the models of c|x,. First assume ¢ is a leaf labeled by z. If 2 does not appear in ¢ and we
set gf be a 0-input gate and g} be a 1-input gate. If there is a literal £ in ¢ over z, we let g}
to be an input labeled by —¢ and g} to be an input labeled by ¢. Now if ¢ is a node of T" with
children 1,13, we have c|x, = c[x,, V ¢[x,,, hence a model of c|x, is either a model of c|x,,
and cx,,, or a model of only c|x, (and of —c|x,,) or a model of only c[x,, (and of —=c|x, ).

Hence we define E(g}) = {(g}", g1), (41", 92), (98", 9%*)} and E(gh) = {(g0", 922)}-

2This question is not completely open anymore. SDD can simulate TDD but it is not clear whether com-
pressed SDD can. The final version of this manuscript will contain the proof.
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If r is the root of T', we set out(C') = ¢}, which computes ¢ by induction. O

However, iterating the apply transformation with the complexity guarantees from Theo-
rem 2.15 will quickly lead to an exponential blow-up in size. Indeed, without further simpli-
fication of the circuit, the width of C; will be 2. However, this upper bound is easy to get
around since we know how to minimize TDDs by Theorem 2.22. Hence we could replace our
previous simplistic scheme by the one presented on Algorithm 1, where the circuit is minimized
after each apply.

Algorithm 1 Bottom-up compilation into TDD.

Input: A CNF formula F = c¢; A -+ A ¢y, a vtree T over var(F).
Output: A TDD computing F' respecting 7.

1: procedure CNF-To-TDD(F, T')

2: C < TDD computing 1 respecting T

3: for i=1 to m do

4: D < TDD computing ¢;

5

6

C <« APPLY(C,D,A)
minimize(C')
turn C

Now, interestingly, our precise understanding of the width of TDDs allows to bound the
running time of Algorithm 1 using the number of X;-subfunctions of the input CNF formula.
It naturally corresponds to the definition of factor-width from [BS17]: given a vtree T over
X and f a Boolean function on variables X, the factor-width of f with respect to T, denoted
by fw(f,T), is defined as max; |sub] (f)| where sub] (f) is the set of distinct X;-subfunctions
of f (which corresponds to the number of X;-factors, hence the name). We abuse notation
and, for a given a CNF formula F’ and a vtree 1" over var(F), we write fw(F,T") to denote the
factor-width of the Boolean function represented by F with respect to T

Theorem 2.34. Given a CNF formula F', a vtree T over variables X and an order ¢y, ..., cm
on the clauses of F', Algorithm 1 runs in time m|X| - poly(k) where k = max]", fw(ci A--- A
Ci, T) .

Proof. Constructing B; for each clause ¢; can be done in O(|X|) by Proposition 2.33. Now, by
Proposition 2.14 and Theorem 2.23, both the apply and minimization steps run in | X | poly (k).
Indeed, before the apply, C' is the minimal TDD computing ¢; A - - - A ¢; which has width at
most k by Theorem 2.22. Since B; has width 2, after the apply, C has width 2k. Hence,
the minimization runs in |X|poly(k). The total complexity of Algorithm 1 is then m|X] -
poly(k). O

2.2.2 Structured CNF formulas

factor-width is a semantic definition that does not directly relate to the structure of the
CNF formula, that is, the way variables and clauses interact. It is hence hard to compare
the tractability result from Theorem 2.34 with earlier results on tractable compilation for
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Figure 2.5: The primal Prim(F') and incidence Inc(F') graphs of Example 2.35.

structured CNF formulas as in [Bov+15; Capl7]. It turns out that some structural results
from [Bov+15] are subsumed by Theorem 2.34 because the structure exploited there implies
that the factor-width of any subset of clauses of F' is bounded.

In this section, we let F' be a CNF formula on variables X. We characterize the structure
of a formula using graphs. The first graph we consider is the primal graph of F, denoted by
Prim(F) = (X, E). The vertices of Prim(F') are the variables of F' and there is an edge {z,y}
in E if and only if there is a clause ¢ of F' such that x,y € var(c). Observe that large clauses
induce large cliques in Prim(F"). Hence, the primal graph is hiding clause-variables interactions
if some clauses are included in others. An extreme case is a formula containing a clause ¢ with
var(¢) = X. In this case, Prim(F) is a |X|-clique and the structure of F'\ {c} is hidden in
Prim(F).

A more faithful graph for F' is its incidence graph, denoted by Inc(F) = (X U F, E). The
vertices of Inc(F') are both the variables and the clauses of F'. There is an edge {x,c} for
x € X and ¢ € F in Inc(F) if and only if x € var(c). Observe that Inc(F') is bipartite. It
is not isomorphic to the CNF formula F' since the sign of z in ¢ is not visible in Inc(F’). A
directed version of the incidence graph has been considered in the literature where we have an
edge x — c if x appears positively in ¢ and x < ¢ if x appears negatively in c¢. The directed
incidence graph is isomorphic to the CNF formula.

Example 2.35. Fig. 2.5 represents the primal and incidence graphs of F' = C; A Ca A
C3 AN Cy AN Cs5 N\ Cg where C = (.%'1 V o V 1‘3),02 = (xl VxyV $5), Cs3 = (1‘4 vV .%'6),04 =
(mx5Vx9),C5 = (26 VarVas),Cs = (xg Va9V x11). One can observe that clauses induce
cliques in the primal graph (here, triangles) but the incidence graph is actually acyclic.

Treewidth. One can now study the structure of F' by analyzing the structure of Prim(F') or
Inc(F) using well-studied graph decomposition tools. One of the most studied graph decom-
position is without a doubt the notion of tree decomposition which intuitively maps a graph to
a tree, allowing one to design algorithms exploiting this tree structure. A tree decomposition
T for a graph G = (V, E) is a tree such that each node t of T is labeled by a subset B; of V,
called a bag at t. Moreover, T has the following properties:

1. Connectedness: for every x € V, the set {t | z € B} is connected in T,
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Figure 2.6: Tree decompositions for Prim(F) (left) and Inc(F') (right) from Example 2.35.

2. Completeness: for every edge e of GG, there exists a node t such that e C B;.

In other words, a tree decomposition fits a graph into a tree such that the structure of the
graph is still visible in the tree. For example, if one removes a node t of 7, 7 is split into
two connected components 71, 7T2. Let Vi, Vs be the subset of vertices appearing in 77 and
T3 respectively. It is easy to see by connectedness that V4 N Vo = B,. Moreover, every edge
e = {v1,v9} with one endpoint v; € V; and another endpoint in vy € Vs is such that e C B,
by completeness. In other words, one node of the tree decomposition splits the graph into two
disconnected subgraphs Gy, Gy having at most | B;|? edges between V; and V5.

Now, one can obviously represent any graph G with a very simple tree decomposition: 7~
has one node t labeled by V. This is indeed a valid tree decomposition for G but it does not
give any insight on the structure of G. The previous observation hints at the fact that having
small bags is desirable because it decomposes the graph into small disconnected graphs having
only a few edges between them. The notion of treewidth exactly captures this complexity: the
treewidth of a tree decomposition T of G, denoted by tw(G, T) is defined as max; |B;| — 1 and
the treewidth of G, denoted by tw(G), is defined to be miny tw(G,T), where T runs over all
valid tree decompositions of G.

Example 2.36. Fig. 2.6 gives an example of tree decompositions of the graphs of Exam-
ple 2.35, depicted on Fig. 2.5. The fact that Inc(F') is acyclic is witnessed here by a tree
decomposition of width 1, which is equivalent to being acyclic. The tree decomposition of
the primal graph pictured on Fig. 2.5 is of width 2 which is also optimal, since it is not
acyclic.

We can apply the notion of treewidth to CNF formulas, via either its primal or incidence
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graph. The primal treewidth of a CNF formula F, denoted by ptw(F'), is defined as the
treewidth of Prim(F) while the incidence treewidth of a CNF formula F', denoted by itw(F), is
defined to be the treewidth of Inc(F). It is not hard to see that for every CNF formula F', we
have itw(F') < ptw(F)+1. Moreover, the CNF formula F,, = (x; V- --Vx,) with one clause has
incidence treewidth 1 (since its incidence graph is a tree) and primal treewidth n — 1 since its
primal graph is an n-clique. Hence the incidence treewidth can be bounded while the primal
treewidth is not. We say that incidence treewidth is more general than primal treewidth.

In both cases, we can show that a CNF formula with small treewidth also has small factor-
width:

Theorem 2.37. Given a CNF formula F, we have fw(F) < 2Pt(F),

Proof. Let T be a tree decomposition of Prim(F") of treewidth k. Before describing how to
build a vtree, we give an intuition on why F' has small factor-width. Let ¢ be a node of T" and
let B<; be the set of variables appearing in a bag below ¢ in T'. Let c be a clause of F' such
that var(c) N B<; # (). We claim that in this case, either var(c) C B<; or var(c) N B<; C By.
Indeed, assume that var(c) € B<;. That is, ¢ has a variable y ¢ B<;. Let © € B<; Nvar(c).
The edge {z,y} is an edge of Prim(F') and is hence covered in some bag of T'. Since y ¢ B<,
the bag covering {z,y} is not below ¢. Hence, by connectivity, z € B;. This proves that
var(c) N Bgt - Bt.

Now let 7 € 2B<¢. We claim that F[r] only depends on the value of 7 over B;. Indeed, either
F[r] contains the empty clause and hence it computes the 0-constant function. Otherwise, the
clauses in F' not satisfied by 7 are either clauses of F' with no variable in B<; or clauses of
F having at least one variable in B<; and one variable outside B<; (clauses having all their
variables in B<; are satisfied by 7 because F[r] does not contain the empty clause). In other
words, if 7 and 7 are such that neither F/[7] nor F[7'] contains the empty clause and 7, = 7'" B,
then F[r] = F[7']. Hence they define the same subfunction. Since |B;| < k, there is at most
2F such subfunctions.

We conclude this proof by constructing a vtree T” such that for each internal node t' of
T', Xy is of the form B<; \ U for some U C B;. From what precedes, the number of Xy-
subfunctions of F' will be at most 2%, since they will only depend on the value of an assignment
on variables B;.

To do so, observe that for each variable x of F', we can find a unique node ¢(z) in 7" such
that © € By(;) and z is not in X \ B<y(y). In other words, t(x) is the shallowest node of 7" in
which z appears. We build 7" by starting from T and attaching a new leaf labeled by x to
t(x). We then make the tree binary by replacing nodes with d children with binary tree having
d leaves and contract nodes with one child with their child. It is easy to see by construction
that 7" has the required property and that the factor-width of F' wrt 7" is at most 2. O

We have a similar phenomenon for incidence treewidth:
Theorem 2.38. Given a CNF formula F, we have fw(F) < 2tW(F),

Proof. The proof is similar. Consider a tree decomposition T of Inc(F') and a node t of T'. Let
V<t = B<; N X, the variables appearing below ¢. Let ¢ be a clause of F' that has variables
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both in V< and in X \ V<;. We claim that, in this case, ¢ € B; or var(c) N V<; C B;. Let
x € var(c) N V<;. By definition, ¢ contains a variable y € X \ V<;. Now, both edges {y, ¢} and
{z, ¢} of Inc(F') have to be covered in some bag of T'. The bag covering {y, ¢} cannot be below
t because y is not in V<;. Hence ¢ appears somewhere not below t. If it appears below ¢, then
¢ € By by connectedness. Otherwise, ¢ does not appear below ¢ and hence, the edge {z,c} is
not covered below ¢t. But since x appears below ¢, by connectedness, it has to appear in B,
too.

Now, fix 7 € 2V<¢, and consider F[r]. If it contains the empty clause, then it is the O-
constant function. Otherwise, the remaining clauses only depends on the value of 7 over By
and can possibly contain any subset of clauses appearing in B;. Hence, there is at most 2F
possible CNF formulas for F[7]. In other words, F has at most 2¥ V;-subfunctions.

The construction of the vtree T’ is similar to the one in Theorem 2.37 to ensure that for
every node t' of T', Xy is of the form V<, \ U for some U C By, which concludes the proof. [J

Not surprisingly, bounded treewidth CNF formulas have attracted much attention. It has
long been known that SAT can be solved in time 29| F||. The earliest reference of this fact
seems to be in a paper by Dantsin from 1979 [Dan79], though it is not specifically stated with
the treewidth terminology, later improved by Razborov and Alekhnovich [AR11], where the
result is expressed in terms of the equivalent branch-width measure. The generalization for
the tractability of #SAT has first been observed by Sang, Bacchus, Beame, Kautz, and Pitassi
in [San+04] and later generalized to the more general case of incidence treewidth by Samer
and Szeider in [SS10]. The existence of small d-DNNF circuit for such formulas is implicit in
Darwiche’s early contribution [Dar04] and explicit in a collaboration with Pipatsrisawat [PD10]
for primal treewidth. The case for incidence treewidth has been formally proven along more
general results in [Bov+15].

The new connection established by Theorems 2.37 and 2.38 allows to nicely recover these
tractability results. Indeed, it is straightforward to see that if a CNF formula has primal
or incidence treewidth k, then every sub-formula of F' has treewidth at most k. Hence, the
bottom-up compilation to TDD from Algorithm 1 runs in time poly(2¥)-mn = 2°®) .mn on a
formula with n variables, m clauses and of primal or incidence treewidth k& by Theorem 2.34,
provided we start from the vtree given by Theorems 2.37 and 2.38.

Theorem 2.39. Given a CNF formula F' of primal or incidence treewidth k, one can construct
a TDD of width at most 28 computing F in time 2°%) . mn.

We feel that Algorithm 1 gives a conceptually simpler algorithm than the bottom-up dy-
namic programming on tree decompositions from [SS10] and serves as a nice example of the
power of TDDs and minimization. While canonicity in SDD offers similar guarantees [Darl1],
we feel that the nice connection between factor-width and the width of the canonical minimal
circuit is more natural. Moreover, canonical SDD may be exponentially larger than the small-
est SDD representing the same function [VD15] and we feel that the fact that the minimal
representation matches the canonical one is more natural.

However, the complexity of this approach is not as good as earlier work where the depen-
dency on the size of the CNF formula is linear. One current weakness of TDDs which prevents
them from matching earlier methods’ efficiency is that they are complete, that is, even if the
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Boolean function only depends on a strict subset of variables Y, the resulting circuit will have
at least | X| gates. This is particularly hurtful for clauses. Moreover, we could leverage the
fact that we only apply clauses and not arbitrary TDDs to improve the construction during
the apply and try to minimize at the same time, as is done for OBDDs. Improving this part of
the algorithm may lead to interesting practical results. We leave this line of work open. More
concretely:

Open question 5. Can we build a minimal TDDs in time 2°®)||F|| for CNF formulas of
primal and incidence treewidth k using Algorithm 1 by implementing optimized functions for
apply and minimization for clauses?

2.2.3 Circuit treewidth

Another interesting application of Algorithm 1 is related to the compilation of bounded
treewidth Boolean circuits, which can be seen as a generalization of incidence treewidth. The
treewidth of a Boolean circuit C' is defined as the treewidth of its underlying graph. For the
notion to make sense, one needs to first assume that for any variable x € X, there is at most
one input of the circuit labeled by = (observe that we are considering Boolean circuits here
and not their close cousin NNF, hence the inputs are labeled by variables and not by literals;
the literal —x can be obtained with a negation gate). It turns out that the factor-width of
a Boolean function defined as a Boolean circuit of treewidth k is also bounded, which allows
us to give a simple algorithm constructing a small TDD computing the same Boolean func-
tion of a bounded treewidth Boolean circuit. It was already known that bounded treewidth
circuits can be efficiently compiled into deterministic DNNF' circuits, either via a direct al-
gorithm [Ama+20], or via a treewidth preserving Tseitin transform into CNF followed by an
existential projection of functionally defined variables in a deterministic DNNF circuit, which
can be done without increase in the size of the circuit and without losing determinism, since
they are functionally defined by other variables, see [MW20, Lemma 18]. The latter approach
cannot be found explicitly in any published work to the best of my knowledge, see this Stack-
overflow post [htt] based on a discussion with Stefan Mengel. Another approach for compiling
bounded treewidth circuit was proposed in [BS17]. Interestingly, this is also based on the
relation between factor-width and circuit treewidth but the relation proven in this paper is
double-exponential. We improve it to a single exponential in Theorem 2.40.

To explain our approach, we need a few definitions first. Given a partial assignment 7 € 2
for some Y C X and a gate v of C, we define the value of v under 7, denoted by wval(v,T),
as a value in {0,1, L}. Intuitively, val(v, ) is the value of v under the partial assignment,
if it can be computed. Otherwise, val(v,7) = L, meaning that its value is undefined yet. A
gate may have undefined inputs and still have a fixed value: for example, it is enough for a
A-gate v to have one input with value 0 to set the value of v to 0. More formally, we define
it inductively as follows: if v is an input gate labeled by y € Y, then val(v,7) = 7(y). If
y ¢ Y, then val(v,7) = L. If v is a negation gate with input w and val(w,7) = L, then
val(v,7) = L. Otherwise, val(v,7) = 1 —val(w, 7). If v is a V-gate with input wy,...,wy
then: val(v,7) = 1 if val(w;, 7) = 1 for some i < k, val(v,7) = 0, if val(w;, 7) = 0 for every
i <k, and val(v,7) = L otherwise. If v is a A-gate with input wy, ..., wy then: val(v,7) = 0 if
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val(w;, 7) = 0 for some ¢ < k, val(v, 7) = 1, if val(w;, 7) = 1 for every i < k, and val(v,7) = L
otherwise.

Theorem 2.40. Let C be a Boolean circuit on wvariables X computing fo such that the
treewidth of its underlying graph is k. We have fw(fo) < 3F+2,

Proof. Since the treewidth of C' is k, there must exist a tree decomposition of C' where each
bag has size at most £+ 1. We let 7 be this optimal tree decomposition where we have added
the output o of C, to every bag. It is still a tree decomposition of C' of width k£ + 1. Given
a node t of 7, we denote by X<; the set of variables = such that the input gate labeled by x
of C appears in a bag below t in 7. We claim that for every ¢, fc has at most 3*¥+2 distinct
X <-subfunctions. Indeed, given 7 € 2X<¢, let b, be the function mapping v € By to val(v, 7).
We claim that for 7,v € 2%t if b, = b, then 7 and v define the same X <¢-subfunction. Since
there are at most [{0, 1, L }|/B¢l < 3542 possible functions from By to {0,1, L}, it will be enough
to prove the desired result.

We prove b, = b, implies that fo[r] = fo[v]. Assume toward a contradiction that these
functions are different. It means that there exists some o € 2X\X¢ such that fo(r x o) #
fc(v x o). Recall that o denotes the output of C' and that by construction, o € B;. Since we
have val(o,7) = val(o,v) by assumption, we must have val(o,7) = val(o,v) = L, otherwise,
we would have val(o,7 X o) = val(o,v X o), that is fo(r x o) = fo(v x o).

Now, it follows that there is at least one g of C such that:

1. g € By,
2. val(g, T x o) #wval(g,v x o) (in particular val(g,7) = val(g,v) = L).

Consider a deepest gate vg verifying this, that is, vg € By, val(vg, 7 X o) # val(vy,v X o)
and no gate below vy verifies these two properties. Observe that vy cannot be an input
gate, otherwise it would be labeled with some variable z € X<; and we would have 7(z) =
v(x) since vy € By, contradicting the fact that val(vy, ™ X o) # val(vy,v x o). Now, since
val(vy, T X o) # val(vy,v X ), vo must have at least one input v; such that val(vy, T X o) #
val(vy,v x o) and val(vy,7) = L or val(vi,v) = L. Indeed, if every input v of vy verifies
val(v, 7 X o) = val(v,v X o) then it would contradict the fact that vy verifies Item 2. Now
let v be an input of vy such that val(v,T x o) # val(v,v x o) and assume val(v,7) € {0,1}
and val(v,v) € {0,1}. In this case, we cannot have val(v,7) = val(v,v). Without loss of
generality, assume val(v,7) = 0 and val(v,v) = 1. Now, if vy is a V-gate, then val(vg,v) = 1,
if vy is a A-gate, then val(vg,7) = 0 and if vy is a —-gate, val(vg,7) = 1. In any case, it
contradicts that val(vg,v) = val(vy, 7) = L.3

To sum up, we have shown that there exists an input vy of vy such that val(vi, T X o) #
val(vi,v X o) and either val(vy,7) = L or val(vi,v) = L. Wlog, we now assume that
val(vy,7) = L. We now construct two paths from vy to an input of C:

30bserve here that this argument is not valid if we allow the circuit to use other gates such as @®-gates. We
crucially rely on the fact that for any gate g, there is a Boolean value b such that fixing the value of one input
of g to b is enough to fix the value of g. We leave open the question of bounding the factor-width of Boolean
circuits using other gates than {A,V,—} and unbounded fan-in.
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e The first one is built on the following observation: v; must have at least one input wvs
such that val(ve, T X o) # wal(ve,v X o), otherwise, we would have val(vy,7 X o) =
val(vy,v x o). By iterating, we build a path P; = (vi,...,v,) to some input v, of the
circuit such that for every i < p, val(v;, 7 x o) # val(v;,v x o). In particular, v, is
labeled with some variable 2 € X<; such that v(z) # 7(z).

e The second one is built on the following observation: v; must have at least one input
we such that val(wy,7) = L. Otherwise, val(vi,7) would take a value in {0,1}. By
iterating on this observation, we build a path P = (vi,ws,...,w,) to some input w, of
the circuit such that for every ¢ < ¢, val(w;,7) = L. In particular, w, is labeled with
some variable y € X \ X<, since it is not assigned by 7.

Finally, consider the path P from v, to wy obtained by concatenating P; with the reverse
of P,. It only contains gates below v by definition, hence below vg in particular. Moreover,
vp being labeled by some x € X<; with 7(z) # v(x), it must appear strictly below ¢ in 7. And
since wy is labeled by some y ¢ X<, it does not appear below ¢. Hence P must contain a gate
g in B; by connectedness of 7. Since val(g,g) = val(g,v) by assumption, if ¢ is on path P,
then val(g,7) = val(g,v) = L, otherwise, we cannot have val(g,7 X o) # val(g,v x o). If g
is on path P,, then by construction, we have val(g,7) = L. And since g € B, we must also
have val(g,v) = L. Recall that g appears in the subcircuit rooted in vy by construction. But
then, it contradicts the fact that vy is a deepest gate satisfying Items 1 and 2 and we must
have folr] = folv].

We obtain the corresponding vtree for fo from 7 inducing the same partitions as (X<, X'\
X<;) following the same construction as Theorem 2.37. [

Now given a Boolean circuit C, we say that C” is a subcircuit of C' if it is a well-formed
connected Boolean circuit containing a subset of edges and gates of C'. Given a Boolean circuit
C and a subcircuit C’ of C, a tree decomposition of C is also a tree decomposition of C’. Hence,
if T is the vtree constructed for C' in Theorem 2.40 such that fw(fc,T) < 3¥+2, then for any
connected subcircuit ¢’ of C, we have fw(fcr, T) < 32, where fcr is the Boolean function
computed by C’ (which is well defined since C” is connected). In other words, we have:

Theorem 2.41. Let C' be a Boolean circuit on variables X computing fc such that the
treewidth of its underlying graph is k. There exists a vtree T such that for every connected
subcircuit C' of C, we have fw(for, T) < 3572 and T can be computed in polynomial time from
a tree decomposition of C' of treewidth k.

Now, this gives a straightforward FPT algorithm to construct a TDD computing fo re-
specting a vtree T" as given in Theorem 2.41. We visit the gates of C' from the inputs to the
output and for each gate g, we construct and cache a canonical and full TDD computing f,.
This is easy to do in time O(|X]|) for the inputs of C. Now, given a A-gate g of C' with input
g1s- - - gk, assume we have built minimal TDDs Ty, ..., T, for f,,..., fy,. We build a TDD
T, for f, by setting Ty = T, and compute T;11 as T;11 = MINIMIZE(APPLY (T;,T,,,,,N))
with the algorithm from Theorem 2.15. For a —-gate g with input g1, we simply compute T},
as =Ty, in constant time by changing the output in the full TDD g¢. If g is a V-gate with
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input g1, ..., gk, we proceed as for the A-case after negating each TDD for T}, to get a full and
canonical TDD computing /\f:1 —fg, that we negate once more to have T, computing \/f:1 foi-
In the end of the algorithm, we return 7, where o is the output of C.

By Theorem 2.41 and Theorem 2.22, each intermediate TDD T}, constructed has width at
most 372 where k is the treewidth of C since they compute Boolean functions of a subcircuit of
C. We do a constant number of apply operations per edge of C'. Each apply and minimization
takes time O(poly(3¥+2)|X|) = 298| X|. Hence we have built a full TDD computing fc in
time 29| X| - |C|. Since computing optimal tree decompositions can be done in FPT linear
time [Bod93], we have:

Theorem 2.42. Given a Boolean circuit C of treewidth k, we can compute a vtree T and a
TDD respecting T computing fc in time 20| X| - |C|.

As for Theorem 2.38, the construction from Theorem 2.42 is not as good as the compilation
to deterministic DNNF circuits proposed in [Ama+20] but we feel the algorithm is more
elementary and gives insights on why such circuits are tractable. It would be interesting, in
the spirit of Open question 5, to have a more refined algorithm to compile bounded treewidth
circuits exploiting the flexibility of TDD while ensuring linear dependency in |C|.

We conclude this section with an open question. The proof of Theorem 2.40 does not work
if we allow the Boolean circuit to use @-gates, but it is not clear whether it is a problem with
the proof or with the result itself:

Open question 6. Given a Boolean circuit C' with gates in {V,\,—, @} of size N and bounded
treewidth k, is fw(fc) bounded by h(k) - poly(N) for some computable function h: N — N?

We leave another question open here. Treewidth is not the most general parameter for
which we can build polynomial size deterministic DNNF circuits using a dynamic programming
algorithm. CNF formula of bounded MIM-width for example may have unbounded treewidth
but have polynomial size deterministic DNNF circuits [Bov+15; STV14]|. That said, it is
not clear whether they have bounded factor-width. Such a result would allow to show that
Algorithm 1 works in polynomial time on bounded MIM-width instances, simplifying the more
involved algorithm from the literature.

Open question 7. Let F' be a CNF formula and T a branch decomposition of Inc(F) of
MIM-width k. Do we have fw(F) < f(k) for some computable function f: N — N?

2.3 Compiling Structured Quantified CNF formulas

We now show how the notion of width of TDDs can be used to recover and generalize a result
by Hubie Chen [Che04] establishing that QBF is FPT when parametrized by treewidth. The
TDD data structure introduced in the previous section allows us to recover this result in an
interesting way. We show that we can transform any non-deterministic TDD of width k into
a TDD of width 2¥. We call such an operation determinization. Since existential projection
of a block of variables can be done without an increase in size on non-deterministic TDDs,
we can alternate existential projection and determinization to build a (deterministic) TDD
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representing Q1.X; ... QpXp.F whose width is towery(w, p) from a TDD representation of F' of
width w, where towers(w, 0) is defined as w and towers(w, i + 1) = 2tower2(wsi)

2.3.1 Determinizing nTDD

In this section, we show that nTDD can be made deterministic by paying an exponential
blow-up in their width. The existence of such a (deterministic) TDD can be seen through
subfunctions. Indeed, fix a vtree T' over variables X and an nTDD C respecting T'. For every
node t of T', we let Ny be the set of t-nodes of C. Recall that by assumption, |V;| < k, where
k is the width of C. Given S C Ny, we let ffg be the Boolean function whose models are the
assignments 7 € 2%* such that:

e for every v € S, 7 is a model of v,
e for every v € N; \ S, 7 is not a model of v.

Given an assignment 7 € 2%t we can define the t-shape S;() of T (simply called shape of T
when t is clear from context) as the set Si(7) C N; containing every g € N; such that 7 is a
model of g. Clearly 7 is a model of f§ if and only if S = S(7). Moreover, it is not hard to
prove by adapting the proof of Lemma 2.20 that if S(71) = S(72), then f[ri] and f[r2] define
the same X;-subfunction. This hints at the fact that C' cannot have more than 21Vl < 2k X,-
subfunctions and that they can be defined (possibly with redundancies) by the ff functions.
Hence, since n'TDD are complete and by Theorem 2.22, there must exist a (deterministic)
TDD €’ computing the same function as C' and of width at most 2¥.

The previous sketch does not, however, give a way of actually constructing the TDD for
C. Below, we give a constructive proof allowing to efficiently construct C’ from C. Before
going into the main proof, we do a few key observations. For a set S C NV, if there exists
some 7 € 2%t such that S = S(7), we say that S is a t-shape of C (without the need of
explicitly referring to 7 anymore). Let ¢ be an internal node of T' with children ¢1,t and let
S1 be a t1-shape and S be a to-shape. We say that (S7,.52) generates t-shape S if there exists
71 € 281 and 7 € 2%t such S' (1) = S, S2(r) = Sy and S'(7y x ) = S. The following
lemma shows that (S7,.52) generates exactly one ¢-shape, and this shape is easy to compute
from (S1,52):

Lemma 2.43. For every ti-shape S1 and to-shape So, there exists a unique t-shape S that is
generated by S1 and So defined as S := {g € Ny | I(g91,92) € E(g) such that g1 € S1,g92 € Sa}.

Proof. Let 7 € 2%t with ¢;-shape S1 and 7 € 2%% with ty-shape S» and let S’ be the t-shape
of 7 := 71 x 7». We want to show that S’ = S. Let ¢ € S and let (g1,92) € E(g) with
g1 € S1, g2 € S9 which exists by definition of S. Since g1 is in S7 and 71 has shape S, 7 is a
model of g;. Similarly, 75 is a model of go. Hence, 7 is a model of g, that is, g € S’.

Now let g € S’. By definition, 7 is a model of g, that is, there exists (g1,92) € E(g) such
that 7 is a model of g1 and 7 is a model of g5. But it then means that g; € S; and g» € So
since S7 and Sy are the shapes of 7 and 7y respectively. In other words, g € S and we have
proven S’ = S. O
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The next lemma follows directly from definitions and from Lemma 2.43 but it nicely wraps
up what will be needed later.

Lemma 2.44. Let 7 € 2%t be an assignment with t-shape S. Let 11 := T|x,,, 72 == T|x,,, and
let S1,S2 be their respective shapes. Then (S1,S2) generates S. Moreover, if (S1,S2) generates
S then for every 1 € 2Xt1 with shape S1 and T € 25t with shape Sa, 71 X T has shape S.

Proof. The first part follows directly from the definition of (57, .S2) generates S since 7 = 71 X73.
The second part follows from Lemma 2.43. Indeed, S is the unique t-shape generated by
(51, S2) and hence 71 x 7o has shape S by definition. O

We are now ready to prove the main theorem of this section:

Theorem 2.45. Let T be a vtree over variables X. Let C be an nTDD of width k. One

can construct a full TDD C' of width at most 2% computing the same function as C in time
o) ..

Proof. As before we let Ny be the set of t-nodes and for S C Ny, we let fg be the function
whose models are assignments whose shape is exactly S. We build C’ inductively in a bottom-
up fashion. We maintain the following invariant: for every node t of T and S C N; such that
fs # 0, C" contains a t-node v§ computing fs.

If ¢ is a leaf of T labeled by x, then there are exactly two possible assignments: the one
mapping z to 1 and the other mapping x to 0. If both assignments satisfy the same set S C IV,
of t-nodes, it means that N; only contains inputs labeled by 1 or 0. Hence we have exactly
one v} node labeled by constant 1. Otherwise, we have two possible sets Sy, S1 C Ny, the one
containing every t-node satisfied by 79 := (x/0) and the one containing every t-node satisfied
by 71 := (z/1), that is, S; is the set containing every t-node labeled by 1 or x and Sy is the set
containing every ¢-node labeled by 1 or 2. We hence have two t-nodes vgo and vgl labeled
by —x and x respectively. Observe that it is compatible with the determinism conditions on
inputs.

We now proceed by induction to show how to build the gate vfg for an internal node ¢ of
T and S C N;. We define E(vk) := {(vgll,v?z) | (S1,S52) generates S}. By induction, every
model of vg is of the form 7 x 75 where 71 has shape S1, 72 has shape Sy and (51, S2) generates
S. Hence by Lemma 2.44, 71 X 79 has shape S. Moreover, if 7 has shape S then by Lemma 2.44
again, 7 = 71 X 7o where there exists some shapes (57, S2) generating S and 7; has shape 57,
9 has shape S3. In other words, the models of v} are exactly the set of assignments of 2X¢ of
shape S, that is, vtS computes fg.

We now argue that we can actually build E(v}) efficiently for every ¢-shape S. To do so,
we can enumerate every ti-shape S7 and every to-shape S3. This can be done because we have
computed them inductively. Now, we can compute the t-shape S generated by Sy, 55 using
Lemma 2.43 by going every node g in N; and checking whether F(g) contains a pair (g1, g2)
with g1 € 51,92 € So. This can be done in time O(k:3) because N; contains at most k£ node.
Moreover, each t-node contains at most k2 pairs since Ny, and Ny, also have size bounded by
k. Now, we simply add (vgll,vgé) as an input of v.
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Since there are at most 2F possible S; and 2¥ possible S, the construction of every t-node
of C' takes time O(k32%F) = 20(k) and we have to compute this for every internal node ¢ of T'.
We hence have a total time of |C| x 20,

We argue that O’ is deterministic. The inputs of C’ are clearly deterministic since by
construction, we cannot have a 1-labeled gate and literals, hence C’ respects this constraint.
Now, let ¢ be an internal node of T" with children ¢1,¢5. Let S7 be a t1-shape and S be a
to-shape and let S be the unique shape they generate. Hence the pair (vg}l,vgé) will only be
used as an input of v} and no other. That is, C’ is deterministic.

Finally, we argue that C’ is full. Indeed, let 7 € 2X¢. By definition, 7 has a unique shape
S, which may possibly be empty. By construction, we have a gate vfg, hence vfg is satisfied by
7. In other words, every 7 € 2X¢ satisfies exactly one t-node of C’, that is, C’ is full.

O

It may be surprising that the TDD constructed in Theorem 2.45 is full. This is because
S = () is a t-shape for every node ¢ of the vtree. The shape S = () catches every assignment in
2Xt that does not satisfy any t-node of C, which is exactly what it means for the circuit to be
complete. Interestingly, running the algorithm from Theorem 2.45 on a TDD will produce a
full TDD in time O(poly(k) - |C|). Indeed, the only possibles shape for TDDs are singletons or
the empty set. The procedure will add the empty set shape whenever it is missing and plug it
accordingly with what is below, which is exactly what the procedure from Theorem 2.13 does.

2.3.2 Application to quantified Boolean functions

We now formalize how we can use determinization as a tool for constructing TDD for quantified
Boolean function. We first start by giving a few formal definitions. If f is a Boolean function
over variables X and Y C X, we define the Boolean function 3Y.f to be the Boolean function
over variables X \ Y such that 7 € 2% \Y is a model of 3Y.f if and only if there exists o € 2¥
such that 7 x ¢ is a model of f. In this case, we say that Y is existentially projected in f.
Similarly, we define VY. f to be the Boolean function over X \ Y such that 7 € 2¥\Y is a model
of VY.f if and only if for every o € 2¥, 7 x ¢ is a model of f. In this case, we say that Y is
universally projected in f.

We will often write Q1X1 ... QpX,.f for Q; € {3,V} and X; C X to denote the Boolean
function over variables X \ Uigp X, obtained by iteratively projecting the variables, univer-
sally or existentially depending on the nature of f. We say that g := Q1 X;...Q,X,.f is a
quantified Boolean function and that Q1 X ...QpX, is the quantifier prefir of g. Observe that
if Uz‘gp X,; = X, that is, every variable of f has been projected, then g either has one model

(the only element of 2@), in which case, we say it is satisfiable or no model, in which case we
say it is unsatisfiable.

We abuse the prefix Q1X1...QpX,.f notation and use it in front of any representation
of a Boolean function. For example, if F' is a CNF formula, we write Q1X;...Q,X,.F as
a representation of the Boolean function QX ...Q,X,.f where f is the Boolean function
represented by F. If C' is a Boolean circuit, we use notation Q1X1...Q,X,.C in a similar
way.

Determinization of nTDDs allows us to prove the following:
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Theorem 2.46. Let T be a vtree over variables X, Y C X and C be a full TDD respecting
T of width k. One can build a TDD C' of width at most 25 computing QY.C in time 2°0%)|C|

for @ € {3,V}.

Proof. We start with the case () = 3. By Theorem 2.17, we can build an nTDD C; computing
JY.C of width at most k and size at most |C| in time O(|C|) by simply relabeling every
input gate labeled by y or —y with 1. This transformation does not preserve determinism
however but we can use Theorem 2.45 to build €’ from C; in time 2°0()|C;| < 290)|C|. By
construction, C! computes 3Y.C, is deterministic and has width at most 2¥ which is what we
wanted.

We now do the case @ = V. Since C is full, there is a gate g in C' computing -C. We let
Cy be the circuit obtained by choosing g as the output of C, which can be done in constant
time, and compute a full TDD C; of width 2¥ computing 3Y.Cy in time QO(k)]C| as in the
previous paragraph. Now, since C is full, there is a gate ¢’ in Cy computing —=C = =3Y -~C
which is exactly the set of models of VY.C. Hence, we build C’ by changing the output gate
of C to ¢’, which is what we wanted. O

The Quantified Boolean Formula problem (QBF for short) asks, given a CNF formula F' over
variables X and a quantifier prefix Q1X1,...,QpX, whether Q1X1,...,Q,X,.F is satisfiable.
Observe that in this case, we can always assume that X = Uigp X, since Q1X1,...,QpXp.F
is satisfiable if and only if 3X,Q1X1,...,Q,X,.F is satisfiable, where Xy = X \ Uz‘gp X;. We
will also be interested in the counting version of QBF, denoted as #QBF, which asks, given
a CNF formula and a quantifier prefix Q1X1,...,Q,X,, to compute the number of models of
Q1 X1,...,QpX,.F.

QBF is a notoriously hard problem and was shown early on to be PSPACE-complete by
Stockmeyer and Meyer [SM73]. That said, as for SAT, treewidth helps in the case of QBF.
Feder and Kolaitis observed that the parametrized tractability of QBF on bounded treewidth
instances can be obtained via Courcelle’s theorem [FK06], though this approach blurs the exact
complexity of the algorithm. Chen gave a relatively simple and straightforward fixed-parameter
tractable algorithm [Che04]. Not surprisingly, the complexity has an awful complexity regard-
ing treewidth: it runs in time tower(p + 1,O(k))||F||. This dependency is however optimal in
the sense that under ETH, one cannot hope for better than a tower of exponentials.

We now give yet another proof of the tractability of QBF with bounded treewidth by
building a TDD for Q1 X71,...,QpX,.F.

Theorem 2.47. Let F' be a CNF formula with n variables, m clauses and incidence treewidth
k. Let Q1X1,...,QpX, be a quantifier prefix. We can build a TDD of width towers(p + 1, k)
computing Q1X1, ..., QpXy. F in time 20 mn + n - towery(p + 1, 0(k)).

Proof. We start by building a full TDD computing F' of width at most 2% in time 20" mn,
using Theorem 2.39. We then inductively apply the closure from Theorem 2.46. Assume
that we have built a full TDD for Q;+1Xi+41,...,QpXp.F of width towery(p+ 1 — 4, k) in time
n - towerg(p + 1 — 4, bk) for some constant b.

We then compute a full TDD for Q;X;,...,Q,X,.F using Theorem 2.46. The resulting
circuit has width at most 2tower2(p+1-ik) — towera(p + 2 — 4, k). It can be computed in time
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thowem(pﬂ_i’k)towerg(p + 1 — i,k)n for some constant b, that is, in time at most tower(p +
2 — i, k(log?™? " b))tower(p + 1 — i, k) < tower(p + 2 — i,bk). When i = 0, we have the
desired TDD. The total time to compute it is bounded by 2°*)mn for the first phase and by
P towery(i + 1, bk) < 2towers(p + 1, bk) < towers(p + 1,0(k)) as desired. O

Observe that the complexity stated in Theorem 2.47 is not quite linear in || F'|| which is
a bit disappointing. This comes from the fact that in this chapter, we decided to use the
bottom-up approach to build the TDD for F' and this has quadratic complexity. Other, more
direct, methods could be used to build the first TDD or a similar data structure in linear time
as we do it in [CM19] but the goal of this chapter was to illustrate from scratch the usefulness
of TDDs and to rediscover these results through the bottom-up approach. Recall also that we
believe that a more careful implementation and analysis of the bottom-up algorithm would
give a linear time compilation for bounded treewidth CNF formulas (see Open question 5),
but we have not yet settled this question.

The tractability of QBF, but also #QBF, on bounded treewidth CNF, directly follows from
Theorem 2.47 and the fact that satisfiability and counting are tractable on TDDs. Finally, we
remark that Theorem 2.47 also works when F' is a bounded treewidth Boolean circuit since
we can build a TDD of size 2°®)p in this case thanks to Theorem 2.42.

2.4 Conclusion

In this chapter, we have introduced a new data structure for representing Boolean functions
that offers advantages similar to those of OBDD but can handle bounded treewidth instances.
The main advantage of this data structure over the existing ones, such as deterministic DNNF
circuits or SDDs is that they can be minimized into a canonical circuit for which the size and
width can be easily understood. While SDDs also have a canonical representation, they do not
correspond to the minimal representation and the canonical representation may be exponen-
tially larger than the minimal one [VD15]. Our approach allows us to recover known compi-
lation results about bounded treewidth CNF formulas and circuits with a classical bottom-up
algorithm, which gives, in our opinion, an interesting and fresh perspective on these results.
It is not clear whether TDDs are interesting in practice but we chose this presentation here to
show an alternative way to understand results my previous research have contributed to. In
particular, even though the results proven in this chapter are slightly weaker than some my
previous work, the simplicity of the underlying theory and its unifying approach is appeal-
ing. In particular, we recover the compilation algorithm from [Bov+15] as far as treewidth
is concerned (though this paper presents a more general algorithm for instances of bounded
PS-width), the algorithm from [Ama+20] and the one from [CM19] (though again, this paper
presents an algorithm for bounded PS-width).



Chapter 3

Applications to Proof Complexity

The results presented in this chapter arise from a simple but surprisingly little studied question:
how can a user verify the output of a #SAT solver? More concretely, if a #SAT solver says
that an input CNF formula has 25 models, how can we check that this is indeed correct? There
is no reason to be more confident in a #SAT solver returning 25 than in a SAT solver returning
UNSAT, yet modern SAT solvers are expected to output an independently verifiable proof that
a formula is unsatisfiable. It may seem like a nitpick, but previous misfortunes have shown us
that some implementation bugs may lurk undetected for some time in software for solving hard
problems and there is no reason the same would not apply to #SAT solvers. To improve the
trust a user can have in a tool, a first solution, with a long and beautiful history from logic to
software engineering, would be to implement a #SAT solver in a proof assistant such as Rocq
or Lean, prove that its behavior is correct, and extract a program implementing the proven
specifications. This approach has been used, for example, to develop the CompCert [Ler06]
compiler formally guaranteed to output an assembly program that follows the specification of
an input C program, and also for SAT solvers [FW20; Bla+18]. This approach, however, has
two main shortcomings. First, it is expensive to implement because it would mean developing
a #SAT solver from scratch, with significant effort required to prove its behavior correct.
Second, a formally verified implementation makes low-level optimizations harder to create,
which may hinder the performance of the solver.

Another cheaper yet powerful and more realistic approach in our scenario is to slightly
tweak the behavior of the solver so that instead of only providing the result, it also outputs
a certificate that allows one to efficiently verify the correctness of the result with a hopefully
simpler independent program. This is the approach favored for SAT solvers. In the case of
a satisfiable formula, a proof could simply be a satisfying assignment, which a user can then
easily and efficiently verify with a program simple enough to be trusted. Things get harder
when it comes to convincing the user that a formula is not satisfiable. In this case, most SAT
solvers can output a proof of unsatisfiability that can be independently checked by the user. It
can be viewed intuitively as a list of facts implied by the original formula, all easy to check from
the input formula and previously derived facts, until one can deduce a contradiction. While
the list of facts necessary to reach a contradiction may be long, one can check the correctness
of the proof in polynomial time in the length of the formula and in the length of the proof.

67
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This approach predates modern SAT solvers and was originally introduced by Cook and
Reckhow [CR79] under the name propositional proof systems with the original goal of proving
(or disproving) that NP # coNP. One of the earliest proof systems to be studied is the
resolution proof system [DP60]. It is based on the resolution rule that states that if z vV C
and -z V D are two clauses of a CNF formula F', then F' logically entails the clause C'V D.
It is easy to see by case analysis, since every model of F' has to set the variable x to some
Boolean value. If x is set to true, then the model must necessarily satisfy D, while if z is
set to false, then the model must satisfy C. It turns out that if a formula is unsatisfiable,
then there is a way of deriving the empty clause by simply applying the resolution rule. Since
each clause derived via the resolution rule is entailed by the original formula, this can be
seen as a proof of unsatisfiability: a step-by-step guide of easy-to-apply rules allowing one
to reach a contradiction. It was observed early on that some unsatisfiable CNF formulas do
not have short proofs [Hak85; Urq87]. Many proof systems, more powerful than resolution,
have been studied since then, for example, extended resolution, cutting planes or Polynomial
Calculus [CCT87; CEI96|. Despite being more powerful than resolution, for each of them, one
is able to build unsatisfiable CNF having no short proof. However, studying them is helpful to
understand why SAT solvers fail on some instances (e.g., because disproving the satisfiability
using resolution is hard) and what tricks could be added to improve their performance on such
instances. In theory, CDCL SAT solvers are able to produce proofs of unsatisfiability using
extended resolution [PD11] but reconstructing this proof from their run would significantly
hinder their practical performance. In practice, proof systems tailored to how CDCL solvers
work, such as DRAT [WHH14|, are used, so that a certificate boils down to logging and
trimming some steps performed by the solver which can then be independently verified.

Now, the proof systems used for SAT solvers are not suited for #SAT solvers. Propositional
proof systems have been designed to prove unsatisfiability but proving that a formula has
exactly k& models requires new tools. Moreover, an ideal proof system for #SAT should be
close enough to how solvers work so that existing tools can easily be modified in order to
output a certificate along with their result, in the same way extended resolution does not fit
the way CDCL solvers work and solvers therefore use tailored proof systems such as DRAT.
Practical #SAT solvers are either based on a variant of DPLL that explores every branch with
a caching system to avoid redoing expensive computations or on using bottom-up compilation
algorithms with appropriate data structures as presented in Chapter 2. In the former case, it
has been observed by Huang and Darwiche [HDO05] that the trace of the algorithm corresponds
to a decision-DNNF circuit, while in the latter case, the procedure is explicitly based on
constructing a (restricted) d-DNNF circuit corresponding to the input formula. Hence, in
both cases, it seems that a good certificate attesting that a formula F' has exactly k models
could be a d-DNNF circuit C' computing F' and having k models. Since model counting on
d-DNNF circuits is tractable, one could check that the number of models returned by the
solver is indeed correct by simply rerunning the counting algorithm on C'. However, the user
still has to trust the solver that C indeed represents the same Boolean function as F', which
is coNP-hard to check. In this chapter, we introduce proof systems for #SAT that are based
on “certified” d-DNNF circuits, that is, a d-DNNF circuit for which one can check that it is
indeed equivalent to a given CNF formula. This chapter is devoted to exploring this point of
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view in detail and comparing different proof systems for #SAT.

Organization of the chapter. This chapter starts by building a naive proof system for
#SAT that essentially lists every model of the formula and a proof that no other model exists
(see Section 3.1). We then observe that the set of models does not have to be explicitly given
as long as we can count them, and explain how tools from knowledge compilation are well
suited for this in Section 3.2. We explain why DNNF circuits are not enough and propose a
first solution to overcome this challenge in Section 3.3, whose original idea is from [Capl9]. In
Section 3.4, we then turn our attention to proof systems which can easily be implemented inside
top-down knowledge compilers, trying to mimic what has worked for SAT solvers. We revisit
our contribution on certifying D4 [CLM21] and also show how the MICE proof system [FHR22;
BHS24] fits into this framework, though it is slightly less general. We finally explore another
variation of proof systems based on knowledge compilation in Section 3.5, returning to the
original idea from Section 3.3 with an improvement which drastically strengthens the system.
We conclude in Section 3.6 by quickly reviewing another very interesting line of work which
complements our approach by using propositional proof systems to guarantee the equivalence
between DNNF circuits and CNF formulas directly [Bry+25], but in which we have no direct
contribution.

Personal contributions covered in this chapter. This chapter revisits our contributions
to the field originally published in SAT’19 [Capl9], which was the first paper to define proof
systems for #SAT, in light of subsequent results that improved on our ideas [FHR22; BHS24;
Bey+24; Bry+25]. In AAAT’21 [CLM21], we presented a proof of concept for these systems
by designing a tool to certify the output circuit of the D4 knowledge compiler [LM17], though
this chapter will not cover this part of our work in detail.

A remark on the content of this chapter. This chapter was mostly written in August
2025. Section 3.4 contains results that were intended as a new contribution, in particular,
the reformulation of MICE as a version of the syntactic proof system (see Corollary 3.24)
from [CLM21]. While finalizing this chapter, I contacted Olaf Beyersdorff, Tim Hoffmann,
Luc Spachmann and Kaspar Kasche regarding one of their contributions in the field [BHS24|
and, seeing similarities between their current line of work and what I was describing in my
email, they shared the preprint [BHK25] (not available at that time and to appear at AAAI26)
which independently proves the same connection and offers an even deeper analysis of the links
between proof systems and #SAT solvers. The terminology and proof systems used in their
version are different from the one we created in this chapter but we decided to leave this
chapter as it was originally written. We encourage readers interested in this topic to use the
terminology from [BHK25] because it will appear in a venue and it contains more results than
those in Section 3.4.
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3.1 A naive proof system for #SAT

In this section, we formalize what we mean by “proof systems” for #SAT and show a simple
but naive way of leveraging any propositional proof system into a proof system for #SAT.

Cook-Reckhow Proof Systems. Cook-Reckhow proof systems [CR79] can be seen as a
means to bridge the gap between P and harder complexity classes. More formally, let 3, ' be
finite alphabets and L C ¥* a language. A Cook-Reckhow proof system for L is a surjective
polynomial-time computable function Check;: I'* — L. By definition, for every w € L,
there exists at least one ¢ € I'* such that Checky,(c) = w. We will call such ¢ a certificate of w
or a proof of w € L. The name comes from the following high-level interpretation of Checky:
assume that we have a black box that, given an input w, tells us whether w € L. If the black
box also outputs ¢ such that Checky(c¢) = w whenever w € L, then the user can check the
correctness of the black box on this input by computing Checky,(c) in polynomial time (in |c|).

This definition of Cook-Reckhow proof systems is neat but may sometimes be confusing. An
more verbose equivalent definition is that of a computable function Checky: ¥* x I'* — {0,1}
such that:

e Checky, can be computed in polynomial time,

o for every w € ¥*, there exists (at least one) ¢ € I'* such that Checkr(w,c) = 1 if and
only if w € L.

Propositional Proof Systems. A propositional proof system is a Cook-Reckhow proof
system for the problem UNSAT, which takes a CNF formula as input and accepts if and
only if the CNF formula is unsatisfiable. As mentioned in the introduction, several such proof
systems exist. The only one we explicitly use is the resolution proof system [DP60], but we can
also mention other more powerful propositional proof systems such as cutting planes [CCT87]
or Polynomial Calculus [CEI96].

Resolution is based on the resolution rule. Given two clauses ¢; = {z} U ¢} and ¢o =
{—x}Ud,, the resolvent of ¢; and cg, denoted res(ci, c2), is the clause defined as ¢} Uc,. Given
an unsatisfiable CNF formula F', a resolution refutation p of F'is a list of clauses c1,...,¢p
such that ¢, = () and for every i < p, either ¢; is a clause of F' or ¢; = res(cj, i) for some
J.k < i. The size of p is defined as the number of clauses in p. We say that a clause c¢; of p
is derivable from F. It is not too hard to prove by induction that for every i < p, F' = ¢;.
Hence, if F' has a refutation, it is unsatisfiable because it entails the empty clause. Now, if
F' is unsatisfiable, it is not too hard to see that a brute-force algorithm iteratively computing
every possible resolvent will eventually derive the empty clause. In other words:

Theorem 3.1. Resolution is a propositional proof system.

We denote the resolution proof system by Res. We refer the reader to [Kral9] for more
details on propositional proof complexity. In this chapter, we will need a few facts about
resolution refutations. First, we need to be able to extend clauses in refutations. More
precisely, we consider the proof system Res+ sub as follows: a refutation of F' in the Res+ sub
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proof system is a list ci, ..., ¢, of clauses where ¢, = () and such that for every ¢ < p, either
¢ € F, or ¢; =res(cj, c) for j,k <1, or ¢; = ¢; Vd for some clause d and j < 4, which we call
a subsumption. This is clearly a sound proof system because if F' |= ¢ then F' |= ¢V d for any
clause d. Now, one can easily see that adding this rule does not allow shorter refutations:

Theorem 3.2. Given a Res+sub refutation p of F' of size p, one can construct in time poly(p)
a resolution refutation of F' of size at most p.

Proof. Let p =ci1,...,¢p and let ¢; = ¢4 V d for a < @ be the last subsumption step in p. Let
¢, = res(c;, ¢p) be the first step in which ¢; is used in the proof after being introduced. Since
there are no subsumptions after step ¢, it is necessarily a resolution step.

If the complementary literal in ¢; and ¢ is a literal of d, then we can remove ¢; from the
clause list and replace ¢ = res(c;, ¢p) by the subsumption ¢ = ¢, V d where d' = res(d, ¢;).
If the complementary literal in ¢; and ¢, is a literal of ¢,, we can remove ¢; from the clause list
and let ¢} = res(cq, ) and, if ¢}, # ¢, we let ¢, = ¢, V (e \ ¢},).

Now, this transformation preserves the fact that p is a refutation of size at most p of F.
However, the subsumption moves strictly to the right each time. Hence, at some point, ¢} = ¢,
and we can remove the subsumption. By iteratively applying this transformation, we remove
every subsumption rule from p. O

Finally, we need to be able to extract from a refutation of F', a smaller refutation of F|[r]
for any partial assignment 7 of var(F'). Proof systems with this property are said to be closed
under restriction [MS24]. Resolution is known to be closed by restriction:

Theorem 3.3. Given a resolution refutation p of F' of size p and a partial assignment T of
var(F'), we can construct in time poly(p) a resolution refutation of F[T] of size at most p.

Proof. Replace every clause ¢ in p by c[r]. We claim that this yields a Res+sub-refutation of
F[r]. Indeed, if ¢; € F then ¢[r] € F[r]. Now, if ¢; = res(c;, c;) and the complementary
literal of ¢; and ¢, is not assigned by 7, we have ¢;[7] = res(c;[7], cg[7]). Otherwise, we have
¢i[T] = ¢;[7] V ¢x[7], hence we can obtain ¢;[7] via subsumption. Now, by Theorem 3.2, we can
transform p[7] into a resolution refutation of F[r] of size at most p. O

Proof Systems for #SAT. We have so far defined proof systems for decision problems.
For problems such as #SAT, the definition of Cook-Reckhow does not directly apply. We
therefore use the usual transformation from functions to decision problems to generalize the
definition. Indeed, the problem #SAT can be seen as the problem of deciding, given a CNF
formula F' and an integer k € N, whether #F = k. Hence, a proof system for #SAT is a proof
system for the decision problem {(F,k) | F'is a CNF and #F = k}. In other words, it is a
polynomial time computable function Check that takes as input a CNF formula F', an integer
k and a proof c. It accepts only if #F = k. Moreover, for every F' and k such that #F = k,
there exists at least one certificate ¢ such that Check(F, k, c) accepts.
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Table Proof Systems for #SAT. As an illustration, we now explain how to transform any
propositional proof system into a proof system for #SAT and give a concrete example using
resolution. Given a propositional proof system Checkyqp, we define the table proof system (for
#SAT) induced by Checkyyop, denoted by Table(Checky,qp), as follows. For a CNF F with k
models 71, ..., 7k, a certificate c¢g for F' in this proof system is given as:

e The list [7,..., 7] of its models,

e A certificate ¢f. in Checkprop such that G = F ATy A--- AT}, is unsatisfiable, where Tj is

prop
the clause whose only non-satisfying assignment is 7; (formally, T; =\/ oV

z€evar(F),r;(z)
v:r:Evar(F),Ti (z)=1 _|$).

To check a certificate in Table(Checkyyqp), one must check that the list of models contains k
elements, check that for every 4, 7; |= F'. Finally, build G and check that Checky,o,(G, cgmp) =
1. All these steps can be performed in time polynomial in |cp|, in the bit-length of k& and in
I|IF||. Moreover, F' has k models if and only if this procedure accepts, because G can only
be refuted if 71,..., 7, are exactly the set of models of F'. Hence, we just described a proof

system for #SAT.

Example 3.4. In this example, we use the resolution proof system and the CNF formula
F' defined by

(xVyVz)A(—zV-yV-z)A(xV-y)A(-zVy).

We denote by c1, co, c3, cq4 the clauses of F' in the order above.

It can be checked that 7 := (2/0,y/0,2z/1) and 7 := (x/1,y/1,2/0) are the only
models of F'. A proof of this fact in the proof system Table(Res) could be given as the list
[T1, T2] and the following refutation:
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o ¢ :=res(cs,cs5)
o cg:=res(cy,c5) =y.
e co :=res(cs, cp)

e cyp:=res(cg,c7) = 0.

This certificate establishes that F' has exactly two models.

The obvious limitation of table proof systems is that the size of any proof for F' is bounded
below by #F', which can be large even for trivial formulas. Consider, for example, the case
of the formula F' containing exactly one clause z1 V --- V x,,. It is clear that F' has 2" — 1
models. Hence, every proof for #F' in table proof systems will have size at least 2" — 1, even
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with a powerful underlying propositional proof system. In the next section, we show that we
can overcome this limitation by giving a more succinct representation of the models of F' than
its list of models.

3.2 From d-DNNF circuits to #SAT proof systems

In this section, we present proof systems based on the following idea: given a CNF formula F’,
a certificate for the fact that F' has exactly k& models is a d-DNNF circuit C such that F' and
C have the same models. Checking that F' has k£ models, which can be done in polynomial
time in the size of the certificate C, hence boils down to checking that C has k models

As it is currently described, this proof system is flawed. Indeed, to correctly check the
certificate, one also needs to check that C' is indeed a d-DNNF circuit and that it represents
the same set of models as F'. This is hard in general for the following reason: a CNF F on
variables X is unsatisfiable if and only if it represents the Boolean function 1 x, defined as
Lx(7) = 0 for every 7 € 2X. This function has a trivial d-DNNF circuit: a circuit consisting of
a single 0-input gate. Hence, checking whether a CNF formula and a d-DNNF circuit represent
the same set of models is as hard as checking whether a CNF is unsatisfiable, the standard
coNP-complete problem. This observation is formalized below (and is shown for OBDD, a
data structure even weaker than d-DNNF circuits):

Proposition 3.5. Given a CNF formula F and an OBDD C both over variables X, it is
coNP-complete to check whether F' = C, that is, to check whether every model of F' is also a
model of C'.

Proof. The problem is obviously in coNP. Indeed, the problem of checking whether F' has a
model that is not a model of C is in NP since the model can be guessed and then checked. We
prove hardness by reducing from the problem UNSAT of deciding whether a CNF formula is
unsatisfiable. The reduction is immediate: we reduce F' to the problem of checking whether
F |= C where C' is the OBDD consisting of a single 0-sink. O]

One can observe that Proposition 3.5 only establishes coNP-completeness of checking
whether every model of F' is also a model of C. This is because the converse direction is
actually tractable, even for the larger class of DNNF circuits:

Proposition 3.6. Given a CNF formula F and a DNNF circuit C' both over variables X,
one can check in polynomial time whether C' |= F, that is, whether every model of C' is also a
model of F.

Proof. For a clause ¢ € F, we denote by 7, the unique assignment of var(c) such that 7. does
not satisfy c. We claim that there exists 7 € 2% such that 7 = C and 7 & F if and only
if there exists some clause ¢ € F such that C[r.] has at least one model. Indeed, if such 7
exists then by definition it means that there is some clause ¢ € F such that 7 [~ ¢, hence
T|var(¢) = Te- Moreover, since 7 = C, C[7] has at least one model since 7|x\yar(c) is @ model of
Clre]. Conversely, assume that there is some clause ¢ such that C[r.] has one model 7. Let
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7 = 7' UT.. Then 7 is a model of C' by definition but 7 & F because ¢ is not satisfied by .
Hence, the claim holds.

By contraposition, C' = F' if and only if for every ¢ € F, C[r.] is unsatisfiable. Since one
can check whether C[r.] has at least one model in time O(|C) for a given ¢ € F, one can check
whether C' = F' in time O(m|C|) where m is the number of clauses of F'. O

Proposition 3.5 and Proposition 3.6 suggest that the coNP-hardness of checking whether a
DNNF circuit is equivalent to a given CNF formula stems from checking F' = C'. Equivalently,
this boils down to checking whether —=C' = —F', that is, every assignment not satisfying the
DNNPF circuit should also violate at least one clause of F'. In the next subsections, we explain
how the coNP-hardness of this task can be circumvented.

3.3 Certified decision-DNNF

The first non-trivial proof system for #SAT, introduced in [Capl9], is based on the notion
of certified decision-DNNF circuits which offers a workaround to the complexity of Proposi-
tion 3.5. The idea is to annotate O-input gates with an explanation of why they contradict a
given CNF formula. More formally, a certified decision-DNNF circuit C is a decision-DNNF
circuit such that every 0O-gate g is labeled with a clause c,.

In this chapter, we use the convention that decision-DNNF circuits are oriented from the
output to the sinks, in the same way as FBDDs. A certified decision-DNNF circuit C' on
variables X is correct if for every 7 € 2%, if there exists a path from the output of C to a
0-gate g of C' compatible with 7, then 7 = —¢y, that is, 7(¢) = 0 for every literal ¢ of ¢,. We
denote by Z(C) the set of 0-gates of a certified decision-DNNF circuit C. We clearly have:

Proposition 3.7. Let C be a correct certified decision-DNNF circuit. Then N\ ¢y cq = C.

Proof. We prove the contraposition, that is, =C' |= \/geZ(C) —cg. Let 7 € 2X be such that
7 = —C. Since 7 does not satisfy C, there must exist a path from the output of C to a 0-gate
h € Z(C) that is compatible with 7. Now since C' is correct, 7 = —¢j; by definition. Hence,

T ’: \/gEZ(C) _‘Cg. O
A direct consequence of Proposition 3.7 is the following:

Corollary 3.8. Let F' be a CNF formula and C be a correct certified decision-DNNF' circuit
such that for every g € Z(C'), ¢q4 is a clause of F. Then F = C.

Proof. 1t directly follows from the fact that F' [= A 7(c) Cg Since ¢g is a clause of F for every
ge Z(CO). O

Checking whether a Boolean circuit with decision-gates is a decision-DNNF circuit can be
done in polynomial time since one only has to check that the circuit contains no V-gates or no
negations and that each A-gate is decomposable. The latter can be done by computing var(g)
for every g bottom-up in time O(|X| - |C|). Now, checking that a Boolean circuit is a cor-
rect certified decision-DNNF circuit may look harder since correctness is defined semantically.
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However, there is an equivalent definition of correctness that is purely syntactic and allows for
efficient checking;:

Proposition 3.9. Given a Boolean circuit C with labeled 0-input gates, we can decide in
polynomial time whether C is a correct certified decision-DNNF' circuit.

Proof. One first checks that C' is a decision-DNNF circuit as explained in the preceding para-
graph. Now observe that C' is not correct if and only if there exists a 0-input gate g, a literal
¢ € ¢4 on variable x, an assignment 7 € 2X with 7(¢) = 1 and a path P from the output of C
to g compatible with 7. Then either P contains a decision-gate on variable x and P follows
the edge labeled by the value compatible with ¢ since it is compatible with 7, or P does not
contain a decision-gate on variable z. Thus, if C' is not correct, there is a path from the output
of C to a O-input gate g and a literal £ € ¢, such that P does not contain any edge g1 — go
where g is a decision gate on var({) and g1 — g2 is labeled by the value compatible with —¢.

We claim that this is actually an equivalence, that is, if such a path P exists, then C is
not correct. Indeed, if such a path exists, consider an assignment 7 compatible with P. This
assignment exists since each variable is tested at most once on P, and we can simply choose
the value of 7(x) compatible with the corresponding edge in P. For any other variable z, we
arbitrarily choose 7(x) = 0. Now, if 7(¢) = 0, then it means that var(¢) does not appear on P
because otherwise, by definition, P would contain the edge compatible with ¢. Hence, we can
flip the value of 7(¢) so that 7(¢) = 1 and still have an assignment compatible with P. Which
proves that C' is not correct.

We hence have a syntactic characterization of correctness: C' is not correct if and only if
there exists a 0-input gate g, a literal £ € ¢, and a path P from the output of C' to g which
does not contain an edge g; — g2 where ¢; is a decision gate on var(¢) and g; — g2 is labeled
by the value compatible with —¢.

The existence of such a path can be checked in polynomial time as follows: for every O-input
gate g and literal £ € ¢y, remove every edge of the form g; — g2 where g1 is a decision-gate on
var(¢) and g1 — g2 is labeled by the value compatible with —¢ then check in polynomial time
whether there is a path from g to the output of C in this subgraph. If it does then C' is not
correct. If no such path exists for every g € Z(C) and ¢ € ¢,4, then C is correct. O

We are now ready to describe our first proof system for #SAT which we call kcps, for
Knowledge Compilation Proof System. Given a CNF formula F, a kcps-certificate for F' is a
pair (C, k) such that:

1. C'is a correct certified decision-DNNF circuit.
2. For every g € Z(C), ¢4 is a clause of F.

3. CEF

4. k=#{re2® | r=C}.

The following establishes that kcps is indeed a proof system for #SAT:
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Theorem 3.10. Given a CNF formula F, there exists a kcps-certificate (C, k) for F if and
only if #F = k. Moreover, given (C, k), one can check in time polynomial in |C|+|| F|| whether
(C, k) is a keps-certificate for F'.

Proof. First, observe that if F' has a kcps-certificate (C, k), then F' < C. Indeed, one direction
is ensured by Item 3 of the definition. The other direction follows from Item 1 and Item 2
which ensure F' = C by Corollary 3.8. Now, since F' < C, F and C have the same set of
models over var(F'), hence, #F = k by Item 4.

Conversely, let k = #F and let T be a full decision tree testing every variable of F. Each
leaf is either labeled by 1 if the path to this leaf corresponds to a satisfying assignment of F
and otherwise by a clause ¢ that is falsified by the corresponding assignment. It is easy to
check that (k,T) is a kcps-certificate for F' (which has size exponential in ||F|).

It remains to show that one can check in polynomial time whether a given pair (C, k) is
a kcps-certificate for F'. Item 1 can be verified in polynomial time by Proposition 3.9, Item 2
is trivial to check, Item 3 can be checked in polynomial time by Proposition 3.6 and finally
Item 4 can be checked in polynomial time by computing #C' using the counting algorithm
described in Chapter 1. 0

We now illustrate the kcps-proof system on two examples:

Example 3.11. Consider again the CNF formula F' with one clause ¢ :== 1 V --- V
Zp, which admits no polynomial-size certificate in the Table(Check) proof system for any
propositional proof system Check. We give a polynomial size kcps-certificate for F' as
(C,2™ — 1) where C is the following correct certified decision-DNNF circuit:

7]

Example 3.12. We consider here a more involved example. Consider the CNF formula
F defined as the conjunction of:

® co =TV Y Vi
e c1 = Vy VY
® co =V z1V 29
e c3:= V21V 2

e cy:= V29V 23
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Figure 3.1: A correct certified decision-DNNF circuit for Example 3.12.

® c5:= V23V
e cs:=xViy

We let C be the certified decision-DNNF circuit from Fig. 3.1. One can easily check
that it is correct, most O-input gates having at most one path leading to it, so Item 1
is satisfied. Moreover, every clause used for labeling 0-input gates in C' is a clause of
F. Hence, we have F |= C, so Item 2 is satisfied. We can also check that C' = F by
applying Proposition 3.6. For example, we can plug —co = x Ay A—ys into the circuit and
observe that the resulting decision-DNNF' circuit has no models. It means that Item 3
is satisfied. Finally, one can check that C' has 40 models over {z,y1,y2, 21, 22, 23, 24 }: 32
models mapping x to 0 and 8 models mapping = to 1 (because there are two models of
Y1, yo on one side of the decomposable A-gate and 4 models on the other side: namely, the
model z; = 23 = 23 = z4 = 1 and three models where z; = z9 = 0). Therefore, (C,40) is
a certificate for F', and we can conclude that #F = 40.

A direct consequence of Example 3.11 is that kcps can have exponentially more succinct
proofs than Table(Check) for any propositional proof system Check, which happens mainly
because F' has an exponential number of models and hence, any Table(Check) certificate for F'
would need to list them explicitly.

3.4 Syntactic caching and top-down solver

While certified decision-DNNF circuits allow for efficiently checking that F' |= C, it does not
exactly match the way top-down #SAT solvers such as D4 work. These solvers are based on
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the following inductive algorithm to compute #xF, the number of assignments in 2% that
satisfy F' (var(F) C X):

e If F' contains no clause, return #x F = 21X,
e If F' contains the empty clause, return 0,
o If F' = Fy AF5 with var(Fy)Nvar(Fy) = 0, return #x\x, F1 X # x, F> where Xp = var(Fy),

e Otherwise, choose z € X and return #x\ (1 F[7/0] + #x\(23F[2/1]. The choice is
made following a heuristic, but some choices are of course more sensible than others, for
example, if there is a unit clause z in the formula, then we know that #F[z/0] = 0, and
we only have to explore one branch.

The previous algorithm is improved via two main optimizations. The first one, that we will
call syntactic caching, avoids redoing expensive computations by using the following syntactic
caching mechanism: each time a recursive call #y G terminates, the value #Var(g)G = %
is cached with G as key. Upon a recursive call #z H, a lookup is made in the cache to check
whether #.,4(fr)H has already been computed. If this is the case, then we can directly return
97 \var(H) . #var(m)H. Otherwise, the algorithm proceeds as described above.

The second optimization made by most top-down solvers is to run a SAT solver on G before
trying to compute #yG. If the SAT solver returns UNSAT, then we know that #yG = 0 and
we can directly return the value. Otherwise, the recursive call proceeds as described above.
This optimization is interesting for two reasons: first, it leverages the efficiency of existing
SAT solvers to avoid spending time on uninteresting branches. Second, if done correctly, each
oracle call can give more insights than the simple fact that G is satisfiable or not. Indeed,
SAT solvers based on the Conflict Driven Clause Learning algorithm (CDCL-solver) can learn
clauses implied by the formula. These clauses can be kept to detect conflicts earlier or unit
propagation steps.

It is not hard to see, as observed in [HDO05]|, that the trace of the previously sketched top-
down algorithm, even with both optimizations, is a decision-DNNF circuit. Without syntactic
caching, the trace is a decision-DNNF circuit whose underlying graph isg a tree (since in this
case, the output of each gate is used exactly once). The second optimization yields a smaller
circuit by directly detecting unsatisfiable formulas, represented as a 0-input gate in the circuit,
instead of a possibly large circuit with 0 models.

Certified decision-DNNF circuits are however not powerful enough to account for any of
these optimizations. It is easy to see that for the second optimization: upon calling a top-
down solver on an unsatisfiable formula F', the second optimization will directly terminate the
computation, and a decision-DNNF circuit containing only a 0-input gate will be returned. In
a certified decision-DNNF circuit, the proof of unsatisfiability of F' has to be somehow hard-
coded in the circuit using the original clauses of F. An easy fix, that is discussed in detail
in Section 3.5, is to use clauses implied by F in the labels of the certified decision-DNNF
circuit, as long as we have a proof that such clauses are indeed implied by F. As we will see
in Section 3.5, this approach is surprisingly very powerful.
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(a) A decision-DNNF circuit produced by (b) A correct certified decision-DNNF cir-
a top-down solver with syntactic caching. cuit, preventing caching.

Figure 3.2: Decision-DNNF circuits for (z V -z V —x9) A (mz V =21 V —x9).
In this section, we focus on the limitations of certified decision-DNNF circuits regarding

syntactic caching. To see why certified decision-DNNF circuits are not powerful enough, we
consider the following example.

Example 3.13. Let F be the CNF formula F' = (zV —z1 V —22) A (02 V —zp V —xg). We
let cg = —xV—x1V-xe and ¢ = xV —x1 V —re. Any top-down #SAT solver picking z as
the first branching variable would build the decision-DNNF circuit depicted on Fig. 3.2a.
This is because F[z/0] and F|x/1] are syntactically the same CNF formula —x; V —xa.
This equivalence would be detected and caching would happen on the second recursive
call. Now, observe that the decision-DNNF circuit from Fig. 3.2a cannot be certified with
clauses from F. Indeed, if we label the only O-input gate of the circuit with ¢, then the
path starting with the edge labeled by —x does not contradict ¢;. A similar phenomenon
happens if we label the 0-gate with ¢g. To build a correct certified decision-DNNF circuit
for F', one would hence need to duplicate the circuit computing —x; V —x2 as depicted on
Fig. 3.2b.

3.4.1 Syntactic entailment

This limitation of certified decision-DNNF circuits regarding syntactic caching has originally
been observed in [CLM21]| where we proposed a certified version ¢D4 of the D4 knowledge
compiler. The ¢cD4 tool builds on the observation that the decision-DNNF circuits output by
top-down solvers use only syntactic caching and the consistency of this caching policy can be
checked efficiently a posteriori. This led us to the definition of syntactic equivalence between
a CNF formula and a decision-DNNF circuit: a strengthening of the notion of equivalence
which can be checked in polynomial time in the size of the formula and the circuit. The
notion we present here is not exactly the same as the one in [CLM21]. First, we only care
about syntactic entailment since we know by Proposition 3.6, one way of the equivalence is
always easy to check. Also, the original definition was tailored to D4, taking into account
some specificities of the tool to store the minimal amount of extra information. We discuss
the differences between the definition given here and the one from [CLM21] in Section 3.4.3.



80 CHAPTER 3. APPLICATIONS TO PROOF COMPLEXITY

Given a CNF formula F' and a subset X of variables of F', the X -connected component of
F is defined as the set of clauses ¢ of F' such that either var(c) N X # () or if there exists z € X
and y € var(c) and a path from z to y in the primal graph of F.

Let C be a decision-DNNF circuit. A syntactic CNF-labeling of C'is a labeling (Fy) of the
gates of C such that for every gate g of C, Fy is a CNF formula and:

o If g is a A-gate with input g1, ..., gk, then for every i < k, Fy, is the var(g;)-connected
component of Fy.

e If g is a decision-gate on variable x and g7 is the input of g corresponding to assigning
xz to be {0,1}, Fy, = Fy[z/b].

A syntactic CNF-labeling of C'is said to be consistent if for every 0-input gate g of C, Fj,
is unsatisfiable.

We say that C' syntactically entails a CNF formula F' if there exists a consistent syntactic
CNF-labeling of C with output r such that F, = F.

Observe that to be correct, a CNF-labeling has to be consistent with circuit caching.
Indeed, if g has two outputs g1, g2, then F, has to be syntactically the same if derived from
F,, or from F,,. We illustrate this phenomenon on the following example:

Example 3.14. Let F be the CNF-formula F' = (zVy1)A(—zVy2) A(y1V—y2) A(—y1 Vy2).
It is easy to see that F' has two models:

e (x/0,y1/1,y2/1) and,

o (x/1,y1/1,y2/1).

Hence, both decision-DNNF circuits from Fig. 3.3 are actually equivalent to F'. How-
ever, only the one in Fig. 3.3b is syntactically entailed by F'. Indeed, assume there is
a CNF-labeling of the circuit from Fig. 3.3a whose output is labeled by F. Then the
decision-gate on y; has a label F” that must satisfy both F' = F[z/0] and F' = F[z/1]
but F[z/0] = y1 A(y1V—y2) A(—y1 Vye) while Flx/1] = ya A (y1V —y2) A (—y1 Vys2). Hence,
F’ cannot exist, that is, F' does not syntactically entail the circuit. It can be checked
however that this does not happen in Fig. 3.3b. In this case, both decision gates on y; can
be labeled by F[x/0] and F[z/1] respectively, and the decision-gate on ys will be labeled
with Fz/0,y1/1] = Flz/1,y1/1] = y2.

The circuit from Fig. 3.3a is semantically entailed by F' but the sharing on variable x
is not witnessed syntactically even if it is semantically correct. Observe that if we consider
the CNF formula F' = (y1 V —y2) A (=91 Vy2) A (zVy1) A (-2 V y1) instead of F', then F”
now syntactically entails the circuit from Fig. 3.3a because F’[z/0] and F'[xz/1] are both
equal to y1 A (y1 V —y2) A (=y1 V y2).

Syntactic entailment is related to entailment:

Lemma 3.15. Let C be a decision-DNNF circuit and (F,) be a consistent syntactic CNF-
labeling of C. Then for every gate g of C, the set of models of Fy over var(Fy) is a subset of
the models of g over var(Fy).
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(a) F does not syntactically entail the cir-
cuit. (b) F syntactically entails the circuit.

Figure 3.3: decision-DNNF circuits for F' = (x V y1) A (mx V y2) A (y1 V —y2) A (—y1 V y2).

Proof. The proof is by bottom-up induction on the circuit. By definition, if ¢ is a constant
input, then this is clear: if g is a 0-input gate, then [} is unsatisfiable and hence both g and
F, have an empty set of models. If g is a 1-input gate, then every model of F, over var(Fy) is
a model of g since g computes a tautology.

We now proceed by structural induction. If g is a decision-gate on variable x, we let g
be the input of g labeled with b € {0,1}. By definition, Fy, = F,[z/0] and F,, = Fy[z/1].
Hence, Fy is equivalent to (x A Fy,) V (mx A Fy,) and var(Fy) = var(Fy,) Uvar(F,) U{z}. By
induction, the models of F,, are included in the models g, on var(Fj,). Hence, the models of
F, on var(F,) are included in the model of g over var(F}) since the models of g are by definition
{200} x fu0 U{(2/1)} % fy.

Finally, assume that ¢ is a A-gate with input g1,...,gr. By definition, the set of clauses
of Fy is the disjoint union of clauses of Fy, since var(g;) are pairwise disjoint and hence induce
disjoint connected components in F,. Every model of Fy, is also a model of g; by induction.
Now a model of F} is in particular a model of every clause of Fy, therefore of F,, for every i.
By induction, it is thus a model of g; for every i, and therefore of g. O

A direct corollary is the following:
Corollary 3.16. If F' syntactically entails a decision-DNNF circuit C, then F |= C.

Proof. 1t is a direct application of Lemma 3.15 to the output of C. O

Now, it remains to show that one can efficiently decide whether a CNF formula F syntac-
tically entails a decision-DNNF circuit C'. It is not too hard to see that there is at most one
correct CNF-labeling when we fix the output-label. Indeed, if we label the output of C' with
CNF formula F', then the rest of the CNF-labeling for the circuit can be obtained by following
the definition of CNF-labeling. Now, one has to be careful to check that it indeed gives a cor-
rect labeling of the circuit. Indeed, a gate g with two outputs g1, go may be labeled differently
depending on whether we define F, from Fy, or from F,, as it happens on Fig. 3.3a. So one
has to check that for every gate g and output gate ¢’ of g, F}, is independent of the choice of
g’. This can be done in polynomial time, in a top-down fashion. If this step is successful, we
obtain a CNF-labeling of C with its output labeled by F'. We will refer to this CNF-labeling as
the canonical syntactic CNF-labeling of C' with respect to F (or simply the canonical labeling
if C and F are clear from the context). The previous discussion establishes the following:
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Proposition 3.17. Given a decision-DNNF' circuit C' and a CNF-formula F, we can check
i polynomial time whether the canonical syntactic CNF-labeling of C with respect to F' exists.

However, this is not yet enough to check syntactic entailment as the canonical labeling
may not be consistent. Checking for consistency is actually coNP-hard for the same reasons
as in Proposition 3.5. To build an actual proof system for #SAT, we need to add proofs of
unsatisfiability for each 0-input gate. We hence introduce the following notion of certificate.
Given a propositional proof system P, a sync-decDNNF(P) proof for a CNF formula F' is a
pair (C, p, k) where C is a decision-DNNF circuit, £ € N and p maps each O-input gate to
P-proofs such that:

e The canonical CNF-labeling (F,) of C' with respect to F' is well-defined.
e For every O-input gate g of C, p, is a P-refutation of Fj.
e CEF.

e C has k models over var(F).

Theorem 3.18. For every propositional proof system P and CNF formula F, there exists a
sync-decDNNF(P) proof (C, p, k) for F if and only if #F = k. Moreover, given (C,p, k), one
can check in polynomial time in |C|+ |p| + || F|| whether (C, p, k) is a sync-decDNNF(P) proof
for F.

Proof. Let F be a CNF formula and (C, p, k) a sync-decDNNF(P) proof for F. Then we have
#F = k. Indeed, the existence of the canonical CNF-labeling and the correctness of refutations
in p implies that the labeling is a consistent CNF-labeling of C'. Hence, by Corollary 3.16,
F = C. Since we also have C' |= F, C' and F have the same models over var(F") and hence
#F = k.

The completeness of the system can be established as in Theorem 3.10 by considering a
complete decision-tree computing F. In this case, p is trivial for each g € Z(C) since by
definition, F}, contains an empty clause.

Checking the correctness of a certificate can be done in polynomial time using Proposi-
tion 3.17 to check for the existence of a canonical CNF-labeling, then by checking the correct-
ness of p, for every g in polynomial time (which is given by the fact that P is a propositional
proof system). Computing the number of models of C' is tractable because C' is a decision-
DNNF circuit. Finally, checking C' |= F' is tractable because of Proposition 3.6. 0

3.4.2 MICE proof system

The idea of using syntactic entailment between a circuit and a formula, originally defined
in [CLM21] as syntactic equivalence, has independently and implicitly appeared in another
line of work about #SAT solvers, namely the MICE proof system [FHR22] of Fichte, Hecherk
and Roland. The connection has not been made explicit, which is the goal of this section.
Each MICE proof for a CNF formula F' can be used to reconstruct a decision-DNNF circuit
equivalent to F', an observation that has been made by Beyersdorff, Hoffmann and Spachmann
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in [BHS24]. In this section, we show that this decision-DNNF circuit is syntactically entailed
by F.

We only present here the simplification of the MICE proof system known as MICE’ and
introduced in [BHS24]. The MICE’ proof system is a rule-based proof system whose rules are
presented on Fig. 3.4. MICE’ proofs are based on the notion of claims. A claim is a triple
(F, A, c) such that A is an assignment of variables in var(A) C var(F'). A claim is correct if
c=#{r € 272 | 1 = F[A]}. A MICE’ trace is a sequence (I1,...,I}) of claims and a
sequence (p1, ..., p) of resolution refutations such that for every i:

e [; is either an axiom,

e or J; is a claim derived using rule (Join’), (Comp’) or (Ext’) such that the premises of
each rule are claims from the set {[; | j < i},

e if I; is derived using the (Comp’) rule then p; is a propositional proof of absence of
models statement. Otherwise, p; is empty. !

A MICE’ proof of F is a MICE’ trace where I, = (F, (), ¢). The size s(Z) of a MICE’ proof
7 is defined as the number of inference steps plus the total number of clauses appearing in the
resolution proofs (p1,. .., k).

It has been proven in [BHS24] that MICE’ is equivalent to the original MICE proof system
from [FHR22], that is, every proof in MICE can be transformed into a polynomial-size proof
in MICE’ and vice-versa. Moreover, it is sound and complete:

Theorem 3.19 ([BHS24; FHR22]). MICE’ is a sound and complete proof system for #SAT.

The inference rules of MICE’ should be reminiscent of the algorithm for counting the
models of a d-DNNF circuit to the reader of this manuscript, which is heavily biased towards
knowledge compilation. This has been weakly formalized in [BHS24] as follows:

Theorem 3.20 (Theorem 6.1 in [BHS24)). Let F' be a CNF formula with a MICE’ proof T
using k inference rules. There exists a decision-DNNF circuit computing F' of size k-(|var(F')|+
1)+ 1.

We strengthen this result by showing that we can actually extract a decision-DNNF circuit
computing F' that is syntactically entailed by F' from a MICE’ proof. To make the transla-
tion more straightforward, we start by normalizing MICE’ proofs so that they only use the
admissible (UComp) and (UP) rules defined on Fig. 3.5.

We start by proving that we can use the rules (UComp) and (UP) in a MICE’ proof:

Proposition 3.21. The rules (UComp) and (UP) from Fig. 3.5 are admissible in the MICE’
proof system.

!The original definition from [BHS24] considers only one sequence of either claims or pairs of claims and
resolution proof depending on the rule applied; we prefer this presentation when we do not have to distinguish
between the rules.
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Axiom.

Ax
(0,0,1) 4
Composition.
F7 A 5 P F7 An7 n
(F,Aq,c1) _ ( Cn) (Comp’)

(Fv A, Zi:l Ci)
o (C-1) var(Ay) =var(Ay) = --- =var(4,), A; # A;j for i # j,

o (C-2) AC A, for all i € [n],

e (C-3) There exists a resolution refutation of AUFU{=A4; | i € [n]}. Such a refutation
is included into the trace and is called an absence of models statement.

Join.

(F1,A1,¢1) (Fa, A2, ¢2)

(Join’)
(Fl UFy, A1 U Ag,cq - 62)

e (J-1) Ay and Ay are consistent,

o (J-2) var(Fy) Nvar(Fy) Cvar(A;) for i € {1,2}.

Extension.
(F17 A17 Cl)
(F, A, ¢ - 2lvar)\{var(F)Uvar(A1)}y

(Ext’)

o (E-1) F, CF,
b (E'Q) A|var(F1) = A17
o (E-3) A satisfies F'\ F}.

Figure 3.4: Inference rules for MICE’. Reproduced from [BHS24].
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Unit Composition.

(F,AU{—x},c0) (F,AU{z}, 1)
(F, A, co+ 1)

(UComp)

for some variable = € var(F') \ var(A).

Unit propagation.

(F,AU{l}, c)

(F,A,c) (UP)

for some literal ¢ on variable = € var(F') \ var(A), and where there exists a resolution
refutation of U {—(} U A.

Figure 3.5: Simplifying (Comp’).

Proof. (UComp) and (UP) correspond to the special cases of the (Comp’) rule when var(A;) =
var(A)U{z} for some z. Concerning (UComp), there is no need for absence of model statement
since we can derive x from A and A U {—z}, and we can derive -z similarly. Hence, we can
derive the empty clause by resolving x and —x. O

We now show that we can replace one application of rule (Comp’) by applications of only
(UComp) or (UP). We call a MICE’ proof that uses (UComp) and (UP) and does not use
(Comp’) a unit MICE’ proof.

Proposition 3.22. Given a MICE’ proof T with p derivation steps, we can construct a unit
MICE’ proof with at most (2p — 1)p derivation steps, that does not use the (Comp’) rule and
has size O(p*s(T)).

Proof. We show that given a valid application of the (Comp’) rule with p as absence of model
statement:

(F,Al,cl) (F,An,cn)
(F> Av Z?:l Ci)

We can build a derivation with the same hypothesis and conclusion that consists of at most
2n — 1 applications of (UComp) and (UP). We do this by induction on |var(4;) \ var(A)|. The
case |var(4;) \ var(A)| = 1 is trivial because in this case, (Comp’) is either a direct application
of (UComp) or of (UP). Since n > 1, we have 2n — 1 > 1 and we have the right number of
applications of (UComp) or (UP).

Otherwise, we first assume n > 1 and pick any variable x € var(A4;) \ var(A4) such that
there exist A; and A; with A;(z) # A;(x) (this always exists because the A; are distinct). We

(Comp’)
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reorder Aj,..., A, into Ay,..., Ay and Agiq,..., A, so that A;(z) = 0 for every i < k and
Ai(z) =1 for every i > k.
Now, consider the following derivation:

(F, Al,Cl) (F,Ak,ck)
(F7 AU {ﬁx}v Zf:l Ci)

It is a valid application of (Comp’) since 4; C AU {—z} for i < k. Moreover, we know by
absence of model statement that we have a resolution refutation p of F U AU {—=A4; |i € [n]}.
In particular, by Theorem 3.3, we can construct a refutation of FUAU{-4; |i € [n]} U{-zx}
of size at most that of p from p. Every clause —A; for ¢ > k is made trivial by adding —x in
them, so they are useless for the derivation of F U AU{—A4; | i € [n]} U{—-z}. Hence, we have
a resolution refutation pg of FU AU {—-x}U{-A4; |i € [k]}.

Hence, we can apply the induction hypothesis on this application of (Comp’) and get a
derivation Ty of claim (F, AU {-x}, Zle ¢;) from the hypotheses (F, A1, ¢1),. .., (F, Ak, ck)
which does not use rule (Comp’). We get a similar derivation T} of (F, AU {z},> 1", . ¢)

(Comp’)

from hypotheses (F, Axy1,¢ks1),---,(F, Ap,cn). We can hence remove the use of (Comp’) as
follows:
(Fa Alacl) (FvAk:aCk‘) (F,Ak+1,6k+1) (F,An,cn)
TO T1
(FaAU {T’E}aZle Ci) (FaAU {x}7z?:k+1 Ci)
(UComp)

(F7 A, Z?:l Ci)

The number of applications of the (UComp) and (UP) rules in Tj is at most 2k — 1 by
induction. In 71, it is bounded by 2(n — k) — 1 by induction again. Hence, the total number
of application is bounded by 2k — 1+ 2(n — k) — 1 + 1 = 2n — 1 which concludes this part of
the induction.

If n = 1, we pick any literal £ € A and replace the (Comp’) rule by:

(F, Ay, cq)
——————— (Comp’)
(F, AU {E}, 01) (UP)

(F> Aa Cl)

Observe that the refutation p for FUAU{—A;} is also a refutation of FUAU{¢} U{-A;}
so, by induction, we can transform the application of (Comp’) by a derivation tree T" with
hypothesis (F, A1, c1) and conclusion (F, AU {¢},c1). Now it remains to give a refutation of
F U AU {~/} to properly apply the (UP) rule. This can be directly obtained from p. Indeed,
since —¢ is a literal of =A;, we can use subsumption to go from —¢ to —A; and just use p
directly. By Theorem 3.2, we can then construct a proof of the same size and without the
subsumption.

Observe that after applying this transformation for every application of the (Comp’) rule in
Z, we have a proof without (Comp’) rule and using (UComp) and (UP) instead. Each removal
of (Comp’) adds at most 2k—1 new steps where k is the number of premises of the (Comp’) rule.
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Hence, k < p, where p is the number of steps in Z. This procedure is applied at most p times,
meaning that we have a proof with at most (2p—1)p steps. Moreover, each resolution refutation
we use is obtained from a resolution refutation of Z by applying either the subsumption rule
or a restriction. Hence, each refutation has a size no larger than that of a refutation in the
original Z. The total size of the new proof is at most 2(p — 1)p x s(Z) = O(p*s(Z)). O

We are now ready to build a decision-DNNF circuit from any MICE’ proof. The idea is to
simply transform it into a unit MICE’ proof and then turn every (Ax) rule into a 1-input gate,
every (Join) rule into a decomposable A-node, every application of (UComp) into a decision-
node and every application of the (UP) rule into a decision-node with one edge pointing to a
O-input gate. Gates are linked to the premises of the corresponding rules by ignoring (Ext’)
rules. We show that the resulting decision-DNNF circuit C' computes F' and that we can show
that F' syntactically entails C.

Proposition 3.23. Given a unit MICE’ proof T for F with k inference rules, there exists a
decision-DNNF circuit C of size at most 2k computing F with a consistent CNF-labeling (Fy)
of C. Moreover, each 0-input gate v of C can be labeled with a resolution refutation p, of F,
and the output of C' is labeled with F'.

Proof. The MICE’ proof Z = (I3, ..., I}) naturally induces a DAG: each claim I; of Z that is
not derived as an axiom is derived using some other claim I; as a premise. In this case we add
an oriented edge from I; to I;.

We use this graph to build a Boolean circuit. We introduce gates (v, ..., v;) as follows:

e If I; is derived using an axiom, then v; is a 1-input gate.

o If J; is derived with rule (Join) with claims I, and I, as premises, we let v; be a A-gate
with inputs v, vp.

o If I; is derived with rule (UComp) from claims I, = (F, AU {z},c1) and I, = (F, AU
{—z}, cp), then v; is a decision-gate on variable x with 1-edge connected to v, and 0-edge
connected to vp.

e If I; is derived with rule (UP) from claim I, = (F, AU {¢},c), then v; is a decision-gate
on variable var(¢). Moreover, if ¢ is positive, then the 1-edge of v; is connected to v, and
the 0-edge of v; is connected to a O-input gate. If £ is negative, then the 1-edge of v; is
connected to a 0-input gate and the 0-edge of v; is connected to vj.

o If J; is derived with rule (Ext’) from claim I, then v; and v, are identified.

We claim that the Boolean circuit C' obtained is such that each gate v; corresponding to
a claim (F’, A, ¢) computes the same set of models as F'[A]. Moreover, the variables below v;
are exactly var(F'[A]). The proof is by induction. This is obviously true for the claim derived
by the axiom rule since the empty CNF formula has exactly one model and has no variables.

Now assume I; = (F, A, c) is obtained using the (Join) rule on claims I, = (F1, 41, ¢1)
and I, = (Fy, As,c2). By induction, v, computes Fj[Ai] and v, computes Fy[As]. Hence,
v; computes Fi[A1] A Fp[As] = (F1 A F»)[A1 U As] = F[A]. Moreover, by induction, we
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know that var(v,) = var(F1[A1]) and var(vy) = var(F»[Asz]). First observe that var(Fz[As]) N
var(Fi[A1]) = 0 by (J-2) (see Fig. 3.4) hence v; is decomposable. Also, var(v;) = var(v,) U
var(vp) = var(Fj[A1]) Uvar(Fa[Az]) = var(F[A; U Ag]) = var(F[A]).

If I; = (F, A, c) is obtained using the (UComp) rule on claims I, = (F, AU {x},¢1) and
Iy = (F, AU {—z},cp), then v; computes by definition (x A fg) V (—=x A f) where f, and f;
are the functions computed by v, and vy respectively. By induction, they are F[A U {z}] and
F[AU{—x}] respectively. Hence, v; computes (F[AU{x}|]Az)V(F[AU{-x}]) = F[A]. Moreover,
x is not in var(v,) nor var(vy) since they are equal to var(F[A U {z}]) and var(F[A U {—-z}])
respectively. Hence, this is a valid decision-gate and var(v;) = {z}Uvar(F[AU{x}])Uvar(F[AU
{-e}) = var(F[A)).

The case where I; = (F, A, c) is obtained via the (UP) rule is similar since one side is not
satisfiable (and we have a resolution proof of this fact).

It remains to show if I; = (F, A, ¢) is derived from I, = (F}, A1, ¢1) using the extension rule,
then F[A] = F1[A;]. This is clear from (E-1), (E-2) and (E-3) which concludes the induction.

We now give a consistent CNF-labeling of C. We label v; with F'[A’] for every i where
I; = (F',A’,¢). Moreover, every O-input gate of C' arises, by construction, from a (UP)
derivation. Let g be a O-input gate constructed because of a (UP) derivation with premise
(F', A" U{l},c). We label g with F'[A” U {=¢}]. Observe that the resolution refutation from
the (UP) derivation is, by definition, a refutation of F'[A’U{~¢}] and hence, we have a correct
refutation of the label of g.

The rules of unit MICE’ allow us to show that this is a consistent CNF-labeling of C.
Indeed, let v; be a gate labeled by F'[A’] with input v; labeled by F”[A”]. If v; is a decision
gate, then either I; is derived using (UP) or (UComp). In any case, we have F' = F” and
A" = A" U {¢} for some literal ¢ € {z, -z} and the edge from v; — v; is labeled by b € {0,1}
which corresponds to the sign of literal ¢. Hence, v; is labeled by F'[A’] and v; is labeled by
F'[A" U {¢}] = F'[A][z/b] which corresponds to the condition for syntactic labeling.

Similarly, if v; is a A-gate and let vy, vp be its inputs. By construction, I; = (Fy A Fp, Ay U
Ag, c) is derived from I, = (F1, A1, c1) and I, = (Fy, A, c2) and var(Fy)Nvar(Fy) C var(A4;) and
var(Fy)Nvar(Fy) C var(Az). Then v; is labeled by F[A] where F' = FiAFy and A = AjUA and
v is labeled by Fi[A;] and v, by F»[Az]. Observe that since A; and As are consistent and their
shared variables cover var(F}) Nvar(F3), we have (Fi A F»)[A1 U As] = F1[A1] A F5[As] and this
conjunction is decomposable. In particular, we have that the var(F})-connected component of
F[A] is F1[A;] and its var(Fy)-connected component is F[As] which concludes the fact that
we have a syntactic CNF-labeling of C.

Finally, observe that the output of C' is by definition labeled by F'. Moreover, every O-input
gate of C us generated using the (UP) rule in the case when F'[A U {—/¢}] is UNSAT, and we
have a resolution proof of this fact. Hence, we have a consistent CNF-labeling of C' whose
output is labeled by F' and have resolution refutations of its O-input gate labels. O

We can now conclude regarding the link between the MICE proof system and syntactic
caching based proof systems:

Corollary 3.24. Giwen a MICE’ proof T of F with p derivation steps, we can construct a
sync-decDNNF(Res) proof (C, p, k) for F of size O(p*s(T)).
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Proof. We start by normalizing the MICE’ proof and use Proposition 3.23 to build a decision-
DNNF circuit C of size O(p?) computing F. We let k = #C be the number of models of C' over
var(F') and for each O-input gate g, we let p, be the resolution refutation of Proposition 3.23.
By construction, C' = F. Moreover, Proposition 3.23 shows that the canonical CNF-labeling
of C with respect to F' is well-defined (that is F' syntactically entails C) and p4 is a correct
refutation of the canonical CNF-labeling. Hence, (C,p, k) is a correct sync-decDNNF(Res)
proof. The size of the circuit is p? and the total size of the resolution refutations is bounded
by O(p?s(Z)). O

The natural follow-up question now is to ask whether given a sync-decDNNF(Res) proof for
F', we can build a polynomial-size MICE proof. It is indeed not straightforward that MICE
can p-simulate sync-decDNNF(Res). Indeed, syntactic caching may leverage the fact that
Fi[A;] = F3[Ag] even if F} and Fy are really different. MICE has only a degenerated version
of it (the extension rule) which seems too weak to encode proper syntactic caching, but it does
not rule out the possibility that MICE can p-simulate sync-decDNNF(Res) entirely. While we
left the question open in a draft version of this chapter, it has been solved in the meantime
by Beyersdorff, Hoffmann and Kasche [BHK25|, who provided an exponential separation of
both systems?. Interestingly, they also show that MICE can be augmented by a simple rule
allowing the identification of proofs for (F, A) and (F’, A") as long as F[A] = F'[A’], which
is exactly what syntactic caching does. This new proof system then gives a proof system as
powerful as sync-decDNNF(Res).

3.4.3 Certified d4

In this section, we quickly discuss the differences between the syntactic entailment presented
in Section 3.4 and the way it is used in [CLM21]. The starting point is the same, and we
observed that the decision-DNNF circuits produced by D4 are indeed syntactically entailed
by the input CNF formula. For aesthetics reasons though, we use a slightly different but
equivalent definition. Given a decision-DNNF circuit C; we map each gate g to an edge
eg = (g,4’) of the circuit called the canonical arc. It allows us to define a unique labeling of
the decision-DNNF circuit: the output is labeled with the input CNF formula F'. Moreover, F
is defined from Fy in the same way as we do for syntactic entailment: if ¢’ is a decision-gate,
then Fy = Fy[¢] where { is the label of the canonical arc (g, ¢’). If ¢’ is a A-gate, then F} is the
var(g)-connected component of Fy/. This labeling always exists. If C' is syntactically entailed
by F', then Fy is the canonical CNF-labeling as defined in Section 3.4. Otherwise, the checking
algorithm from [CLM21] failed because it was impossible to establish syntactic entailment.
That is, there is a gate g with an output g”, such that the CNF formula obtained from Fy»
by following arc (g, ¢") is different from F,, the one we get by following the canonical arc. In
other words, the canonical CNF-labeling does not exist. Hence canonical arcs or canonical
CNF-labeling give the same notion of syntactic entailment but in one scenario we fail because
the canonical CNF-labeling is ill defined, in the other we fail because the induced labeling is
not correct. These are two flavors of the same definition. In practice however, the canonical

2As mentioned in the introduction of this chapter, this paper came to our attention late in the writing
process and hence uses a different but equivalent theoretical framework than the one presented here.
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arc allows us to map each gate to a canonical set of literals that basically represent the state
of the solver when it reached the 0-gate. This integrates well with the second improvement
that we now describe.

The work in [CLM21] is mainly practical, as we were aiming to certify a precise tool,
D4. To this end, we focused on designing certificates that could be generated with the least
amount of modification of D4 while still being easy to check. In practice, the most costly
part in the certificate is to check the resolution refutation for each O-input gate. In theory,
when a top-down solver returns a 0-gate, it either has detected a conflict with one clause of F',
or a SAT solver call has identified a conflict, or one learned clause by a previous SAT solver
call has a conflict with the current assignment. In the two first cases, we can basically report
either a trivial resolution proof or the one that has been generated by the SAT solver. In
the third case, we however have to reconstruct a refutation from the learned clause. It would
incur a high cost in practice: first, it means that we need to store, during the execution of
D4, more information so that we keep track of how the SAT solver has learned the clause
to be able to reconstruct the refutation. Second, we may duplicate several times the same
refutation or similar refutation in the circuit, which may be costly in practice. Last, to check
the correctness of a certificate, one would need to check each refutation independently, which
can be costly. To circumvent this difficulty, we just return the set of clauses R that have been
learned through SAT solver oracle calls and append them in the certificate. The nature of
clauses learned by SAT solver allows us to efficiently check that F' = R, that is, every clause
in R is entailed by F. This can be done using dedicated efficient tools. Now, interestingly,
each time D4 returns a O-input gate, it is because one clause in F' U R is not compatible with
the current assignment of the solver. Using the canonical arcs from the previous paragraph,
we can recover this canonical assignment and plug it into F'U R and check whether it contains
the empty clause. This is enough to guarantee that the 0-gate is legitimate and it allows us
to factorize parts of resolution derivation where the same clause may be used in several places
without being repeated.

There is however a minor technical twist when doing this. In [CLM21], we have to force
each internal gate of the circuit to compute a non-zero Boolean function. This is not a
problem since D4 will never explore an unsatisfiable branch because it calls a SAT solver at
each recursive call. However, without this assumption, we would not have a correct certificate.
Indeed, learned clauses may interact badly with component decomposition. Indeed, assume
that F = Fy A Fy with var(Fy) Nvar(Fy) = (. Assume that F, is unsatisfiable but not Fj.
Hence we could prove that F' |= ¢; for any clause ¢; over var(F}), for example ¢; = x is a unit
clause. However, it may be the case that F} [~ x, that is, F} has at least one model where
x = 0. Hence, if we have a recursive call on Fj, we could wrongly use ¢; to perform a unit
propagation on x. It does not happen, however, when F' is satisfiable, since if F' |= ¢; and
c1 is over var(F1), then we necessarily have Fy = ¢;. Hence, in [CLM21], we have an extra
condition that each internal gate of the decision-DNNF circuit is satisfiable.

It is not hard to see that this does not make the proof system more powerful than
sync-decDNNF(Res) in theory. It just makes the certificate possibly a bit less verbose but
the gain will not be polynomial. We can still reproduce full refutations from R in each O-input
gate and have a sync-decDNNF(Res). Conversely, given a sync-decDNNF(Res), we can show
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Figure 3.6: A certified decision-DNNF circuit for (zV —x; V —x2) A (-2 V —xy V —2) using the
clause -1 V —x9 derived by resolution.

that we can first simplify every gate without models into a O-input. Then we can pick an
arbitrary canonical arc. For each 0-gate, we can use the refutation of the canonical labeling
to construct a clause that evaluates to () by following the canonical arc. We do not give full
details, but we note that:

Theorem 3.25. The proof systems from [CLM21] and sync-decDNNF(Res) are p-equivalent.

While the general approach for certifying D4 sketched here and presented in [CLM21] is
sound, our implementation has a bug which was uncovered by Bryant, Nawrocki, Avigad and
Heule [Bry+25]. To explain 0-input gates, we were relying on the clauses learned with oracle
SAT solver calls but were checking them using the DRAT-TRIM tool [WHH14| which uses
the DRAT proof system. The problem is that the correctness of our proof system relies on
the fact that we only use clauses entailed by the formula while the DRAT proof system may
introduce new clauses that are not entailed. The key property of the DRAT proof system is
that if ¢ is a clause derived from F with DRAT, F Ac is satisfiable if and only if F' is satisfiable.
However, ¢ may not be entailed by F' which can be maliciously used to make ¢D4 accept an
incorrect proof. In practice, this bug can be circumvented by using RUP certificates that have
the desired property.

3.5 Certified decision-DNNF circuits with learned clauses

We now turn our attention to an extension of the kcps proof system presented in Section 3.3.
Recall that one limitation of kcps, which we depicted on Fig. 3.2, is that labeling 0-input gates
with conflicting clauses may prevent some natural caching in the circuit. In Fig. 3.2a, there
is no way to label the unique O-input gate with a clause of F' that is conflicting with every
path from the output to this gate, as required by any kcps-certificate. However, we could label
this gate with the clause —x1 V —xo as depicted on Fig. 3.6. This gives a correct certified
decision-DNNF circuit, but it is not a kcps-certificate because —x1 V —x2 is not a clause of F.
That said, —x1 V —z9 is entailed by F' because this clause could be obtained as the resolvent
of £V —x1V —xo and —x V —x1 V —xy. Hence, if C denotes the certified decision-DNNF circuit
from Fig. 3.6 and F' = (z V —z1 V —22) A (mz V =21 V —22), we know by Proposition 3.7 that
(mx1Vze) | C and since F' |= (-1 V —x2) as shown above, we have F' = C. More generally,
we can prove this generalization of Corollary 3.8:
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Corollary 3.26. Let F' be a CNF formula and C be a correct certified decision-DNNF circuit
such that for every g € Z(C), ¢4 is a clause such that F' |= c4. Then F |= C.

Proof. 1t directly follows from the fact that F' = A gez(C) Cg Since ¢q is a clause entailed by F
for every g € Z(C). O

We can then augment kcps-certificates with any propositional proof system P so that we
allow labeling O-input gates of the certified decision-DNNF circuit with clauses entailed by F,
as long as we are given a proof in P that F' entails them. More precisely, given a propositional
proof system P, a kcps(P)-certificate is given as (C, p, k) such that:

e (' is a correct certified decision-DNNF circuit,

e For every g € Z(C), py is a P-refutation of F' A —¢,.
e CEF

e C has k models over var(F).

From what precedes, we immediately have:

Theorem 3.27. For every propositional proof system P and CNF formula F, there exists a
keps(P)-certificate (C, p, k) for F if and only if #F = k. Moreover, given (C,p,k), one can
check in polynomial time in |C| + ||F|| + |p| whether (C,p,k) is a keps(P)-certificate for F.

The idea of keps(P) was first sketched in [Capl9], but was not investigated. In [Bey+24],
a thorough analysis of kcps(Res) (denoted by kcps™ in the paper) is performed. Surprisingly,
keps™ is more general than MICE. In other words, adding the power of resolution to certified
decision-DNNF' circuits is enough to handle syntactic caching. This is exemplified by the
example from Fig. 3.6. In Fig. 3.2a, it was clear that the decision-DNNF circuit could not be
used as a kcps-certificate, but Fig. 3.6 shows that using resolution is enough to circumvent this
limitation. In other words:

Theorem 3.28 ([Bey+24, Theorem 4.1]). Given a MICE-proofZ for F, there exists a kcps(Res)-
certificate of size poly(s(Z)) for F.

We do not reproduce a proof of the result here but only explain intuitively why it works.
We explain how we can tag the decision-DNNF circuit from Corollary 3.24 to get a kcps(Res)-
certificate. The key observation is that a proof in MICE can be reused only if it has the
same CNF F' and the same partial assignment A. Hence, assume that two different paths in
the circuit lead to the same 0O-gate g in the decision-DNNF circuit built in Proposition 3.23.
Let A; and As be the corresponding assignments. Now, by construction, the 0-gate can only
be created because of a unit propagation in the circuit. The decision-gate ¢’ leading to it
must correspond to a (UP) rule in the MICE-proof labeled by some F’ C F and A’ such that
A'U{~L} C Ay, A/U{—l} C Ay where / is the literal labeling the edge from ¢’ to g. Moreover,
the (UP) rule is given with a refutation of F' A A’ A {—¢} which can be turned into a resolution
proof that F’ |= ¢, where ¢ = =A’ vV £. Every path to g must be consistent with A’, hence
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Figure 3.7: A decision-DNNF circuit syntactically equivalent to (xV —y) A (—z Vy) illustrating
why sync-decDNNF(Res) may be hard to capture with a kcps(Res)-certificate. Credits to Olaf
Beyersdorff, Kasper Kasche, Tim Hoffmann and Luc Spachmann (personal communication).

tagging g with ¢, and proceeding in the same way for every other 0-gates in the circuit yields
a kcps(Res)-certificate for F.

The previous simulation works because the construction from Proposition 3.23 constructs
a decision-DNNF circuit with a very weak caching rule. It is not clear, however, whether it
can be extended to show that a polynomial size kcps(Res)-certificate can be obtained from a
sync-decDNNF(Res) proof. To illustrate why this is not straightforward, consider the example
from Fig. 3.7. This is syntactically equivalent to F' = (z V —y) A (—z V y) but the two paths
leading to the 0-gate refutes distinct clauses. Moreover, we can only derive the tautological
clause from F' using resolution. Hence, to build a kcps(Res)-certificate for F', one needs to use
a different underlying decision-DNNF circuit. It is not clear whether the transformation can
be done in polynomial time (or at least space). We leave this question open:

Open question 8. Can sync-decDNNF(Res) be p-simulated by kcps(Res) ¢

On the other hand, syntactic caching may sometimes be too weak to encode kcps-certificate
since decision-DNNF circuits may cache some values for semantic reasons rather than for
syntactic ones. To get a feeling of why, consider the example given on Fig. 3.8 representing a
correct certified decision-DNNF circuit C for F' = (xVy1)A(mxVy2) A(y1 V=y2) A(—y1 Vy2) Ay
F does not syntactically entail C. Indeed, F'[z] = y2 A (y1 V —y2) A (my1 V y2) A y1 while
F'[-z] = (y1 V —y2) A (=41 V y2) Ayi. Now, clearly, F'[x] and F'[-z] define the same Boolean
function, but this is not syntactically straightforward. This example is obviously simplified
and not realistic since any reasonable top-down solver would branch on y; first. However,
it serves as an example to show how syntactic entailment and clause certificates are two
orthogonal mechanisms allowing to prove that a CNF formula entails a decision-DNNF circuit.
By Theorem 3.28, both mechanisms are encompassed by kcps(Res).

While the previous example is not enough to establish an exponential separation between
MICE and kcps(Res), [Bey+24] actually establishes that:

e MICE does not p-simulate kcps, that is, there is a family (F},) of CNF formulas such
that any MICE proof for F, has size exponential in n but F;, has a polynomial size
kcps-certificate.

e kcps does not p-simulate MICE.

e kcps(Res) p-simulates keps and MICE.
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Figure 3.8: A correct certified decision-DNNF circuit for F' = (zVy1) A (—zVy2) A(y1 V —y2) A
(=y1 V y2) A y1 that is not syntactically entailed by F.

We do not reproduce the full proofs of these results here and refer the reader to [Bey-+24]
for details. That said, we give a few hints on how the separations are established. Showing that
kcps does not p-simulate MICE is actually not too hard. For unsatisfiable CNF formulas, it is
clear that MICE can use the full power of resolution, by using (Comp’) on an empty assignment
and a resolution refutation of F'. Now, any kcps-certificate for an unsatisfiable formula is a
decision-DNNF circuit where each A-gate must have one unsatisfiable side. By keeping only
this side for each A-gate and removing unreachable gate, we end up with a decision-DNNF
circuit without A-gates and only O-input gates, each labeled by a clause of F', refuted by any
path leading to it. This is a well-known characterization of regular resolution, a proof system
weaker than resolution where each variable can be resolved at most once on any path, see for
example [Juk12, Theorem 18.1]. Regular resolution is known to be exponentially weaker than
resolution, hence any family of unsatisfiable CNF with no small regular-resolution but small
resolution refutations will exponentially separate kcps from MICE.

To prove a lower bound on MICE with small kcps-certificate, [Bey+24] construct a formula
F in a way that prevents syntactic caching from happening, leading to an exponential lower
bound on the size of any decision-DNNF circuit that is syntactically entailed by F. However,
this formula has a small certified decision-DNNF circuit that uses non-syntactic caching.

3.6 Propositional based certification

Before concluding this chapter and for completeness, we quickly present one last possible way
of overcoming the coNP-completeness from Proposition 3.5 that has been proposed by Bryant,
Nawrocki, Avigad and Heule [Bry+25]. In this work, the authors simply encode the fact that
—(F < () for a tractable circuit C' into a propositional formula, by using a Tseitin encoding.
In this case, a certificate is a refutation of =(F < C') using a propositional proof system.
This idea is interesting in that it allows to use circuit classes beyond decision-DNNF cir-
cuits. Indeed, the previously presented proof systems heavily depended on the decision-DNNF
circuit structure. In the propositional encoding approach, one can use any class of circuits as
long as model counting is tractable. However, sometimes, one would need an extra proof that
the given circuit is in the expected class. Indeed, suppose that the user is given a d-DNNF
circuit C and a proof that F' < C'. There is no way for the user to check that C' is indeed de-
terministic, since determinisism checking is a coNP-hard (see Corollary 1.5). The most general
class of circuit considered in [Bry+25] is the class of Partitioned-Operation Graphs (POG),
which can be seen defined as d-DNNF circuits with negation gates, a class of circuits which
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support efficient model counting.

Another strong point of the approach is that proofs can be generated from the circuit
alone. Either by calling a SAT solver to prove that —(F < () is unsatisfiable and getting a
DRAT proof (the monolithic approach [Bry+25]) or by some ad-hoc algorithm exploiting the
underlying structure of the circuit (the structural approach). Both ideas were presented and
successfully exploited in [Bry+25] to assess the correctness of D4 output on a given benchmark.

POG-based proof systems can hence be parametrized by both the underlying propositional
proof system P it uses and by the class of circuits that is considered for representing the CNF
formula. For a given propositional proof system P and a class of Boolean circuits C, we denote
by CPOG% (for Certified POG) the proof system defined as follows: a CPOG%—certiﬁcate for
F'is a circuit C' € C, and P-proofs p1, p2, p3 such that:

e pp is a P-refutation of a Tseitin encoding of —(F = C),
e py is a P-refutation of a Tseitin encoding of =(C = F'),

e p3 is a proof that C € C.

From what precedes, it may be surprising that ps and p3 are needed in a CPOG%. This
is because for decision-DNNF circuits, they are not necessary since both problems can be
solved in polynomial time. However, for larger circuit classes, this may not be true. For
d-DNNF circuit, Proposition 3.6 ensures that py is not needed as the problem can be solved
in polynomial time. However, checking that a given DNNF circuit is a deterministic is coNP-
hard (see Lemma 1.4). Hence, in this case, ps3 is needed to allow one to check the certificate
in polynomial time. Observe that even in the case of general POG, that is, d-DNNF circuits
with negation gates, py is not really necessary as checking C' |= F when C' is a POG can be
done in polynomial time, with the same algorithm as the one proposed in Proposition 3.6. In
[Bry+25], p2 is however introduced for symmetry purposes. Indeed, the CPOG mechanism
from the paper has been formally verified in Lean, hence, having a unique framework to express
equivalence is more practical than having to prove an ad hoc algorithm. That said, in practice,
a polynomial size refutation ps is extracted from the circuit using Proposition 3.6.

Interestingly, when C is the class of decision-DNNF circuits, CPOG§,, offers a proof system
that is more powerful than kcps(Res) and sync-decDNNF(Res) because p; allows to express
both syntactic caching and (proven) semantic caching. That said, as exemplified with cD4,
sync-decDNNF(Res) can be extracted directly during the compilation process while POG-based
certificates have to be constructed after compilation, leading to different advantages.

3.7 Conclusion

In this chapter, we tried to give an overview of the current state of research concerning #SAT
proof systems, certainly biased toward the knowledge compilation point of view, and tried
to explain how our contributions have helped create this line of research. This connection
between knowledge compilation and proof complexity runs, in our opinion, deeper than the
simple connections we have drafted here. Indeed, by transforming a CNF formula into a
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certified circuit, not only can we verify that the number of models is correct, but we can
also leverage it for any other kind of tractable operation on the circuit. This encompasses
weighted model counting, maximal models, etc. In [Capl9], we proposed proof systems for
MaxSAT using knowledge compilation. The idea is to twist the input CNF formula by adding
selector variables on each of its clauses so that the maximum number of clauses simultaneously
satisfiable can be found in the maximal satisfying assignment of the new CNF formula. By
compiling it into a certified circuit where such maximal satisfying assignments are easy to find,
we can construct proof systems for MaxSAT. The relation between these new proof systems
and other proof systems for MaxSAT such as MaxSAT resolution [BLMO07] is not yet well
understood and is left as future work.

We would like to finish this chapter on the following observation: it may seem from this
chapter that proof systems for #SAT are only a minor change of perspective regarding the
connection between #SAT and knowledge compilation. We would like to argue that this new
framework actually enables a more precise understanding of this connection. The connection
between knowledge compilation and #SAT was used in particular to prove lower bounds on
the runtime of solvers. By proving a lower bound on the size of decision-DNNF circuits
representing a given CNF formula F', using for example the framework from [Bov+16], we also
prove a lower bound on the runtime of any top-down #SAT solver on the input. However, this
approach is still a crude approximation of the internals of a top-down #SAT solver. Studying
knowledge compilation with this proof complexity perspective gives a finer understanding of
the internals of the solver: for example, syntactic caching is a limitation of these solvers for
constructing some decision-DNNF circuit but proving lower bounds for it has been enabled
by the formalization we propose in this chapter and which has been independently proposed
in [BHK25] while this chapter was written.



Chapter 4

Applications to Databases

We now leave the realm of propositional logic to deal with another kind of logical framework:
databases. Of course, research on databases is a huge field and we will focus here on a tiny part
of the existing literature. We will be interested in the following question and its applications:
how can we represent the answer set of a database query? This is a fundamental question,
akin to the one raised in Chapter 1 for Boolean functions. Depending on the representation,
previously seemingly intractable tasks now become feasible. It turns out that a large part of
the database theory literature on aggregation problems has focused on finding queries where
the tasks of enumerating or aggregating their answers are tractable. One of the earliest and
most influential work in this branch is the seminal paper by Yannakakis [Yan81] where he
shows that model checking, that is, checking whether the query has a model, can be decided
in linear time (in the size of the database) when the query is an a-acyclic conjunctive query.
This work has been the initial point of several fruitful research directions. One of them has
been to understand which tasks can be solve in linear time in the size of the database on
a-acyclic conjunctive queries while proving, under reasonable complexity assumptions, that a-
acyclic conjunctive queries are the only conjunctive queries enjoying this property. In [BDGO7],
Bagan, Durand and Grandjean made an important step toward this goal: they proved that
the Yannakakis algorithm can be extended to enumerate the answers of acyclic conjunctive
queries!. The first phase of their algorithm is a preprocessing step that builds a data structure
in time linear in the size of the database. The second phase uses the data structure to produce
the answer of the query with a small delay, depending only on the size of the query, between
two distinct outputs. Their algorithm is often described as a linear preprocessing and constant
delay enumeration algorithm, in the sense that, if we consider the query to be a constant, then
the first answer is output after a time linear in the input size and the delay between two
outputs is constant. They show that, under reasonable assumptions, only acyclic queries can
be enumerated with such complexity guarantees.

Several follow-up work continued to establish new tractability results for acyclic conjunc-
tive queries. Pichler and Skritek showed that one can compute the number of answers of a

! Technically, to account for projections, one has to consider so-called free-connex acyclic conjunctive queries,
but we leave this detail out for now.

97
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(free-connex) acyclic conjunctive query in linear time [PS13]?, which has later been gener-
alized to aggregation over arbitrary semirings by Khamis, Ngo, Hung and Rudra [KNR16]
and Joglekar, Puttagunta, and Ré [JPR16]. Carmeli, Tziavelis, Gatterbauer, Kimelfeld and
Riedewald [Car+23] have shown that the enumeration algorithm can be transformed into a
direct access algorithm for a specific lexicographical order: after a linear preprocessing, one
can find, for any 4, the it answer of the query in polylogarithmic time. All these results can
actually be generalized to arbitrary query if one is ready to spend more than linear time in
the preprocessing phase. In this case, the preprocessing complexity is measured by analyzing
the structure of the query, using parameters such as hypertree width or fractional hypertree
width [GLS99; GM14].

All these tractability results share a very similar preprocessing phase: a tree-like data
structure representing is built from which we can extract the answers of the query efficiently.
In a way, the data structure can be seen as a factorized representation of the answer set.
This has been made formal by Olteanu and Zavodny [OZ15] who coined the term “factorized
database”, describing a general data structure which can represent relations in a factorized
way while still allowing insight into the represented relations, such as computing its size or
enumerating its tuples. Olteanu and Zavodny show that linear-size data structure can be
computed for acyclic conjunctive queries, allowing them to recover existing results in a more
modular way.

Their representation is based on two atomic relations: Cartesian products and disjoint
unions. It is not hard to see that, if the domain is {0, 1}, the former correspond to decompos-
able A-gates and the latter to (smooth) deterministic V-gates. The main difference here is that
we can use a larger domain than {0,1}. In this chapter, we hence revisit these tractability
results through the prism of knowledge compilation. We introduce the notion of relational
circuits, a generalization of DNNF circuits to larger domains and show how one can rein-
terpret Yannakakis algorithm as a compilation algorithm from acyclic conjunctive queries to
relational circuits. We then show how a classical compilation algorithm for CNF formulas,
namely exhaustive DPLL [San+-04], can be straightforwardly adapted to compile conjunctive
queries. We show that it also runs in linear time on acyclic conjunctive queries and that it
generalizes to conjunctive queries where atoms can be negated, a setting where Yannakakis
does not work.

Organization of this chapter. Section 4.1 introduces the necessary preliminaries and Sec-
tion 4.2 contains a generalization of NNF circuits to non-binary domains. Section 4.3 shows
how to adapt Yannakakis algorithm into a compilation algorithm and Section 4.4 shows that
exhaustive DPLL can also be adapted into a database setting. Finally, Section 4.7 shows that
we can recover many tractability results with this approach.

Personal contributions covered in this chapter. Our main contribution to this chapter
can be found in [CI24] where we adapt exhaustive DPLL to conjunctive queries and conjunctive
queries with negation. In this paper, we provide a full analysis of the complexity of exhaustive

2The upper bound given in the paper on the runtime of their algorithm is quadratic but a more careful
analysis shows that we can do it in linear time.
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DPLL depending on a static order on the variables, which allows us to generalize direct access
algorithms from [Car+23; BCM22] to conjunctive queries with negations. This result can be
seen as a generalization of earlier work on the specific subcase of S-acyclic queries [Capl7;
BCM15]. Compared to [CI24], the focus of this chapter is more on the compilation part
and less on the direct access problem. To this end, we focus on explaining how one can see
Yannakakis algorithm as a compilation algorithm, which we think has never been really made
explicit in the literature (even if [OZ15] does similar things, their compilation algorithm is
still slightly different from Yannakakis itself). The complexity analysis of the DPLL algorithm
being tedious, we do not cover all details in this chapter and refer to [CI24] for details.

4.1 Preliminaries

In this section, we give the main definitions needed to understand this chapter. We do not
aim for exhaustivity regarding databases and will present most notions in a biased way, to
ease comparison with knowledge compilation. One notorious example is that we only use the
named tuple convention, that is, tuples are seen as mapping from variables (names) to values,
while databases sometimes prefer positional convention, where tuples are k-uplets of values.

Tuples and relations. We extend the notion of assignment from the Boolean point of view
to the notion of tuples. A tuple on variables X and domain D is an element of DX, that is, a
mapping from X to D. We denote by var(7) = X the variables assigned by 7. Assignment, as
defined in Chapter 1, can be seen as tuples over a binary domain. We extend every notation
from assignment to tuples: for example, we denote by 7|y the tuple over Z := var(7)NY, such
that for every z € Z, 7|y (z) = 7(2). Similarly, we write o ~ 7 if o and 7 take the same value
over their common variables. If ¢ € DY and 7 € DX are defined such that 7 ~ o, we write
7 a0 for the tuple over DXYY defined as:

(050 7)(z) = {a(x) itxe Y

7(z) otherwise.
which is well defined since o(z) = 7(z) for every z € X NY. When X NY = (), we always have
o ~ 7 and use notation o x 7 instead to emphasize the disjointness.

A relation R on variables X and domain D is a set of tuples, that is, a subset of DX.
When not explicitly stated, we use the notation dom(R) to denote the domain R is defined on,
that is, {7(z) | 7 € R,z € X}. We extend the notation from Boolean functions to relations:
if R C DX and S C DY are two relations, we define the natural join of R and S, denoted by
RxiSasRx S :={r<o|T7€R,0€S17~c} If X andY are disjoint, we write R X S to
emphasize their disjointness. Observe that |R x S| = |R| - |S|. If both R and S are over the
same set of variables X, we let R U S be the union of the two relations, that is, 7 € RU S if
and only if 7 € R or 7 € S. If, in addition, R and S have disjoint tuples, that is, RN S = 0,
we will write RW .S to emphasize it. In this case, we have |[RW S| = |R| + |S].

Also, given a set of variables Y and a relation R over X, we denote by R|y = {7|y | 7 € R}
(which is sometimes denoted by 7y (R) in relational algebra). Observe that, by definition, R|y
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is a relation over X NY. Finally, given a tuple 7 over Y, we let R/7 be the relation over X \ Y
defined as {0 | 0 x (7|x) € R}, which is often denoted in relational algebra by mx\y (oy=-(R)).
While this notation may be surprising at first, observe that it is natural as it is some kind
of “inverse” of Cartesian product, hence we denote it with a division symbol. One way of
understanding the notation on an intuitive level is as follows: we have o € R/7 if and only if
o X 7 € R, which can be seen as “multiplying” by 7 on both sides.

We do a few observations on the notation:

Lemma 4.1. Let R and S be relations over variables X and Y respectively and let T be a
tuple over Z. We have (R S)/7 = (R/T) > (S/T). Moreover, if Z 2 X NY, (R S)/T =
(R/7) < (S/T).

Proof. Let o € (R S)/7. By definition, o is over (XUY )\ Z and a := o X 7|xuy € (R1< 5).
That is a|x € Rand aly € S. By definition, a|x = a|x\z X a|xnz. But since o does not assign
any variable from Z, we have a|xnz = 7|xn(xuy) = T|x. In other words, a|x = a|x\z X 7|x,
hence a|x\z € R/7. Similarly, we can show aly\; € S/7. But then o = a|x\ 7 > aly\ z which
shows o € (R/T) > (S/7).

For the other way around, let o € (R/7) > (S/7). We need to show that o X 7|xuy € R <
S. In other words, 01 := 0|x\z € R/7 and 09 := 0|y\z € S/7. Hence a1 := 01 X 7|x € R,
ag =09 X 7|y € S. We can conclude since o X 7|xuy = a1 Mag € R S.

If Z 2 XNY, then observe that R/7 and S/7 are relations defined over variables X’ := X\ Z
and Y’ := Y \ Z respectively and that X' NY’' C (X NY)\ Z = (). Hence the righthandside
of the equality is actually a Cartesian product. O

Given what we have said on notation R/7, Lemma 4.1 may seem surprising since ¢ x %

is not equal to aTXb for rational numbers. But it makes more sense if one recalls that a tuple
is also a product of unit tuples (x/d). In this case, if 7 is a tuple over Z C X UY and if we
see T decomposed as T I} 7 where 71 = T|x and 72 = 7|y, then for relations R and S over
X and Y respectively, the equality from Lemma 4.1 can be rewritten as (Rp< S) /(11 > 7) =
(R/71) b<1 (S/72) which then corresponds to the intuition that ¢ x & = &,

We will need this last equality:

Lemma 4.2. Let R be a relation over variables X and T be a tuple over variables Z C X and
let' Y be a set of variables such that Z CY C X. We have

R/r= |H (R/o) x oly\z
ocER|y
ox~T
Proof. Let o € R/7. Let a1 = alx\y and az = aly\z. Since a = a1 X ag, we need to show
that a1 € R/o and az = oly\ 7z for some o € Ry with o >~ 7.

To this end, we let 0 = (o x 7)|y. Clearly, 0 ~ 7. Moreover, since « € R/7, we have
ax 1 € R and hence o € R|y. Finally, we clearly have ay = o|y\ 7z and @y x 0 = a X 7, hence
a1 X 0 € R, that is, oy € R/o.

Now let o € R|y, with o ~ 7 and let § € R/0. We need to show that 3 x oly\z € R/T.
Since Z C Y, 0|z = 7. Hence o|y\ z x 7 = 0. In other words, 8 X o|y\z x 7 = 3 x 0 € R since
B € R/o, which concludes the proof of equality.



4.1. PRELIMINARIES 101

It remains to prove the union is disjoint. Assume there exists o1, 02 and some « such that
a € (R/o1) x o1|y\z and a € (R/03) X 02|y z. We immediately have o1]y\ 7 = 02|y z. Now,
01|z = T = 02|z by definition. Hence o1 = os. O

Join queries. While databases have a rich history of separating database schemas and the
actual data, and define how this data can be queried using logical devices, we will deviate
heavily from this point of view for clarity reasons. Our main goal in this chapter is not to offer
a thorough introduction to the theory of databases (interested readers can consult [Are+22] or
other good references such as [Lib04; AHV95]) but to explain how one can represent relations
succinctly and how it connects to some previous work in database theory. To this end, we try
to keep the required definitions as minimal as possible. Hence, we will not properly define the
notion of database schemas (i.e., a collection of relation names with arity), nor what exactly is
a database over such a schema (usually understood as an interpretation of said relation names
by actual relations). We will only peer through them via the notion of join and conjunctive
queries.

A join query @Q = Ry, ..., Ry, is a finite list of relations Ry, ..., R,, over respective variable
sets X1,...,X,, and domain D. The answers of Q, denoted by [Q] € DY, is the relation
over variables var(Q) := X3 U--- U X, and domain dom(Q) := dom(R;) U --- U dom(R,,)
defined as Ry ... < Ry,. It is easy to check that [Q] can alternatively be defined as the
set of tuples 7 € DX such that for every i < m, 7|x, € R;. We will often write a join query
as R1(X1),..., Rn(X,,) to implicitly name the variables of each relation in Q). The order of
atoms in ) being not relevant to its semantics, we often identify () with a multiset too, and
use related notations, like R € ) to denote a relation appearing in (). Such a relation R € Q
is called an atom of Q.

We extend some notation on relations over join queries. For a set of variables Y, we
let Qly = {R|y | R € Q}. We have to be a bit careful with this notation however since
[Q]ly C [Q|y] but equality does not hold. For example, let @ = R, S with R = {(z/0), (y/0)}
and S = {(z/0),(y/1)}. Clearly [Q] = 0 but [Q|1] = {{z/0)}. For a tuple 7, we also let
Q/m ={R/7 | R € Q}. This time, however, we have:

Lemma 4.3. For every join query Q and tuple 7, [Q/7] = [Q]/T.

Proof. 1f o € [Q/7], then (¢ X T)|yar(r) € R for every R € @, hence o € [Q]/T.
Similarly, if o € [Q]/7, then o x 7 € [Q]. In particular, (o X 7)|var(r) € R for every R € Q,
hence o|yar(ry € R/7, that is, o € [Q] /7. O

A conjunctive query Q(S) is given by a join query @ on variables X and a subset S of X,
called the free variables of Q. The answers of Q(S), denoted by [Q(S)] C D¥, is defined as
the projection of [Q] onto the variables in S, that is, {7]|s | 7 € [@]}-

We consider two notions of sizes for join queries, inherited from the original separation
between the logical layer and the data layer. The query size of @, denoted by |Q| is defined
as Yy, REQ |var(R)|. The query size does not take into account the content of the relation, but
only their structure, for which the number of variables is a proxy. The data size of (), denoted
by [|Q]], is defined as Y p o [var(R)| - |R|. The data size is sensitive to the number of tuples
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R gg Slylz T x| 2z
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[Q] oly| [Q, )] | = | v |
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Figure 4.1: Relations as tables and the answers of a join query @ = R 1 S <1 T and of the
conjunctive query Q(z,y).

in each relation. If we assume the RAM model and that each value of the domain fits in one
register, then it corresponds (up to some multiplicative constant) to the number of registers
needed to encode the join query. We extend these definitions to conjunctive queries, where
|Q(S)] is defined as |Q| and [|[Q(S)]| as [|Q]|.

As for CNF formulas, the way variables and relations interact with one another in a join
query may be used to design faster algorithms for computing [Q]. Given a join query @, we
will mostly study its structure via its hypergraph H(Q) defined as follows: the variables of
H(Q) are the variables var(Q) of @ and the edges are {var(R) | R € Q}. Observe that the size
of H(Q) is exactly the query size of Q.

Example 4.4. Fig. 4.1 shows three relations R(z,y), S(y,z) and T'(z, z) over domain
{0, 1,2} depicted as tables together with the answers of join query @ = R(x,y), S(y, 2), T (z, 7
and conjunctive query Q(z,y). The query size |Q] of @ is 3 x 2 = 6 and the data size is
2x4+2x34+2x3=20.

Observe that relations are not multisets, hence even if there are two tuples in [Q]
setting both x = 2 and y = 2, [Q(z,y)] contains exactly one tuple with (x/2,y/2).
This observation hints at something important in this chapter: while deciding whether
[Q] # 0 is equivalent to deciding whether [Q(z,y)] # 0, the associated counting problems
of computing |[Q]| and computing |[Q(x,y)]| may be different.

~—

Observation 1. In this chapter, we will slightly deviate from the usual terminology of knowl-
edge compilation. The term query being employed in both databases and knowledge compilation
for different notions, we will reserve the word query for databases queries. When referring to
“tractable queries” on a class of circuits, in the meaning from knowledge compilation, we will
use the word task.

Combined and data complexity. In a database setting, we are interested in evaluating
join queries that have the same hypergraph but on relations of varying sizes. In a typical
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scenario, the query size of () is far smaller than its data size. With this observation, it is
often assumed in complexity analysis, that the query size is constant and only the data size
is taken into account. A complexity bound on an algorithm given under this assumption will
be referred to as the data complexity of the algorithm. In particular, in data complexity, the
number of variables and atoms of a query are considered constant. When the complexity
bound does not make this assumption, and when it is necessary to be explicit about it, we will
say that it is the combined complexity of the algorithm.

As an illustration, we observe that the problem of deciding, given a join query (), whether
[Q] # 0, is NP-complete. That said, the problem has a polynomial time algorithm in data
complexity since we can simply brute force over every possible answer tuple. There are at
most |[dom(Q)|V>"(@! such tuples, which is polynomial if |var(Q)| is considered constant.

While the data complexity assumption is reasonable in many cases, we find it unsatisfactory
as it may hide (or lead the reader to think it hides) an exponential dependency in the query
size. Moreover, if a theorem only states the data complexity of some problem, it makes the
result hard to reuse outside the realm of databases where the data complexity assumption
may not be as relevant. For example, one can easily encode a 3-clause into a relation with
three variables and of size at most 7. Hence, one can encode a 3-CNF F' into a join query
QF, but in this case, the query size of Qp is linear in the size of F. If one wants to use
an algorithm for join queries on 3-CNF formulas using this reduction, data complexity is not
precise enough to pinpoint the exact complexity of the approach. For these reasons, we will
work at a somewhat intermediate level in this chapter, which is sometimes referred to as the
fine-grained complexity. The complexity bounds that we explicitly give will always be stated
in combined complexity but we will try to separate, if possible, the query size from the data
size in the notation so that the data complexity is easy to extract. Moreover, we will try to be
as precise as possible on the exponent of the data size part, while being looser on the query
size. To this end, we will use notation Opoly(f) to ignore polynomial factors in |Q|, that is,
g = Opoly(f) if there exists a polynomial p such that g < p(|Q]) - f. We sometimes write
poly(|@Q]) explicitly to insist on the fact that the function is polynomial in |@Q|. For example,
we will write Opoly(||@||) to describe the complexity of an algorithm that is linear in data
complexity and polynomial in Q).

Sometimes, the complexity depends on factors polynomial in log ||@Q||. These factors are
sometimes induced by the model of computation we choose to implement the algorithms on.
For example, sorting an array of size n may be done with O(nlogn) comparisons but can be
achieved in time O(n) on the RAM model using radix sort. Or these factors are induced by
the algorithm itself, for example, via a binary search or because of a particular encoding. In
this chapter, we will try to be as explicit as possible on the source of polylogarithmic factors.
That said, from the fine-grained perspective, we are mostly interested in the exponent of ||Q||,
hence, we can ignore these factors. We therefore write g = O(f) instead of poly(log||Q||) - f,
meaning that there exists a polynomial p such that g < p(log ||Q||) - f. We combine both of
the previous notation as g = Opely(f) to denote that g < p(poly(|Q])log Q) - f for some
polynomial p.
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Acyclic hypergraphs and queries. The complexity of answering a join query @) largely
depends on its structure, that we study through its hypergraph H(Q). An important class of
queries in the literature which enjoys efficient algorithms is the class of acyclic queries which
have been introduced by Yannakakis [Yan81]. Acyclic queries are defined via the notion of
tree decomposition of their hypergraphs which we already partially covered for graphs when
defining treewidth in Chapter 2. We extend the notion to hypergraphs as follows: given a
hypergraph H = (V, E), a tree decomposition T of H is a tree where each node ¢t is labeled by
B; C V and respecting the following properties:

e For every e € E, there is a node ¢ in 7 such that e C By,

e For every z € V, the set {t | x € B;} is a connected subtree of T (we refer to this
property as the “connectedness property”).

A join tree for a hypergraph H = (V, E) is a tree decomposition 7 of H such that 7 has
exactly |E| nodes and for every e, there exists exactly one node ¢ of T such that By = e. In
other words, a join tree is a way of organizing the edges of H into a tree which respects the
connectedness property. A hypergraph is said to be a-acyclic if it has a join tree. A join query
@ is said to be a-acyclic if its hypergraph is a-acyclic.

Example 4.5. Consider query
Q = R(z,y,2),T1(x,y), T2(y, 2), T5(2, ), S1(x, y, 1), S2 (=, 2, u).

Fig. 4.2 depicts a join tree for (). It is labeled with the name of the atoms to make
the mapping explicit though it is not required by the definition. One can check that the
connectedness property holds.

Now consider query Q' = Ti(z,y),T2(y, 2),T5(z,2). We will show that Q' is not a-
acyclic. Indeed, assume that there is a join tree 7 for @’ and assume it is rooted in
the node labeled by var(71) = {z,y}. Now, either this node has two children labeled
respectively by var(T3),var(T3). In this case, the connectedness of z is not ensured since
it is not in var(77). Otherwise, the root has one child ¢’. Assume #' is labeled by var(7»).
Then t' has one child labeled by var(73). In this case, x being in var(7}) N var(T3) but
not in var(7Ty), its connectedness is not respected. If ¢’ is labeled by var(T3), we have a
symmetric situation where the connectedness of y is not respected.

One consequence of Example 4.5 is that a-acyclicity is not hereditary. Indeed, observe that
Q' C @, but Q is a-acyclic and @’ is not. This is a surprising phenomenon as the intuition
regarding acyclicity we have from graphs is that acyclicity should be preserved when we take
subhypergraphs. It makes sense from a complexity point of view however. It may be that
subqueries are harder to answer than the query itself. Consider, for example, any join query @
over variables X and a similar query Q' = @, R'(X). Observe in particular that @’ is a-acyclic:
we can build a join tree whose root is labeled by X and which has one child for each atom
of Q). The root containing every variable, the connectedness property is respected. But more
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Ti(z,y) Ts(z, 2)

Figure 4.2: A join tree for query Q = R(x,y, 2), T1(z,y), Ta(y, 2), T5(z, z), S1(x, y, t), S2(x, 2, u).

importantly, observe that @' is trivial to solve: one can simply list every tuple in R'(X) and
check whether they are answers of Q).

In some cases however, we will need a stronger notion of acyclicity that is hereditary.
Namely, the S-acyclicity. A hypergraph H is 3-acyclic if every subhypergraph H' C H (in the
sense that H' contains a subset of the edges of H) is a-acyclic. A query is S-acyclic if H(Q) is
B-acyclic. Observe that @) from Example 4.5 is not 3-acyclic because Q' C @ is not a-acyclic.

This definition of S-acyclicity is however not really usable algorithmically since it does not
give much insight into the structure of the query. A characterization of S-acyclicity is more
interesting with this respect. Given a hypergraph H = (V| E), a nest point x € V is a vertex
of H such that the set E, := {e € E | x € e} forms a chain for the inclusion, that is, it is equal
to {e1,...,ex} with e C -+ C ex. A [-elimination order is an ordering of V' = (v1,...,vy)
such that for every ¢ < n, v; is a nest point of H|v;,...,v,]. We have:

Lemma 4.6 ([Bee+83]). A hypergraph is B-acyclic if and only if it has a B-elimination order.

This characterization can be seen as the following well-known characterization of graph
acyclicity: a graph is acyclic if and only if one can iteratively remove leaves (ie vertices of degree
1) in the graph until it is empty. We have the same phenomenon here but with a different notion
of “leaf”. An equivalent characterization actually exists for a-acyclicity. Given a hypergraph
H = (V,E), a a-leaf x € V is a vertex such that there exists f € E, := {e € E| z € e} such
that for every e € E,, e C f. A a-elimination order is an ordering of V' = (v1,...,v,) such
that for every i <n, v; is an a-leaf of H[v;,...,v,]. We have:

Lemma 4.7 ([Bee+83; TY84]). A hypergraph is a-acyclic if and only if it has an a-elimination
order.
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Example 4.8. Consider query Q = R(x1,x9,x3),S(x2,x3),T(x1,23) and observe that
(1,22, x3) is a S-elimination order of H(Q) but not (x3,x1,x2) because x3 is contained in
edges {x9,x3} and {z1,x3} which are not included in one another. However, (z3,x1,z2)
is an a-elimination order because {x1,x2,x3} includes both {z1,z2} and {z2,z3} hence
xg is an a-leaf in H(Q).

It is not too hard to see that removing a nest point or an a-leaf can only create more
nest points or a-leaves. Hence, a greedy algorithm which iteratively removes nest points
(respectively a-leaf) gives a polynomial time algorithm to test for S-acyclicity (respectively
a-acyclicity). This approach is, however, not the best known, as it is known that finding
[B-elimination orders and join trees can be done more efficiently:

Theorem 4.9 ([TY84]). There is an algorithm that, given H = (V,E), constructs an -
elimination order and a join tree of H in time O(|V|+|E|) if H is a-acyclic and fails otherwise.

Theorem 4.10 ([PT87]). There is an algorithm that given H = (V,E) constructs a (-
elimination order of H in time O(|H| - |V|) if H is B-acyclic and fails otherwise.

Both a-acyclicity and S-acyclicity degenerate to the usual graph acyclicity when applied
to hypergraphs having edges of size 2 (that is, graphs). Other generalizations of acyclicity
for hypergraphs have been studied in the literature, and we invite the reader to consult the
seminal paper by Fagin [Fag83] and the survey [Bral4| by Brault-Baron which contains a very
thorough presentation of these notions, their different characterizations and their relations.
The vast majority of results in database theory concerning acyclic queries being about a-
acyclic queries, the prefix is often omitted. We will follow the same convention in this chapter,
meaning that, unless specified otherwise, an acyclic query is defined as an a-acyclic query.

4.2 Relational Circuits

4.2.1 Yet another class of circuits

In this section, we introduce our main tool: the notion of relational circuits. For the reader
of this document, it will appear obvious that these circuits are unnecessary generalizations of
the restricted version of Boolean circuits introduced in the previous chapters to finite domains
larger than {0, 1}. Indeed, we can always encode any value from a finite domain of size d with
(log d) bits, hence using as many Boolean variables.

We would like to take the time, in this subsection, to explain a few reasons why we feel it is
needed to go over the definitions presented in Chapter 1 again, but with a different perspective.
Most of them are not scientific but pedagogical and cultural.

The first reason is that the notion of Boolean circuits comes with some implicit assumptions
that may not be obvious from the perspective of relational algebra. The usual point of view
on DNNF circuits and their cousins is that, as restrictions of Boolean circuits, they compute
Boolean functions. In databases, one of the main objects of study has been the notion of
relations and their algebraic nature, at least since the seminal paper of Codd [Cod70]. We
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will therefore see the computation of a relational circuit not as the computation of a function
but as a device to succinctly represent a relation by representing it as a factorized algebraic
expression. This is a nitpick but it has some impact. One illustrative example is the case of
V-gates. In the Boolean function view, f V ¢ is naturally defined as a Boolean function over
XUY if f is over variables X and g is over variables Y. In the relational view, fV g corresponds
to building the union of two tables. From the relational algebra perspective, the union is only
defined if both relations are defined on the same attributes, which corresponds to smoothness
in NNF circuits. This is because in the case of relational algebra, the domain is not fixed,
hence, it has to be made explicit for an operator such as V to make sense. The Boolean circuit
approach may introduce some confusion for communities that are used to manipulate relations
and tuples instead, not because it is conceptually hard, but because it sometimes fails to be
explicit about some implicit assumptions.

To be extremely explicit, we introduce a new operator on relations, that we call the extended
union. Given relations R C DX and S C DY, the extended union of R and S over domain D,
denoted by RUp S is the relation over X UY defined as (R x DY \X)U (S x DX\Y). We may
simply write R U .S when D is clear from context.

Another reason for duplicating the definitions in some ways is that the historical terminol-
ogy and notations from knowledge compilation are often puzzling for newcomers. One example
we already mentioned in Chapter 2 is that the way the word determinism is used for Boolean
circuits is actually not what most people understand by determinism and is closer to what
other communities have called unambiguity. Moreover, the multiplication of acronyms to de-
note classes of circuits may not be the most welcoming habit for newcomers, especially when
many terms start with letter d. In this chapter, we will try to name classes of circuits in a more
readable and transparent way, a habit we tried to enforce in earlier work and survey [AC24;
CI24]. We will systematically name classes of circuits by explicitly listing the gates they are
allowed to use.

4.2.2 Main definitions

For the reasons described in the previous section, we take the time to properly introduce a
relational interpretation of DNNF circuit for non-binary domains. As for DNNF circuits, we
start with a very general notion of circuits only to refine it later. A {», U}-circuit on variables
X and domain D is a circuit whose gates are labeled as follows:

e Every input is labeled by either T, L, or (z/d) for x € X and d € D,
e Every internal gate is labeled by either U or by .

Let C be a {pq, U}-circuit on variables X and domain D. Given a gate g of C, we let var(g)
be the variables labeling the inputs of Cy, that is, the subcircuit of C rooted at g. Each gate
of C' computes a relation over D¥¥(9) defined inductively as follows:

e Input gates labeled by T compute the relation containing only the empty tuple, those
labeled by L compute the empty relation and those labeled by (z/d) compute the relation

R = {{x/d)}.
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o If g is a U-gate with inputs gy, ..., gr, then g computes rel(g1) Up ... Up rel(gx).
e If g is a p<-gate with inputs g1, ..., gk, then g computes rel(g1) > ... > rel(gg).

As for Boolean circuits, by their very definition, {p<, U}-circuit can be conditioned effi-
ciently, that is, given Y C X and 7 € DY, we can compute the set of tuples of rel(C') which
agree with 7. Indeed, we simply need to relabel any input gate labeled by y = d with y € Y
and d # 7(y) with the L label. In relational algebra, this operation is called a selection and is
denoted by oy —-(R).

Smoothness. As hinted in the previous section, smoothness is very natural in the case of
relational circuits and removes the need to be explicit about the domain. A {», U}-circuit is
smooth if for every U-gate g with input g1, ..., gk, we have for every i < k, var(g) = var(g;). In
this case, observe that rel(g) = rel(g1)U---Urel(gy) and this interpretation does not depend on
making the domain D explicit as needed for U. We will indicate smoothness in the notation
by writing {p<, U}-circuit to denote smooth {p<, U}-circuit.

Decomposability. Since the combined complexity of deciding whether Ry 0 ... > Ry, is
not empty is NP-complete, {>, U}-circuits are not particularly useful as a way of representing
relations, mirroring Boolean circuits, in that they are too general to allow for any tractable
tasks. We get some tractability by enforcing decomposable p<-gates. Formally, a {p<, U}-circuit
is decomposable if for every -gate g with input g1, ..., gk, we have that for every 1 < i <
J < k, var(g;) Nvar(g;) = 0. From a relational-algebra point of view, a decomposable ><-gate
computes the relation rel(g;) x - - - xrel(gx). We therefore use the following notation: an {x,U}-
circuit is a {p<,U}-circuit such that every t<-gate is decomposable. Following our naming
convention, an {x,U}-circuit is a {p<, U}-circuit that is both smooth and decomposable.

As for DNNF circuits, decomposability is enough to ensure that one can efficiently test
emptiness of the relation represented by an {x, U}-circuit. It also suffices to allow for efficient
enumeration of the tuples in rel(C) [Ama-+24].

Determinism. In Boolean circuits, determinism translates to the fact that an assignment
satisfies at most one input of a given V-gate. From the relational perspective, it means that
for a U-gate, a tuple may belong to at most one of its input relations. In other words, it means
that the union is disjoint. More explicitly, a U-gate g with input g1,..., g is deterministic
if for every 7 € rel(g), there exists a unique i < k such that 7 € D x rel(g;) where A; =
var(g) \ var(g;). We will denote an extended disjoint union and a disjoint union by & and
W respectively. As before, a {x,W}-circuit is a deterministic {p, U}-circuit, i.e., a smooth,
decomposable and deterministic {p<, U}-circuit.

As for DNNF circuits, determinism makes the computation of |rel(C')| tractable as one can
evaluate it with a naive bottom-up dynamic programming algorithm.

Decision-gates. Determinism is a semantic property and in practice, it is often enforced
syntactically via decision-gates, as in OBDD or decision-DNNF circuits. From a purely syn-
tactic point of view, a decision-gate g on variable z is simply a W-gate such that each input
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of g is of the form (z/d) x ¢g; where d € D and such that no other input of g uses the same
value d. It will be handy though to have a specific type of gates for such behavior. Hence, we
allow our circuit to have another type of gate, called decision-gate, and are defined as follows:
a decision-gate g on variable x and domain D is a gate labeled by x and whose incoming edges
are labeled by elements from D. For each d € D, there is at most one incoming edge of g
labeled d. The relation computed by ¢ is defined as (z/d1) x rel(g1) U... U (x/dy) x rel(gx)
where the input edges of g are (g1, 9), ..., (gx, g) and are labeled by dj, ..., dj respectively and
where we assume that x ¢ var(g;).

A {x,dec}-circuit is a circuit using only x-gates and decision-gates. We do not necessarily
enforce smoothness, though sometimes, it will be handy to have it, or it will be guaranteed by
our compilation algorithm. In this case, we will write {x,dec}-circuit, omitting the overline
on dec.

Structure and order. We extend the notion of structuredness of DNNF circuits to {x, U}-
circuits. We say that a {x,U}-circuit C' on variables X respects a vtree T over variables X if
for every x-gate g of C, g has exactly two inputs g1, g2 and there exists a node ¢t of T" with
children ¢, t9 such that var(g;) C var(¢;) and var(ge) C var(ts).

Similarly, we have a structure restriction for {x,dec}-circuits akin to the one for OBDD.
By default, {x,dec}-circuits may use different orders on different branches. We introduce
a syntactic restriction of {x,dec}-circuits called ordered {x,dec}-circuit as follows: we say

that a {x,dec}-circuit C on variables X respects an order m = (x1,...,x,) on X if for every
decision-gate g of C labeled by variable x; and with inputs g1, ..., gx, we have that var(g;) C
{Zit1,...,2,}. If there exists an order m such that C respects 7, we say that C' is an ordered

{x, dec}-circuit.

Example 4.11. We illustrate the previous definitions on Fig. 4.3. We give two circuits
computing the same relation R depicted in the figure as well. Observe that the output
of the first circuit is a U-gate which is not a W-gate because the relation computed by
its two input gates both contain the tuple (x/2,y/1,2/2). The second circuit only has
decision-gates and respects order m = (y, z, 2).

4.2.3 Relational circuits, Factorized Databases and DNNF's

Knowledge compilation approaches in databases have been heavily studied since the seminal
paper of Olteanu and Zavodny [OZ12], under the general concept of factorized databases. In
this document, we have decided to use the name relational circuits to describe the objects
used to represent relations, in contrast to the term factorized databases which, in our opinion,
describe a collection of techniques covering, in particular, relational circuit. The notion of
{x,U}-circuit already appears under the name factorized representation with definitions, or d-
representations, in [0Z12; OZ15], while {x,W}-circuits have been introduced as deterministic
d-representations. In [OZ15], the definition explicitly enforces smoothness as unions are only
allowed over representations having the same attributes. We still decided to deviate from the
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Figure 4.3: A {x,U}-circuit and a {x, dec}-circuit computing the same relation R.
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original terminology because we think the name d-representation lacks precision. Indeed, it is
used in [OZ15] both as a way of designing arbitrary {x,U}-circuit and a particular canonical
d-representation that is produced from a conjunctive query @, a database D and a so-called

d-tree TT.

This algorithm actually constructs a {x,dec}-circuit® and since it follows a d-tree which
organizes the attributes of the query in a tree, one can observe that the resulting circuit is
actually structured along a vtree. Hence, [OZ15] shows a way of constructing a { x, dec}-circuit
respecting a vtree T and representing (D), given a conjunctive query @, a database D and a
d-tree 7T, which embeds both the structure of the vtree T and some dependency information
that can be used in the compilation algorithm (see Sections 4.3.1 and 4.4 for alternative ways
of obtaining the same result). But the result is not presented in this way. Instead, in [OZ15,
Section 5.4], a unique canonical circuit, denoted by 71(Q(D)) is defined, and a compilation
algorithm to produce this canonical representation is given.

In our opinion, the terminology from [OZ15] creates confusion between the properties of
the circuit produced (structured, using only decision and x-gates), some sort of canonical
representation and the compilation algorithm itself. This is why, in this work, we decided
to decouple the notion of relational circuits that simply represent relations, sometimes with
specific semantics or syntactic restrictions, and how such relational circuits are produced.

NNFs and relational circuits. The connection with knowledge compilation and factor-
ized databases has been made explicit in [Olt16] but this work does not contain a thorough
comparison of factorized databases and their Boolean circuits counterpart and some confusion
remains around how these definitions are connected. We provide a comparison table in Ta-
ble 4.1 using the notations from the previous section. Each line illustrates the correspondence
between a Boolean circuit and relational circuits as follows: when considering circuits on the
right column on domain D = {0, 1}, they correspond exactly to the Boolean circuit on the
left.

The correspondence actually works both ways: for non-binary domain D = {dy,...,dk_1},
we can encode D with bitstrings over b = [log k] bits by representing d; with the binary rep-
resentation of ¢ over b bits. Hence, given a {1, U}-circuit C over variables X = {x1,...,z,} and
domain D = {dp, ...,dx_1}, we can translate it into an NNF over variables 2° = {z1,... 2%, ... 2L, ... 22}
by replacing every input (z;/d;) by a circuit over variables T ... ,mﬁ? accepting only if they
encode j in binary. This can easily be done by an OBDD of size 2b, hence, it can be encoded
in any NNF subclass from Table 4.1, showing that every relational circuit on variables X and
domain D from the right column can be naturally cast into an NNF from the left column with
an additional increase of at most |X|log |D|. We actually show in Section 4.6 that this binary
encoding can actually sometimes allow to produce more compact circuits by improving which
parts can be shared.

3Tt is in line with what happens in knowledge compilation too: we do not really know any algorithm capable
of producing arbitrary DNNF circuits, it always produces a subclass of DNNF circuits, be it decision-DNNF
circuits or structured deterministic DNNF circuits [OD17]
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Knowledge Compilation | Relational circuits
NNF circuit {>, U}-circuit
smooth NNF circuit {><, U}-circuit
DNNF circuit {x, U}-circuit
smooth DNNF circuit {x, U}-circuit
d-DNNF circuit {x, W}-circuit
smooth d-DNNF circuit {x, W}-circuit
dec-DNNF circuit {x, dec}-circuit
smooth dec-DNNF circuit {x, dec}-circuit

FBDD {dec}-circuit
smooth (complete) FBDD dec-circuit

Table 4.1: Rosetta Stone of Tractable Circuits.

4.3 Building Relational Circuits Bottom-up

In this section, we review an algorithm for building relational circuits succinctly representing
the answer set of a join query Q). It works bottom-up by exploiting a decomposition of the
query. It is, in a way, a simple reformulation of the original Yannakakis algorithm [Yan81],
more specifically of the counting algorithm from Skritek and Pichler [PS13], where the algebraic
operations are simply translated into constructing the circuit.

4.3.1 Yannakakis Algorithm

In this section, we revisit Yannakakis Algorithm [Yan81] in terms of circuit construction, as
a warm-up and an illustration of how relational circuits can be obtained. This construction
is an adaptation of the counting algorithm from [PS13] and it has already been framed as a
compilation algorithm by Olteanu and Zévodny in [OZ15] though not in an explicit way. The
Yannakakis algorithm was originally designed to test whether the answer set of a join query @)
is empty or not* in time poly(|Q|) - ||@||, hence in linear time with respect to data complexity.

Yannakakis algorithm roughly works as follows: it evaluates the join by adding relations
from the leaves to the root of the join tree. If materialized explicitly, each intermediate join
(and, in particular, the final one) will have a large number of answers, which would not give
the desired linear complexity. The catch is to observe that while evaluating the join of the
relations appearing below some node t of the join tree, every variable appearing below t but

4This is already a stretched but common reinterpretation of the original contribution of Yannakakis. The
original paper gives an algorithm to test the consistency of a database schema but this is roughly the same
problem if one considers the join query to use every relation in the schema.
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not in By itself is irrelevant for the rest of the join computation, since they will not appear
elsewhere in the tree decomposition. Hence, we can simply project the answer set up to ¢ onto
the variables in B; and it is enough information to reconstruct each answer of (). Now, since
By corresponds to an atom R of @), the intermediate join projected onto B; will necessarily be
a subset of R, hence it is of size at most ||Q||, explaining why we can work in linear time in
Q.

Before explaining the compilation algorithm, we need a small handy notation and make
some observation about it. Given a relation R over X and 7 a tuple over Y, we let R/7T be
the relation over X \ 'Y defined as {o | 0 x (7]|x) € R}. The notation should be understood
as a “division” by 7, when seeing the Cartesian product of tuples as a product. We have the
following;:

4.3.2 Acyclic join queries

The goal of this section is to show the following:

Theorem 4.12. Let Q) be a join query and T a join tree for Q. We can build a {x, dec}-circuit
computing [Q] of size O(||Q) in time O([|Q]| - poly(|Q]))-

Circuit construction. We start by describing the compilation algorithm that takes an
acyclic join query @ and builds a {x,dec}-circuit computing [@] in time O(poly(|Q]) - [|Q]])-

Let @ be an acyclic query and 7 a join tree for @, rooted at r. For a node t of T,
we let R; be the atom of ) labeling node ¢ and ()<; to be the query whose atoms are the
atoms appearing below ¢, formally {R, | v € T;}. Observe that if ¢ has children ti,..., 1,
we have by definition Q<; = Ri, Q<¢,, .. .,Q<¢,. Moreover, since 7 is a tree decomposition,
var(Q<y,) Nvar(Q<y;) € var(Ry).

We build a {x, dec}-circuit computing [Q] inductively as follows: for each node ¢ of T, we
build a circuit Cy with the following property: for every 7 € Ry, there is a gate v{ in Cy which
comptes [Q<i]/r = {0 | o x 7 € [Q<]}.

If t is a leaf of T, then Q<¢ = {R:} contains exactly one atom. Hence, for every 7 € Ry,
[Q<:]/T = Ri/T = {()}, is the singleton relation containing the empty tuple. Hence C} is
simply a T-gate g and v] := g for every 7 € R;.

Now let ¢ be an internal node of 7 with children t¢4,...,t; and let 7 € R;. Observe that

[Q<i]/7 = [Rt, Q<ty, - - -, Q<t, ] /T
= [Re] /7> [Q<t,] /7. .. > [Q<¢,, ] /7 by Lemma 4.1
= [Q<t, /T >x... > [Q<¢.]/7 since T € Ry
= [Q<t,]/7 x -+ x [Q<¢,]/7 since var(Q<y,) Nvar(Q<y;) € var(Ry).

(4.1)

So, to compute [Q<]/7, we need to compute [Q<¢,]/7 for every i < k. Observe that it has
not yet been precomputed in the circuits inductively built C}, since 7 is not a tuple of R;,. But
we can use Lemma 4.2 for this as follows: we first let Z; = var(R;) Nvar(Q<¢,), Yi = var(Ry,)
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and 7; = 7|z,. Observe that by connectedness, Z; C Y;. Moreover, [Q<]/7 = [Q<t,]/7i since
7’|Var(Q<t_) = 71;. Now by Lemma 4.2, applied to 7, Z; C Y;, we have

[Q<l/r= W ([Ql/o) xoly\z
o€[Q<y,ly;
Ox~T;
Now, observe that [Q<]|y; C Ry, since Ry, is an atom of @<y, over variables Y;. Hence, the
previous equality becomes

[Q<il/m= | ([Q<ul/o) x oly,\z,
O'ERti
OXT;
Let A; = {oly;\z | 0 € R;,0 ~ 7;}. Observe that in this case, A; = Ry, /7;. Hence we can
once again rewrite the previous equality as:

[Q<]/m= [ ([Q]/(axm)) xa. (4.2)

OZERti/Ti

Eq. (4.2) is interesting because by induction, we have gates in the circuit computing
[Q<t,]/(a x 7;) for every o € Ry, /7; since o x 7; € Ry,. Hence, by adding a few decision-
gates to compute «, we can build a circuit computing [Q<¢,]/7.

Let us be more precise. Observe that the right-hand side of Eq. (4.2) only depends on
T; = T|z,. Soif 7,0 € Ry are such that 7|z, = o|z,, we have [Q<]/7 = [Q<t,]/o. It suggests

the following construction: for every 8 € Ry|z, N Ry,|z,, we build a gate rf computing [Q<¢,]/8
B

i is the root of a decision tree on variables Y; \ Z; whose leaves are in one to one

axf

correspondence with Ry, /3. The leaf corresponding to o € Ry, /3 is then identified with v "",

as follows: r

which has been constructed inductively in the circuit and computes [Q<y,]/(a x 8). Gate r?
therefore computes

U (1Q<l/(ax B) xa

aGRti/ﬁ

which is, by Eq. (4.2), [Q<+]/B-
Now for every 7 € R;, we define v as follows:

e if there is some i < k such that 7|z, ¢ Ry, where Z; = var(R;) Nvar(Ry,), then it is clear
that [Q<¢]/7 = 0. Hence we let v] = L and v] indeed computes the empty relation,
which is [Q<:]/T.

e Otherwise, we let v] be a new x-gate and connect it to gates r;' that we have de-
fined above for every i < k. By the above, it computes X, , [Q<t,]/7 = [@<:]/7 by
(Eq. (4.1)) which is what we wanted.

Now, applying this construction to the root r of the tree decomposition, we obtain a
{x,dec}-circuit C' such that for every 7 € R,, it has a gate v] computing [Q<,]/7 = [Q]/7.
Since [Q] = W,cr, T x ([Q]/7), we just add a decision-tree on var(R,) on top of C' whose
leaves are in one-to-one correspondence with R, and plug the leaf corresponding to 7 to v} to
obtain a new gate in the circuit computing [Q].
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Size analysis. It remains to analyze the size of the circuit produced by the previous algo-
rithm. It contains at most |R;| X-gates for each node t of the join tree, that is, the number
of x-gates is bounded by > pco [R| < [|Q]|. It remains to count the number of decision-gates
in the circuit. For this, one has to be a bit more careful. Let ¢t be a node with children
t1,...,tx. Every decision-gate we add are part of the decision tree rooted at T'Z-B we build for
each f € Ry,|z,. If we consider the leaves of all this decision trees, there is at most one per
tuple of Ry,, hence at most | Ry, | leaves. It means that the total number of decision-gates they
contain is |Y; \ Z;| - |Ry,| < |Yi| - | Ry, |- Hence in total, we need at most ), |var(R;)| - |R¢| < || Q]
decision-gates. In total, we hence have at most 2||Q|| + 1 gates in the circuit (the 1 being for
the needed T-gate).

Complexity. This circuit can be built in time O(]|Q]/log||@Q||). Indeed, each step of the
algorithm boils down to grouping the tuples in R;, depending on their values of Z; and building
a decision-tree for them. This can be done easily after sorting the tuples in R;,. In the RAM
model, we can sort them in linear time in the size of each element using radix sort [Cor+22,
Section 6.3]. The rest of the operations only depends on the structure of the join tree, mainly
for navigating it and can all be done in poly(|Q|).

Structure. Two structural properties can be enforced in the circuit built by this algorithm.
The {x,dec}-circuit constructed is actually structured. Indeed, when processing node ¢t with
children ¢1, ..., tx, the x-gates built have k children whose variables are respectively var(Q<¢,)\
var(R;) and the decision-tree below contains variables in var(Ry,) \ var(R;). That is, we can
consider the following vtree: we keep the structure of 7. On each edge (u,t) of 7 where ¢ is
the parent of u, we attach leaves labeled by var(Ry,) \ var(R;). It gives a vtree and one can
check that the circuit produced by the previous algorithm is structured along it (as long as we
keep the same order in the decision-trees we build and in the vtree).

The second property that we will investigate in more details in the next section is that we
can find a total order x1,...,x, on the variables of ) such that if g is a decision-gate on x;,
then every decision-gate below g are on variables x; with j > 7. This follows from the previous
observation: in each decision tree, if we follow the order given by the vtree constructed in the
previous paragraph, it gives us a partial order on the variables that we can now extend into a
full order.

Example 4.13. We illustrate the previous algorithm on the example given in Fig. 4.4.
In this example, we assume we have performed the construction in the subtrees rooted

in t; and ¢y respectively. Hence, we have constructed gates vgfo,v%fl,vff)o,vffl and

vt1214,v§213,vt2213,vf’202,vf£1 corresponding to every tuple of R;, and Ry, respectively. The
only common variable between R; and Ry, (denoted by Z; in the previous proof) is z;
which has been grayed in the figure. Hence, the first step of the construction starts by
grouping every tuple in R;, having the same projection on x; and building a decision tree
for them. In the example, it means that we group (x1/1, x3/0,24/0) and (x1/1,x3/2,24/1)
together and hence build a decision tree for the relation {(x3/0,24/0), (x3/2,24/1)}. This
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decision tree is depicted on the bottom left corner of Fig. 4.4. Observe that its leaves
are connected to vi and v/ respectively. The same is done for (z1/2,23/0,24/0) and
(z1/2,13/2,24/1) but we connect the leaves to v}’® and v7*!. Observe that we built the
same decision-tree twice because the tuples of R;, where z; = 1 projected on z3, x4 are
the same as the tuples of R;, where x; = 2 projected on x3,x4. Yet, we do not share the
subtree because, below, they may have used z; in different ways.

We proceed similarly with R;,. Observe that in this case, despite having 4 distinct
values of z; in R;,, we only construct decision-trees for three of them because the case
x1 = 4 has no possible extension in R;. Now, we connect the root of these decision trees
using a x-gate if they agree on the value for x1 and correspond to a tuple of R;. That
is, we connect together the decision tree corresponding to og,—1(Ry) and oz,—1(Ry,)
because R; has two tuples where 7 = 1. This x-gate now computes Q<;/7 for every
T € 04,=1(Ry). Observe that we introduce a similar x-gate for v}2. They could be merged
since Q<¢/(x1/1,22/0) and Q<¢/(x1/1,x2/2) are the same. While this optimization could
be performed, it is not needed to reach the linear size complexity guarantees, so we decided
to ignore it.

Observe that the case x1 = 3 is interesting because it both has corresponding tuples
in Ry and Ry, but not in Ry,. In this case, we know that [Q<]/(z1/3) = 0 because
Ry, /{z1/3) = 0. Hence, we set v}" to be a l-gate and the root of the join tree corre-
sponding to (x5/0, z¢/2) is dangling in the circuit and will never be used. This is a typical
case of the overcomputation performed by many dynamic programming algorithms: we
precompute some values that may have relevance locally but not later in the circuit. The
same happens to the tuple where x; = 4. Neither R; nor R;, has such tuples, hence,
we have a dangling tuple again (observe that in this case, we do not even construct the
decision-tree). Observe that we can always post-process the circuit C' in O(|C|) = O(||Q||)
to remove dangling gates and L-inputs (by propagation).

Finally, if ¢ is also the root of the join tree, then it remains to project away the variables
x1 and z2 in the circuit done in the last layer of the circuit.

4.3.3 Beyond acyclic queries

One problem with the previously described algorithm is that it only works for acyclic join
queries. This is not particularly inherent to compilation algorithms but with join trees in gen-
eral. They only work for acyclic join queries because otherwise, they do not exist. Fortunately,
it is not hard to generalize the notion of join trees to any query. What makes the Yannakakis
algorithm efficient on join trees is that there is only a linear number of ways to set the vari-
ables in each bag so that they can be extended to a full answer of Q). If we relax this linearity
condition, we can straightforwardly generalize the algorithm to any tree decomposition of the
hypergraph of (). This is what motivated the definition of (generalized) hypertree width in
the first place in a seminal paper by Gottlob, Leone and Scarcello [GLS99].

Given a hypergraph H = (V, E) and W C V, the cover number of W denoted by pg (W)
is defined as the minimal number of edges from H one needs to cover W. In other words, pg
is the optimal value of the following integer linear program:
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Figure 4.4: Local construction of Yannakakis style compilation algorithm. See Example 4.13.
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minz Ae
eck
VoeW, Y A >1 (4.3)

e:xce

Ae €40,1}

Now given a tree decomposition 7 of H, the generalized hypertree width of T, denoted by
htw(H,T), is defined as maxie7 pr(B;). That is, if the generalized hypertree width of 7T is
k, it means that each bag of T can be covered by the union of at most k edges of H. The
generalized hypertree width of H® is defined as htw(H) := miny htw(H,T) where 7T runs over
every tree decomposition of H.

Clearly, an a-acyclic hypergraph H has generalized hypertree width 1 since every bag in
the join tree being an edge of H, it has cover-number 1. This is actually an equivalence:

Lemma 4.14. A hypergraph H = (V, E) is a-acyclic if and only if htw(H) = 1.

Proof. A join tree has the required property so if H is a-acyclic, it clearly has a tree decom-
position as required.

Now let T be a tree decomposition of H of generalized hypertree width 1. Let ¢ be a node
of T such that B; C e for some e € E. By definition, there is another node w of 7 such that
e C B,. Consider the path from ¢ to  in 7 and let ¢’ be a node on this path. Clearly, e C By,
otherwise, it would contradict the connectedness of the tree decomposition. Hence, we can
replace the label of B; with e without changing the fact that 7 is a tree decomposition of
generalized hypertree width 1. Now we have a tree decomposition where each node is labeled
by one edge of H. This is not yet a join tree because some edges may be missing and some
edges may be duplicated. We show that we can normalize it into a join tree.

First, assume some f is missing from the tree decomposition. Since f C B; for at least
some node t, we can add a new node u labeled by f and plug it to . It does not break
connectedness and we now have a bag labeled with f.

Now assume that there are two bags B, and B; labeled with e. As before, any node on the
path from u to ¢ must contain e. Moreover, the path from u to ¢ contains either the parent
of w or the parent of t. Assume wlog that it contains the parent p of u. From what we said,
B, O e = B,,. Hence, we can remove u from the tree, plug all its children directly to p without
changing the fact that 7 is a tree decomposition of H: it does not affect connectedness nor
the fact that each edge is covered. Moreover, we now have one less node labeled by e. By
iterating this transformation, we get a join tree for H. O

We now explain how generalized hypertree width can be exploited to build relational cir-
cuits. We prove the following result:

5Generalized here is with respect to another definition of hypertree width where there is an extra condition
on the tree decomposition. We will not directly use it in this chapter and refer the reader to [GLS99] for the
exact definition. The notions are related by a constant so they define the same class of hypergraphs.
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Theorem 4.15. Let Q be a query and T a hypertree decomposition of Q@ of generalized hy-
pertree width k. We can build a structured {x,dec}-circuit computing [Q] of size O(||Q|*¥) in

time poly(|Q|) - HQHk

Proof. We use T to build a new query @’ such that:
e 7 is a join tree of @',
o QI < Q]
o [Q =[QT].

Before explaining how to construct @', we explain why it is enough: @’ being acyclic, we
can apply the algorithm from Section 4.3.1 to build a circuit of size O(||Q’||) = O(]|Q||¥) and
computing [Q'] = [@Q], hence, we build a circuit computing [Q].

Given a node t of T labeled by W%, we let ; be the join query on variables W; defined as
Q: = {R|w, | R € Q}. Since there exists Ry,..., R, € Q such that p < k and |J!_, var(R;) 2
Wy by definition of generalized hypertree width, we know that [Q:] C Ri|w, > ... > Ry|w,.
Hence [Q;] contains at most []%_, || Ri|| < |Q||* tuples. Now, observe that we can materialize
[Q:] in time poly(]Q|)||Q]|*: we can brute-force every subset of at most k atoms of @ to find
a covering of B; with at most k relations. Then we join them in time [|Q||¥ using a classical
join algorithm and filter tuples according to the other relations in ;.

Now define Q' = {Q; | t € T}. Clearly, T is a join tree for Q. Moreover, we can materialize
each Qy in time poly(|Q|) - [|Q||* and hence compute @’ in the same amount of time. Finally,
by definition, the size of Q' is at most |7 - poly(|Q|) - |Q||* = poly(|Q]) - || Q|I*.

It remains to show [Q] = [Q']. By definition, every tuple in [Q] projected over W; is in
[Q:]- Hence, [Q] C [Q']. For the other way around, recall that for every relation R of @, there
is a node t of T such that var(R) € W;. In this case, [Q¢]|var(r,) € R¢- Hence [Q'] C [Q]. O

An easy corollary of Theorem 4.15 is that for any join query @), there is a structured
{x,dec}-circuit computing [Q] of size O(||Q|"™(*(@))). Unfortunately, if one wants to con-
struct this circuit, an optimal tree decomposition of H(Q) is needed, and we know that even
deciding whether htw(Q) < 2 is NP-hard [GMS09; FGP18]. Hence, we cannot hope for poly-
nomial combined complexity for this problem but can brute-force over tree decompositions
H(Q) and have a O(||Q||"w(*(Q))) algorithm in data complexity. Another possible approach is
to use the fact that one can compute tree decompositions of width at most 3htw(#(Q)) in time
|Q|Chtw(H(Q))) [AGG07] enabling a polynomial time yet non-optimal compilation algorithm in
combined complexity if htw(7(Q)) is considered constant. In a nutshell:

Theorem 4.16. Let @ be a query. We can build a structured {x,dec}-circuit computing [Q]
of size O(IQI*) in time poly(1Q) - [QO® where k = htw(H(Q)).

The technique in Theorem 4.15 relies on two ingredients: first, we need to bound the size
of [Q¢] in each bag and then, we need to materialize Q; in time O(|[Q¢]]). It turns out that
the upper bound given by the cover number is not optimal. One minimal and popular example
is the triangle query defined as QA = R(z,y),S(y,2),T(z,x) for relations R, S, T of size at
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most N each. The cover number of {z,y, 2z} in H(QAa) is two: one atom is not enough to cover
every variable while any pair of atoms would do. Hence, the upper bound on |[QA]| given
by the cover number is N2, but it is known that |[QA]| < N5 [GM14; AGM13]. The proof
of this fact is based on a relaxation of the cover number to so called fractional cover number.
Indeed, one can consider the definition of py (W) from (4.3) and relax the integer constraint:

min Z Ae
eck
Ve eW, Y A>1 (4.4)

exce

Ae €[0,1]

The optimal value of (4.4) is called the fractional cover number of W, which we denote by
py(W). Intuitively, we aim at covering variables from W but are now allowed to use the edges
in a fractional way, as long as each variable of W is covered by edges summing to at least 1.

Example 4.17. Consider the triangle query Qa again and its hypergraph H(Qa) and
let W = {x,y,z}. 4.4 rewrites as:

min Ay} + Afy,z) + Aa,z)

s.t. )\{x’y} + )\{:p,z} <1
Moyt T Ay <1
AMaz} T My,zp <1
Moyt S LMy S L Ay < 1

The solution Ay, v = Agy -} = Ag,z} = 1/2 is optimal since every constraint is satisfied at
equality, proving that p%(QA)({x,y, z}) = 1.5.

The main result about fractional cover number we need now is the following bound, known
as the AGM bound from the names of Atserias, Grohe and Marx [AGM13] who proved it:

Theorem 4.18. Let Q be a join query over variables X, let N = maxpgeq|R| and p* =
pj{(Q)(X). We have

QI < N*".

Actually, [AGM13] also proves the optimality of Theorem 4.18 in the sense that for every N,
one can build a join query Q* such that every relation in Q* has size at most N, H(Q) = H(Q*)

and |[Q"]] = 5vrap-

Now this result suggests the following generalization of generalized hypertree width: given
a hypergraph H and a tree decomposition 7 of H, the fractional hypertree width of T, denoted
by fhtw(H,T), is defined as max;e7 pj;(B:) and the fractional hypertree width of H, denoted

by fhtw(H), as miny fhtw(H, T).
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Now, given a tree decomposition 7 of H of fractional hypertree width k, we can define for
every node t of T the query Q; and Q' as in the proof of Theorem 4.15. From Theorem 4.18,
I[Q:]| < |IQ|/F and, following the same reasoning as in Theorem 4.15, [[Q]| < ||@||*. This
suggests the following;:

Theorem 4.19. Let Q) be a query and T a hypertree decomposition of Q of fractional hypertree
width k. We can build a structured {x,dec}-circuit computing [Q] of size O(||Q|/F) in time

poly(1Q) - QI*.

While the proof of Theorem 4.19 outlined above is enough to prove the existence of a circuit
of size poly(|Q|) - ||Q||* computing [Q], there is one bit missing. Indeed, for the proof to work,
we need to materialize ); in each bag. With the cover number, we use a cover of k relations
to do that. It is not as clear how one should proceed in the case of fractional hypertree width.
Again, consider the triangle query Qa. If one tries to compute [Qa] by iteratively joining its
relations (as would most database management systems proceed), then the first join between
say R(x,y) and S(y, z) may contain N2 tuples, defeating the advantage of fractional cover
number already.

Fortunately, there is a way to compute the answers of a join query @) over variables X in
time poly(|Q|) - |Q||* where k = P1(©) (X). There is a rich literature around this problem:
given a query @ such that we have an upper bound U on its number of answers, when can we
materialize the answers in time poly(|@Q|)U, that is, linear in U in the data complexity model.
These kind of algorithms have been studied under the name “worst-case optimal”, in the sense
that, if [[Q]| reaches the upper bound U (hence the worst case), then the algorithm is optimal
because it needs at least time O(U) to output every answer of Q.

One of the first worst-case optimal join algorithm which matches the upper bound given
by the fractional cover number is due to Ngo, Porat, Ré and Rudra in 2012 [Ngo+12; Ngo+18|
where they prove:

Theorem 4.20. Given a join query Q over variables X, we let N = maxpecq |R| and k =
p;{(Q)(X). We can compute [Q] in time poly(|Q|)||Q]*.

Theorem 4.20 is enough to complete the proof of Theorem 4.19 sketched above. Without
entering the details, we give a quick overview of the literature related to Theorem 4.20. The
approach of [Ngo+12] is based on joining the relations of @ by joining partitions of their tuples
that are guaranteed to have a small enough number of answers and recombine them to recover
[Q]. There were conceptually simpler algorithms later, for example LeapFrog Trie Join [Vell4]
and Generic Join [Ngol8]. These algorithms are based on a branching algorithm where the
answers of () are enumerated by extending a candidate one variable at a time. With Oliver
Irwin and Sylvain Salvati, we propose an even simpler version of this branching algorithm,
with a simple analysis in [CIS25]. Much interesting work has gone beyond the worst case
offered by fractional cover number by considering queries with constraints on the database
which make the worst case smaller [Got+12; KNS17; Kha+24; KNS25]. While they could be
used in our setting, we will not cover this literature in detail in this document and refer the
reader to the excellent survey of Dan Suciu for more details on the main results and proof
techniques [Suc23].
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As before, computing a tree decomposition for H(Q) with optimal fractional hypertree
width is hard since deciding whether a hypergraph has fractional hypertree width smaller
than 2 is NP-hard [FGP18]. We hence cannot hope for polynomial combined complexity to
construct a circuit of size O(||Q|MW*(@)). As before, though in a less satisfactory way, we
can approximate fractional hypertree width: given a hypergraph H, we can construct a tree
decomposition of H of fractional hypertree width at most O(k3) where k = fhtw(H) in time
O(|H|°*")) [Mar10, Theorem 4.1]. In other words:

Theorem 4.21. Let Q be a query of fractional hypertree width k. We can build a structured
{x,dec}-circuit computing [Q] of size O(||Q||°*")) in time poly(|Q]) - |Q||O*.

4.3.3.1 Conjunctive queries

We conclude this section about Yannakakis algorithm to show how to handle conjunctive
queries. Compiling conjunctive queries is significantly harder than compiling join queries.
This can be seen via the complexity of computing |[Q]| since building a {x, dec}-circuit C'
for @ allows to compute |[Q]| in time O(|C|): we know from [PS13] that there exists a
conjunctive query Q(Z) such that H(Q) is a-acyclic but such that computing |[Q(Z)]| cannot
be done in linear time under reasonable complexity assumptions, even if Z contains every
variable of ) but one. It is in stark contrast with what Theorem 4.12 implies for acyclic join
queries. The intuition behind this discrepancy comes from the fact that one can encode many
things into projected variables. For example, the star example from [DM15], of the form,
Qr(z1,...,2) = Ri(21,Y), ..., Rp(xk, y) is used to encode the number (up to a constant) of
sets of vertices x1,...,x, in a graph G that are not k-cliques in G. Hence, counting them is
unlikely to be tractable.

Observe that any tree decomposition for @ has its free variables interlaced with the
projected y variables. This can actually be seen as the source of hardness, which has been
formalized under the name of star-size by Durand and Mengel [DM15]. Similarly, in [BDGO07],
Bagan, Durand and Grandjean characterize the conjunctive queries whose answers can be
enumerated with constant delay after linear time preprocessing (in data complexity). It turns
out that the main condition for tractability, in addition to the underlying join query to be
acyclic, is that the free variables have to be somewhat separated from the other variables in
the tree decomposition, a property known as free-connex.

To understand what motivates the definition of free-connexity, we consider the following
scenario: let Q be an acyclic join query over variables X and Z C X. Assume you have a tree
decomposition T of H(Q) and a node t such that every variable in Z appears below ¢ and only
those variables. Then, when we deal with node ¢ in Theorem 4.12, the circuit rooted in v] for
every 7 € R; contains only variables in Z. If we want to compute [Q(X \ Z)] instead of [Q],
observe that at this point in the algorithm, we do not really care at the relation computed
at v{ but only whether it is empty or not. Hence we can adapt the algorithm to compute
[Q(X \ Z)] instead.

We formalize the notion below: let H = (V, E') be a hypergraph and T be a tree decompo-
sition of H. Given S C V, we say that T is ext-S-connez® if there exists a connected subset

5The notion of S-connexity of tree decompositions has originally been defined in [BDGO7] for join trees.
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A of nodes of T such that J,. 4, By = S.

Now, if Q(S) is a conjunctive query and 7 is an ext-S-connex tree decomposition of H(Q)
of fractional hypertree width k, then we can follow a similar approach as in Theorem 4.15:
we build a new join query )’ over variables S such that @' is acyclic and [Q'] = [Q(S)] and
1Q'|l < |Q|l* and use Theorem 4.12 to build a {x, dec}-circuit computing [Q'] = [Q(S)] and
has ||Q||*, hence generalizing Theorem 4.19 to the case of conjunctive queries.

The connection between ext-S-connexity and conjunctive queries is the following result:

Lemma 4.22. Let Q(S) be a conjunctive query and T be an ext-S-connex tree decomposition
of H(Q) of fractional hypertree width k. We can construct a join query Q' over variables S in
time poly(|Q|) - |Q||* such that:

e Q' is acyclic,
o [QT=[Q(S)] and
o Q] < Q"

Proof. We start by materializing each bag as in Theorem 4.15 to construct a join query Q" of
size at most ||Q||* such that 7 is a join tree of Q" and [Q"] = [Q].

Let A be the subset of nodes of 7 such that | J,. 4 By = S. We root 7 in some node ¢ of A
and let A be the set of nodes u such that w is not in A but the parent ¢ of u is in A.

First, observe that Q" = {R; | t € A} U, 5 @%, where R; is the atom of Q" labeling
node t. We let Qo = {R; | t € A}. Observe that by definition, var(Qo) = S. Let u,u’ € A be
distinct nodes and ¢ the parent of u, then var(QZ,) Nvar(Q”,,) C var(R;) C S. It implies that

[Q"(9)] = [Qol >y [QLL(S)]-

Indeed, if 7 € [Q"(S)], then there is o over X \ S such that 7 x o is an answer of Q”.

In particular, it is an answer of every atom of @”, hence of Qo and Q<, for every u € A.

Conversely, we let T be an answer of [Qo] >4, 1 [Q%,(S)]- By definition, for every u € A, we

have o, such that (7 x oy)|var(qr ) is an answer of Q% (S). From what precedes, for distinct
<u >

u,u’ € A, o, and o do not share variables, hence we can define o = Xye i 0u and verify that
T X o is an answer of Q”, hence 7 is an answer of Q" (S).

For u € A, we let R, = [Q~,(S)] and we let Q' = {R; | t € A}U{R) | u € A}. From what
precedes, [Q'] = [Q"(S)] = [Q(S)]. Moreover, if we relabel node u of 7 by R!, and remove
every node of 7 that is not in AU A, we have a join tree for Q’.

It remains to show that [|Q’|| < ||Q||¥ and to show that it can be materialized. There is
nothing to do for R; for t € A since R; has been materialized already when constructing Q"
and we know that this relation has size at most ||Q||*.

For u € A with parent t € A, we have var(Q”%,) NS C var(Q”,) Nvar(R;) C var(R,) by
connectedness of 7. Hence [Q”,(S)] C Ru|s. The construction from Theorem 4.12 at node u

In this case, one is not allowed to use bags that are not atoms. This prevents imposing strict conditions on
the bags and the notion of Z-connexity works around this rigidity. The same paper relaxes the notion to tree
decomposition under the name ext-S-connexity which is the only one really needed and which is equivalent.
We keep the original name.
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gives us exactly the set of tuples in 12, |5 that can be extended below as an answer of [Q7Z,, (S)].
We hence only have to filter R,|s to keep the relevant tuples. It construct R, of size at most
|R.| < [|Q||* in time poly(|Q]) - [|@Q||¥, which concludes the proof. O

Now we can apply Theorem 4.12 to @’ from Lemma 4.22 to construct a circuit computing

[Q(S)] and have:

Theorem 4.23. Let Q(S) be a conjunctive query and T be an ext-S-connex tree decomposition
of H(Q) of fractional hypertreewidth k. We can build a structured {x,dec}-circuit computing

[Q(S)] of size O(|QF) in time poly(|Q]) - Q|-

We conclude this section with an observation. In the proof of Lemma 4.22, the fractional
hypertree width of T is used differently for the nodes corresponding to A and for the nodes in
A. In the former case, they are used as a way of building the final circuits. In the latter, only to
materialize [Q”,(S)]. But in this case, we could use any other join algorithm. While in general,
we do not know better algorithms than the ones exploiting fractional hypertree width, we can
sometimes use external knowledge on the structure of ) to speed up computation, such that
functional dependencies or degree constraints or a submodular width [Mar13; KNS25; KNS16]
(a generalization of fractional hypertree width that does not allow counting but efficient model
checking), which in some cases, may speed up the computation of the circuit.

Finally, we conclude this section by remarking that we have solely focused on upper bounds
in this section. It is not clear from what we presented here that fractional hypertree width is
an optimal measure to build {x,dec}-circuit, but these kinds of questions have been studied
in the literature. The focus of this document being mainly on algorithmic applications of
knowledge compilation techniques, we will not cover the details of this literature but give a
few pointers for theinterested readers. Olteanu and Zavodny have already studied this direction
in their seminal paper [OZ15], showing that, if we fix the vtree T' the circuit must respect,
then, essentially, we can build a database for which the smallest circuit respecting 1" will have
size ||Q||¥ where k is the fractional hypertree width of some tree decomposition induced by
the vtree. It does not mean that we cannot, however, find a better vtree for this particular
database nor that smaller unstructured circuits cannot be built for it. Vinall-Smeeth and
Berkholz give such lower bounds in [BV23; BV25] for { x, U}-circuit based on the more general
notion of submodular width.

4.4 Building Relational Circuits Top-down

The previous section has mainly focused on how to build circuits using a dynamic programming
algorithm which iteratively joins relations following a join tree from its leaves to its root, hence
the name “bottom-up”, since the circuit is also built from its inputs to its output. But many
knowledge compilers for CNF formulas such as D4 build the circuit in a top-down fashion,
from its output to its inputs. One simple illustration of this is when building a decision tree
representing a CNF formula F'. One can start by picking one variable x, add a decision-gate
on x and branch the 0-edge to a recursively computed decision tree for F[z/0] and the 1-edge
to a decision tree for F[z/1]. While this idea is simple, it has been refined in [San+04; HD05]
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under the name #DPLL or exhaustive DPLL to the point of being practical. While these
kinds of branching approaches are well known in knowledge compilation and in constraint
programming in general, they have been less explicitly exploited in databases.

In this section, we revisit exhaustive DPLL in the context of databases and show how it
can be seen as a way of performing the Yannakakis algorithm upside down. We also show
that, contrary to algorithms based on tree decompositions, we can use this algorithm to build
{x, dec}-circuits for conjunctive queries having negated atoms, which is not possible using only
tree decompositions, at least, not in a way that is polynomial in the combined complexity. This
section revisits some results from [CI24].

4.4.1 Manipulating Join Queries

Before explaining the algorithm, we need to introduce a few notations and notions that will
be needed later. Let Q = Ry, ..., Ry be a join query and 7 a tuple over variables Y. If there
is a relation R € @ such that R/7 = (), we say that 7 is inconsistent with Q. In this case, we
clearly have [Q/7] = 0.

In this section, we will need to represent R(y1,...,yr)/7 for an atom R(yi,...,yx) of a
join query. We will often do it explicitly by writing R(7*(y1),...,7"(yx)) where

. 7(y) if 7 is defined on y,
T (y) =

y otherwise.

For example, R(z1, 22, 23)/{x1/0,22/2) will be denoted by R(0,2,x3).

Representing join queries. Our algorithm needs to efficiently get representations of
@/7 and to this end we need a good representation of . We assume that we have an
order {z1,...,x,} on variables X that we will always be using in the algorithm. Moreover,
we assume that the relations of @) are ordered as Rj(X1),..., Rn(Xm). We represent each
relation R;(X;) € @ as a trie. A node of the trie is labeled by € X and a hash table mapping
domain elements d € D to another trie node. If X; = {z;,,...,x;, } with ¢; < --- < i, we store
R;(X;) as a trie whose first node is labeled by z;, and a hash table h. Then, for each value
d of z;, appearing in R;, h[d] contains a pointer to a node representing a trie for R;/(x;, /d).
We represent @) as a table Ty of length m where Tp[i] is a trie representing R;.

It is easy to see that if each relation of () is originally given in the input as a list of tuples,
then we can build this trie representation of @ in time O(||Q]|) by sorting its tuples in the
lexicographical order over DXi induced by z1,...,z, (recall that sorting can be performed in
linear time in the RAM model of computation we are considering).

Now observe that if we want a representation of @QQ/(x1/d), we simply have to scan Ty
and for each relation R;(X;) € @ such that z; € X;, we move to the next node in the trie
representation. This can be done in expected time O(|Q)|) (expected time comes from the use
of the hash table), but we could also trade it for O(|Q|log |Q|) by storing the hash table as a
sorted array and performing binary search.

More generally, if 7 is a tuple over variables z1,...,x, with p < n, then we can get a
representation of Q/7 in time O(p|Q|) = poly(|Q]). It is important to observe here that it
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does not depend on the data size of ). We can also detect in O(poly(|@Q|)) whether there is
an R € @ such that R/7 = (), that is, @ is inconsistent with 7. Indeed, while navigating the
trie of R, if R/7 = (), we will hit a missing value in the hash table associated with it.

Subqueries and caching. Given two subqueries ()1, Q2 of () and two tuples 71,7 , we say
that (Q1,71) and (Q2,72) are syntactically equivalent if:

1. Both @7 and Q2 are consistent with 7 and 7.

2. Let @) be the set of atoms R of @ such that var(R) C var(r), and define @), similarly.
Then QF := @1\ Q] and Q5 := @2\ Q) have the same atoms and for every R € QF = Q3,
we have 7—1’var(R) = 7-2’var(R)'

In other words, (Q1,71) and (Q2, T2) are syntactically equivalent if, after removing every atom
from @), already satisfied by 71, and every atom from Q5 already satisfied by 7, @1 and ()5 have
the same atoms, and for each such atom R, the projection of 71 over var(R) is the same as the
projection of 7 over var(R). Obviously, it implies R/ = R/m and hence, [Q1/71] = [Q2/72].

Now let (Q1,71) be a pair such that var(ry) Nvar(Q1) = {x1,...,2z;} Nvar(Q1) for some i,
that is, every variable of ()1 is assigned up to some index ¢. The canonical representation of
(Q1,71) is an array T of size m where T'[i] contains a pointer to the node of the trie representing
R/7 if R is an atom of Q7 and T7[i] is a O-pointer otherwise. Observe that such representation
can be stored in O(|Q)|) registers and hence hashed efficiently.

We have the following:

Lemma 4.24. (Q1,71) and (Q2,72) are syntactically equivalent if and only if they have the
same canonical representation. Moreover, we can check syntactic equivalence in O(m) and
maintain a hash table indexed by canonical representation in O(1) expected time.

Proof. By definition, the atoms in the canonical representation of (Q1,71) and (Q2,72) are
exactly @7 and )5. Moreover, there is a one-to-one correspondence between the nodes of the
trie representing R and tuples 71|yar(g), hence the equality of representations. We can hence
check syntactic equivalence of (Q1,71) and (Q2,72) in time O(m) by checking each entry of
the table. Moreover, the size of the canonical representation being polynomially bounded in
the size of the input, we can hash them (for example, by hashing the concatenation of the
values stored in 7') and maintain a hash table indexed by these hash values in O(1) expected
time. O

Example 4.25. Let Q = Ri(z1,22), Ra(22, 23), R3(x2, £4) with
o Ry = {(21/0,22/0), (x1/1,22/1), (x1/0,22/1) },
o Ry ={0,1}{z273}
o Ry = {0,1}{z27a},
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Let 14 = <x1/0,w2/0>, To = <x1/071’2/1> and 3 = <m1/1,x2/1>. Q/Tl = RQ/Tl,Rg/Tl =
R2(0,x3), R3(0,x4). Since 11 assigns every variable of R in a consistent manner, R; does
not appear in Q/71. It is represented in memory as an array 7 of size 3 such that T7[1]
is a O-pointer (because R; is not in Q/71), 11[2] contains a pointer to the node of the
trie representing Ro/(x2/0) and T1[3] contains a pointer to a node of the trie representing
R3 / <:L‘2 / 0> .

Now Q /12 = Ra(1,x3), R3(1,24). One can observe that /7 and @ /72 have the same
answer set, but (@, 71) and (Q, 72) are not syntactically equivalent because they differ on
the value of x9. In contrast, Q/73 = Ra(1,x3), R3(1,x4) = Q/72, hence (Q, 72) and (Q, 73)
are syntactically equivalent. It can be checked that they have the same representation in
memory, allowing efficient hashing.

Connected components. Observe that if the atoms of a join query ) can be partitionned
into Q1 UQ2 such that var(Q1)Nvar(Q2) = 0, then we have [Q] = [@Q1] x [Q2]. A generalization
of this fact can be written as follows: if Q = (1 U Q2 and 7 is a tuple over variables Y such
that var(Q1) Nvar(Q2) C Y. In this case, we have [Q]/7 = [Q1]/7 x [Q2]/7, as shown in
Lemma 4.1. Moreover, if 7 is consistent with @, then it is consistent with both ()1 and Q.
It motivates the following definition: let @ be a join query and 7 a tuple over variables Y
that is consistent with (). Let GZQ be the graph whose vertices are the set of atoms R of
@ such that var(R) \'Y # 0. In G7,, there is an edge between two atoms R,S € Q if and
only if (var(R) Nvar(S)) \ 'Y # (. We denote by cc(Q,7) = {C1,...,Ck} the set of connected
components of GE). Each connected component corresponds to a subset of atoms of () and
var(C;) Nvar(C;) C Y. Hence, we have:

Lemma 4.26. For every 7 consistent with Q, [Q]/7 = Xceee(,r)(IC1/7). Moreover, we can
compute cc(Q, T) in time polynomial in |Q)|.

Observe that Lemma 4.26 is only true if 7 is consistent with @), because we have removed
from Ga every atom R € ) such that var(R) C Y. Hence, if @) is not consistent with 7, we
have [Q]/7 = 0 but the right-hand side relation in Lemma 4.26 may be nonempty.

Example 4.27. We let
Q = Ri(x1,22), Ro(x2,3), R3(x1, 24), Ra(x3,25), R5(x4, T6)

and 7 be a tuple over {x1,z2} consistent with . Then G'E? is the graph with vertices
Ry, R3, Ry, R5 and edge {R2, R4} because z3 € (var(Rz) Nvar(Ry)) \ {z1,22} and edge
{Rs3, R5}. Then cc(Q,7) = {{R2, R4}, {R3, R5}} and we indeed have Q/7 = Q1/7 x Q2/T
with Q1 = {R2, R4}, and Q2 = {R3, R5}.

4.4.2 FExhaustive DPLL

We are now ready to describe exhaustive DPLL. We assume that we are starting from a
join query Q@ = Ry,...,R,,, with variables X ordered as m = (z1,...,%,), represented as
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explained in the previous section (after a linear preprocessing in ||@Q|]). The algorithm computes
an ordered {x,dec}-circuit computing [@Q] recursively. Each recursive call of the algorithm
has two inputs: @', a subquery of @, and 7, a tuple over variables {z1,...,z,} N var(Q’)
for some p < n, and it returns a gate v(Q',7) in a {X,dec}-circuit that computes [Q']/7.
Before returning, the algorithm updates a hash table called the cache mapping the canonical
representation of (Q’,7) to a gate v computing [Q']/7. The goal of the cache is to avoid
redoing the same computation twice: if at some point the algorithm is called with parameters
(Q",7") and the canonical representation of (Q",7’) is already in the cache and mapped to a
gate v, then it immediately returns v which computes [Q"]/7’ by construction.

We describe the algorithm DPLL(Q, 7, 7) and prove its correctness at the same times below.
On input (Q',7), DPLL(Q’, 7, 7) does the following:

1. If @' is inconsistent with 7, then return a L-gate. It is correct since [Q']/7 = 0.
2. If 7 assigns every variable of @', then return a T-gate. It is correct since [Q']/7 = {()}.

3. If the canonical representation of (@', 7) is in the cache and maps to gate v, then it
returns v. It is correct since by induction, the cache is correct and hence v computes

Q.
4. Otherwise, let cc(Q',7) = {C4,...,Ck}.

(a) If £ > 1: we create x-gate v and for i = 1,...,k, we let v; « DPLL(C;, 7, 7) to
recursively construct a gate v; computing [C;] /7. We add v; as an input of v. Now v
computes szl [Ci]/7 = [Q'] /7 by Lemma 4.26 hence it is correct. The algorithm
updates the cache to map the canonical representation of (@', 7) with v and returns
.

(b) If £ = 1: let z; be the smallest variable in var(Q’) that is not set by 7. We
add a new decision-gate v on variable x;. For every d € dom(Q), we let vy <«
DPLL(Q’, 74, ) where 7y = 7 X (x;/d) to recursively construct a gate v4 computing
[Q']/74 and add an edge labeled by d between v and vg. By construction, v computes
Udedom (o) [Q1/(r x {(x;/d)) = [Q']/7. The algorithm updates the cache to map
@'/ with v and returns v.

We hence have:

Theorem 4.28. On input Q, DPLL(Q, (), 7) builds a {x, dec}-circuit C' computing [Q]. More-
over, C' respects order .

Example 4.29. Several interactive examples of this algorithm can be found at https:
//florent.capelli.me/algorithms/dpll/. We detail an example below. We consider @ =
R(zg, 1), S(x0,22), T'(x1,23) with R, S, T given below.


https://florent.capelli.me/algorithms/dpll/
https://florent.capelli.me/algorithms/dpll/
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R o I S i) o
T x1 | x3
0] 1 011 0 10
110 110 1 1
171 1 1

With © = (9, x1, 2, 23), DPLL(Q, 7, 7) produces the circuit shown in Fig. 4.5. Each
gate is labeled by the number of the recursive call which produced it. For example, v;
is produced by the first recursive call on input (Q, (zo/1), 7). This recursive call has
canonical representation

R(Ov .%'1), 5(07 .1'2), T('rb $3)'

We can observe that Ggf;r/ Y has two connected components: the one containing R(xo,x1)
and T'(z1,x3) and the one containing S(zg,x2). Indeed, the first two atoms are linked by
an edge because they share variable z1, while S(zg, z2) is isolated because no other atom
contains xo. Hence a x-gate is created and linked to the result of the first recursive call
producing the circuit rooted in vo and the one rooted in vy.

The edge between v1; and vy is particularly interesting because it corresponds to a
cache hit. Indeed, the recursive call producing v;; is done with parameters (Q1, (zo/1))
with Q1 = R(zg,z1),T(x1,23). Since there is exactly one connected component, a
decision-gate on 7 is created and a recursive call with tuple (zo/1,x1/0) is first made,
leading to the creation of the circuit rooted at vi2. Then, another recursive call is made
with parameters (@Q1,71) where 71 = (xo/1,21/1). In this case, the canonical representa-
tion of (Q1,71) is T'(1,x3). But it is the same canonical representation as the one which
produced vy since the call which created v4 had parameters (Q1, 79) with 79 = (2/0, z1/1)
which has canonical representation 7'(1, z3). Hence, vy is directly returned when the cache
is queried for after call (Q1,71).

4.4.3 Complexity of Exhaustive DPLL

In this section, we study the complexity of Exhaustive DPLL and relate it to the structure of
the hypergraph of the query. We leave out most of the proofs as they are quite technical and
can be found in [Cap+26]. Given a join query @, the complexity of DPLL(Q, (), 7) depends
on the order m = (x1,...,x,) chosen for the variables. The goal here is to measure how good
7 is for a join query @) on variables x1,...,xy,.

The case of Acyclic Join Queries. We start by giving some intuition in the case where Q
is acyclic. Let T be a join tree for (). Assume it is rooted in some atom Ry and let 71,..., 7T
be the subtrees attached to it. Assume 7; is rooted in atom R; and let X; = var(R;). Consider
an order 7 on var(@) which starts with Xy, that is, we start by assigning variables in the root
of the join tree. First, observe that whenever the variables of X, are fixed to a value that is
not a tuple of Ry, Exhaustive DPLL returns L. Hence, there will be at most |Rp| different
values for Xy in every recursive call that does not directly return L.

Now, assume the variables of X have been fixed to 7 € Ry. Observe that cc(Q, 7) contains
at least k connected components: one for each subtree 7; attached to the root of 7. Hence,
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0 1 0 1

Figure 4.5: The circuit produced from Example 4.29

Exhaustive DPLL will build a x-gate and recursively construct a circuit for Q1 /71, ..., Qk/7k
where Q; is the query corresponding to the atoms in 7; and 7; = 7|x;,.

If later the variables of X, are fixed to 7 € Ry, Exhaustive DPLL will again build a
Cartesian product and recursively build a circuit for Q1/7(,...,Qx/7,. Now if 7, = 7/ for
some i < k, then (Q;,7;) and (Q;,7]) are syntactically equivalent. Hence, the recursive call
with parameters (Q;, 7/) will directly return a gate computing Q; /7, retrieved from the cache.

The previous observation hints at the following: if @ is acyclic with join tree T, then it
seems interesting to run DPLL(Q, (), 7) with an order = that removes every variable from a
bag before removing the ones below. This notion can be formalized as follows: given a rooted
join tree T for @ and a variable x € var(Q), we let ¢, be the first node of 7 where = appears,
starting from the root of 7. By connectedness, this bag is unique. Now we write x <7 ¥y
if t, is below ¢, in 7. It is easy to see that this defines a preorder on var(Q). Now, if 7 is
compatible with <7, meaning that if x; <7 x; then we do not have i > j, then we can show
that DPLL(Q, (), 7) runs in time near linear in ||Q||.

However, a join tree is just an artifact here since the algorithm does not depend on it. Recall
from Lemma 4.7 that acyclicity can also be characterized in terms of elimination orders: @
is a-acyclic if and only if there exists an a-elimination order (z,,...,z1) of H(Q). It turns
out that if 771 = (z,,,...,21) is an a-elimination order then m = (x1,...,z,) is an interesting
order for DPLL(Q, (), 7). Indeed, we can prove the following:

Theorem 4.30 ([CI24]). Let Q be a join query on domain D and m = (x1,...,xy,) an order
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such that 7= = (x,,...,21) is an a-elimination order of H(Q). Then DPLL(Q, (), ) builds a
{x,dec}-circuit C' respecting = and computing [Q] in time poly(|Q]) - ||Q|| - |D|. In particular,
C is of size poly(|Q]) - [|Q| - [D|.

Theorem 4.30 mirrors Theorem 4.12 in the sense that the circuit built is almost linear-size
when the input join query is acyclic and a good decomposition is given as input. In the case
of Theorem 4.12, the required decomposition is a join tree while in the case of Theorem 4.30,
the required decomposition is a reversed a-elimination order. The intuition we provided on
the complexity of Exhaustive DPLL when one follows an ordered <7 induced by a join tree
can be made formal by observing that one can reconstruct a tree decomposition T of width
1 from 7 such that 7 is compatible with <7. Theorem 4.30 can be proven without requiring
the connection to join trees but join trees offer an interesting insight on why the construction
works, see [CI24] for details.

The complexity from Theorem 4.30 is however not fully satisfactory as there is an extra
|D| factor in the complexity, which makes the final complexity super linear in the size of the
database. In Section 4.6, we explain how a simple trick can be used to transform the |D|
dependency into log |D|. The bound is still not as good as that of Theorem 4.12, but we will
see that Exhaustive DPLL can be extended into directions where join trees are too limited,
for example, to compile join queries where some atoms may be negated, see Section 4.5 for
details. We now turn our attention to the non-acyclic case. Our goal is now to measure how
good an order w is for (). To this end, we use a well-known connection between fractional
hypertree width and elimination orders.

Hypergraph decomposition and elimination orders. Relations between width of join
trees and elimination orders in hypergraphs have been made numerous times in the literature,
see for example [ANR15, Appendix C] or [Fic+18; Gan+22; KNR16] but also as incompat-
ibility number in [BCM22, Proposition 14|, or via the notion of static width in [Kar+25].
These results generalize the connection between a-acyclicity and a-elimination orders from
Lemma 4.7 to any tree decompositions.

Given a hypergraph H = (V,E) and an ordering 7 = (z1,...,2,) of V, we define the
fractional hyperorder width of 7, denoted by fhow(H, ), is defined as follows: given i < n, let
Nu (i) be the set of x; with j > 4 such that there is a path z;, z;,, ..., z;,,z; in H such that
is < i for every s < k. In other words, NHn(z) is the set of vertices x; with j > ¢ that can be
reached from z; by following only variables in {z1,...,2;}. The fractional hyperorder width
of 7 is then defined as fhow(H, 7) = max;<, pj;(Nm,~(i)) and the fractional hyperorder width
of H is defined as fhow(H) = min, fhow(H, 7). We define similarly the hyperorder width of =,
denoted by how(H, ), by replacing the fractional cover number p* by the cover number p in
the definition. The hyperorder width of H is then how(H) = min, how(H, 7).

Example 4.31. Consider hypergraph H on vertices {x1, ..., xg} and edges {1, x2}, {1, 23}
Consider m = (z1,...,%¢).

We have Ny (1) = {x1,x2, x3, 24} because all these vertices are neighbors of z; and
we can only use z1 to reach other vertices. We have p*(Npg (1)) = 2 since it is covered

{1‘1, $4}7 {333, .1:4}, {
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by {z1, 22} U{xs, z4}. Now Ny (2) = {2, 23, 24,25, x6}. Indeed, x5, z6 are neighbors of
2o and x3, x4 can be reached from x5 by path xo, 21, x3 and x5, 1, 4 respectively. Again,
p*Nu=(2)) = 2 since {x3, 24} U {2, 25,26} covers Ny »(2). We can already conclude
that fhow(H,7) = how(H,7) = 2 because Ny (2) contains every vertex but z, hence
Nu () for j > 2 can only be smaller.

Consider order ©’ = (x5, x¢, T2, 21, 3, 24). In this case,

o Ny (1) ={z2, x5 26},
o Ny (2) ={z2,z6},

o Ny (3) ={z1, 22},

o Ny (4) ={z1, 23,24},
o Ny (5) ={x3, 24} and
o N (6) = {x4}.

It is easy to check that p(Np (7)) = p*(Npw(i)) = 1 fori € {1,2,3,5,6}, p* (N (4)) =
3/2 and p(Ng ~(4)) = 2. This establishes that fhow(H, 7’) = 3/2 and how(H, ') = 2.

In the context of join queries only, fractional hyperorder width has been called the incom-
patibility number of 7 (with respect to @), denoted by ¢(Q, 7) in [BCM22]. In this paper, ¢ is
only defined for join queries and is technically not defined on hypergraphs. Moreover, it does
not have a non-fractional version. The term fractional hyperorder width is defined in [CI24],
where we wanted to stress that the decomposition of the hypergraph is not a tree but an order.
In this paper, we use a slightly different but equivalent definition: fractional hyperorder width
is defined via an elimination procedure of a vertex which removes a vertex from the hypergraph
and adds a new edge corresponding to its neighborhood. Consider hypergraphs Hi,..., Hy,
obtained by removing x1, ..., x, successively. The width of the order is the maximal fractional
cover number with respect to H of the neighborhood of z; in H;. It is not hard to check by
induction that for every 7, the neighborhood of x; in H; is exactly the set of vertices x; with
J > i such that there is a path from x; to x; which follows only variables in {z1,...,2;}, hence,
it is equal to the previously defined N .(i). With this definition, it is easy to see that:

Theorem 4.32. Let H be a hypergraph and m = (x1,...,2,) an order on its vertices. Then
the following are equivalent:

o fhow(H,7) =1,
e how(H,7) =1,
e 7 is an a-elimination order of H.

Fractional hyperorder width and fractional hypertree width are actually the same. More
precisely:

Theorem 4.33. Let H = (V, E) be a hypergraph.
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e For every order  on'V, there exists a tree decomposition T of H such that fhtw(H, T;) <
fhow(H, ) and htw(H,T;) < how(H, 7).

e For every tree decomposition T of H, there exists an order wr of H such that fhtw(H,T) <
fhow(H, 77) and htw(H,T) < how(H, ).

Proof. We only sketch the proof here but it can be found in [ANR15, Appendix C]. To
construct the tree decomposition from the order m, we can proceed by induction: we construct
for i = n down to 1, a tree decomposition 7; for H; as described in the previous paragraph. To
build 7; from 71, observe that we only need to add x; and we need a bag covering N (7). But
by definition, the edge N (7) \ {x;} is in H;1, hence there is a bag for it in 7;1;. We attach
a new leaf labeled by Ny () to it. This edge has fractional cover number at most fhow(H, 7)
by definition and it does not break the connectedness since xz; only appears here. Also, every
edge of H;y1 being already covered in 7T;11, we only need to show that every edge containing
z; in H; is covered. But since by definition Ny (i) is the neighborhood of z; in H;, the
bag labeled by Ny (i) covers every edge containing x;. Moreover, p};(Nu (7)) < fhow(H, )
hence fhtw(H;, T;) < fhow(H, 7). And, similarly, htw(H;, 7;) < how(H, 7). The result follows
from the fact that 7g is a tree decomposition of H.

For the other way around: consider a leaf t of 7 with parent u. If By C B, we can remove
t from 7 without changing the fact that it is a tree decomposition of H of the same width.
Repeat until there is at least one leaf t whose bag is not included in its parent bag. In this
case, there is some x; € B; \ B,. Since t is a leaf of T, t is the only bag of 7 where z;
appears by connectedness. Hence, the neighborhood N; of 1 has to be covered by B; hence
pi(N1) < fhtw(H,T). Now we build 77 by removing x; from 7 and H; by remonving x from
H and adding a new edge N; \ {z1} to Hi. T is a tree decomposition of H; of width at
most fhtw(H, 7). Hence we can proceed recursively and build 7 = (z1,...,x,), hypergraphs
Hi,...,Hy, and Ny,..., N, where N; is the neighborhood of z; in H; and p};(IV;) < fhtw(H, T).
We can show that N; = N (i) for every i, hence establishing that fhow(H, ) < fhtw(H,T)
(we similarly have how(H, ) < htw(H,T)). O

Fractional hyperorder width is particularly relevant for Exhaustive DPLL because it allows
to show a similar result as Theorem 4.19 but for Exhaustive DPLL, by using elimination orders
only. We can indeed show the following:

Theorem 4.34 ([CI124]). Let Q be a join query over domain D and m = (x1,...,xy) an order.
Let k = fhow(H(Q), 7~ ) where 7= = (x,...,21). Then DPLL(Q, (), 7) produces a {x,dec}-
circuit C' computing [Q] in time poly(|Q|) - |D| - |Q||* such that C respects © and is of size

poly(1Ql) - [D[ - | QlI*-

As before, the |D| factor can be removed, see Section 4.6. Theorem 4.34 mirrors Theo-
rem 4.19 since we have a direct connection between the fractional hypertree width of a tree
decomposition 7 and the existence of an order 7 having an equivalent fractional hyperorder
width by Theorem 4.33.
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4.5 Building Relational Circuits for Signed Join Queries

4.5.1 Definitions and notations

We now show how the Exhaustive DPLL algorithm from Section 4.4.2 is more flexible than
the approach of the Yannakakis algorithm. We illustrate it by showing that with only a
slight modification, we can handle join queries having negated atoms. A signed join query
Q = (Q+,Q-) is given by two lists of atoms: the positive part @+ and the negative part Q_.
The answer set [Q] of @ over domain D O dom(Q4) U dom(Q—) is defined as the set of
tuples 7 € DY@ guch that Tlvar(@s) € [Q+] and for every relation R € Q—, T|ar(r) & R
Observe in this case that we need to be explicit on the domain here because otherwise, there
may be an infinite number of answers. For example, if a variable only appears in the negative
part, then we could define 7(z) to any value. A query is said to be safe if var(Q_) C var(Q).
In this case, the answers of ) are necessarily over domain dom(Q4) and hence we can omit
the domain in the definition of the answers of (). Unsafe queries can always be made safe by
adding a positive unary atom R, (x) for every variable z € var(Q-) \ var(Q4) and defining
Ry (z) = D with D D dom(Q). In this case, for any domain D' D D, [Q], = [Q] 5, hence for
safe signed join queries, we can simply write [Q] to denote the set of answers of Q). Following
this discussion, we will always assume the signed queries are safe (since if they are not, we can
always normalize them as explained above).

Another way of seeing signed join query is to consider Q_ = R1(X1),..., Rn(X,,) as the
join query Q. = (DX1\ Ry),...,(D*" \ Ry;,). In this case, we have [Q]p = [Q+,Q"_]. We
extend every notation over join queries to signed join queries. For example, we let var(Q) =
var(Q+) Uvar(Q_), dom(Q) = dom(Q-+) Udom(Q_), etc. We also let |(Q-, Q-)| = |Q+|+|Q_|
and |[(Q+,Q-)| = [|Q+|| + [|@—||- Observe that the size of a signed join query only makes
sense for safe queries. In the case of non-safe queries, we should take into account the size
of the domain they are evaluated on since it may have an effect on the output size. This is
actually how the size of signed join queries is defined in [Lan23] and [CI24].

We often write Q as Ry, ..., Ry, ~T1,...,7 1, where Q1 = Ry,...,Rpand Q_ =T1,...,T),.
The notation is motivated by the fact that the answers of ) are the tuples that satisfy the
atoms in Q4+ but do not satisfy those in )—, hence the negation symbol.

Example 4.35. Let @@ be the signed join query
R(l.? y)? S(y7 Z)? T(m7 2)7 _‘U($7 y7 Z)

where R, S, T are the same relations as in Fig. 4.1 and U is the relation containing two
tuples (x/0,y/0,2/0) and (x/2,y/2,z/1). We have Q4+ = R(z,y),S(y,z),T(z,z) and
Q- =U(z,y,2). The set of answers of ()1 is given in Fig. 4.1, hence we can deduce that the
set of answers of Q is {(x/1,y/1,2/1),(x/2,y/2,2/0)} because the answer (z/2,y/2,2/1)
of Q4 is a tuple of U, hence not an answer of Q).

Tractable classes of join queries. The tractable classes of signed join queries are different
from the tractable classes of join queries. Indeed, the case of a-acyclic signed join queries is
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actually as hard as the general case. To see this, consider any signed join query @) over variables
X and consider Q' = Q,—R(X) where R is the empty relation. Clearly, [Q] = [Q’] but the
(unsigned) hypergraph whose edges are the atoms of @’ is a-acyclic because it has an edge
covering every variable (the one corresponding to atom —R).

The trick used in the previous reduction could be used for any negative atom of a signed
join query ): we can always assume the relation of a negative atom to be empty without
changing the hypergraph of ). Hence, it seems that the complexity of finding the answers
of @), if we only consider the structure of its hypergraph, is the worst complexity of finding
the answers of a subquery of @), obtained by taking every positive atom of ) and a subset of
negative atoms.

It suggests that S-acyclicity is a better suited property to yield tractable classes for signed
join queries, because, by definition, every subquery is a-acyclic, hence every subquery should
be easy. Brault-Baron has formalized this intuition and shown that if the join query is purely
negative (that is, Q4 = 0), then one can check whether it has a model in linear time (in data
complexity) if and only if it is S-acyclic [Bral2]. For the case of signed join queries, with a
nonempty positive part, a generalization can be found in his thesis [Bral3, Chapter 6]. In
this case, the linear time characterization holds for queries such that for every subset S of
negative atom, the hypergraph obtained by keeping every positive atom and every negative
atom from S is a-acyclic. A recent treatment of this previously unpublished characterization
can be found in [Zha+24]. The corresponding acyclicity, unnamed in Brault-Baron’s thesis,
has been called “signed-acyclicity” here.

Brault-Baron observed that counting the number of answers to such queries can be solved in
linear time using inclusion-exclusion. The downside of this approach is that it is exponential in
the number of atoms of the query. It is not clear how Yannakakis algorithm can be used to get
polynomial combined complexity for such instances since we do not know a characterization
of signed-acyclicity or [-acyclicity using a unique join tree. The only useful definitions for
algorithmic purposes we have are formulated in terms of elimination order as illustrated in
Lemma 4.6. Indeed, the join trees of the original query and its subqueries can be really
different. Consider for example the hypergraph H,, whose edges are e, := {x1,...,z,} and
pi = {xi,zi+1} for 1 < i < n. A join tree for H, is a star whose center is labeled by e,, and each
branch is labeled by p; while a join tree for the subhypergraph containing only p1,...,pn—1
must be a path.

For counting, we circumvented this problem by designing algorithms leveraging S-elimination
orders in [BCM15; Capl7]. The technique used in [Capl7] can actually be understood as a
form of Exhaustive DPLL. We now explain how the algorithm from Section 4.4.2 can be
slightly modified so it works for signed join queries. In particular, we will prove that given
a signed-acyclic join query as input, this modified version of exhaustive DPLL produces a
{x, dec}-circuit of size ||Q| - [dom(Q)|. The |dom(Q)| factor will be removed in Section 4.6.

4.5.2 Exhaustive DPLL for signed join queries

Recall that exhaustive DPLL takes a join query @’ and a tuple 7’ as input and returns a
gate in a relational circuit computing [Q']/7'. To do so, we use a syntactic representation
so that we can define a syntactic equivalence between (Q’,7') and (Q”,7”) that guarantees
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[[Q/]]/T/ _ [[Q”]]/T”.

In the following, we fix a signed join query @ = (Q4,Q—) where Q4 = Ry,..., R, and
Q- =51,...,8; and an order m = (1,...,x,) on its variables. We let m = p 4 ¢ to be the
total number of atoms in Q). We represent each atom of @) (negative and positive) in memory
using the trie-based representation from Section 4.4.1 and @ is represented as two arrays P, N
of size p and q respectively, where P[i] holds a pointer to the trie representing R; and NJ[i| a
pointer to the trie representing .S;.

We also define Q/7 = (Q+/7,Q— /7). As before, we can get a trie representation of Q/7
easily by simply navigating the tries, as long as 7 assigns a prefix (z1,...,x;) of variables. The
only thing that we need to update is the definition of inconsistency, the definition of syntactic
equivalence and the definition of Gbﬂr.

The crucial observation to adapt all these definitions is the following: let R € (J_ be a
negative atom of @ and assume that R/7 = (). It means that for every ¢ € R, 0 % 7. In
other words, [Q/7] = [Q’'/7] where Q' is the signed join query obtained by removing R from
@—. On the other hand, if 7 assigns every variable in R and 7|,r(r) € R, then [Q]/7 = 0
because a negative atom is satisfied. We therefore say that 7 is inconsistent with @ if either 7
is inconsistent with Q, or there exists R € QQ— such that 7|,,(g) € R. We can still check for
inconsistency in time poly(|@Q]) since to check the latter condition, we only need to check for
every atom of ()_, whether we hit a leaf of the trie after fixing the variables in 7.

Now, given two subqueries @1 and Q2 of @ (that is, they are formed by subsets of pos-
itive and negative atoms of @) and two tuples 71,72, we say that (Q1,71) and (Q2,72) are
syntactically equivalent if the following holds:

1. Both @1 and Q9 are consistent with 7 and 7.

2. Let P; be the set of positive atoms R of ()1 such that var(R) C var(71) and let N; be
the set of negative atoms R of Q)1 such that R/ = ). Define P, and Ny similarly. Let

Q7 = ((Q)+\ 1, (Q1)-\ M) and Q3 := ((Q2)+ \ P2, (Q2)- \ N2). We have that Q] and
()5 have the same positive and negative atoms and for every atom R € Q)7 (equivalently,

Q3), we have 71 |var(r) = T2lvar(R)-

The only difference between the definition of syntactic equivalence now is that we remove
from ()1 and ()2 the negative atoms that cannot be satisfied by extending 7 or 75, hence which
do not change the answers of (1 or ()2 that are compatible with 7, 7o respectively. As before,
we have [Q1]/m1 = [Q2]/m2. We also define the canonical representation of (Q1,71) as being
two tables P/, N’ with p and ¢ pointers respectively. We let P’[i] be a pointer to the trie node
representing R; /7 if R; € @] and a null pointer otherwise. And we let N'[i] be a pointer to
the trie node representing S; /7 if S; € ()7 and a null pointer otherwise. Clearly, (Q1,71) and
(Q2, m2) are syntactically equivalent if and only if they have the same canonical representation.

Example 4.36. Let @@ be the signed join query

R(x1,x2),S(x1,23), T(x1, 24), "U (21, T2, T3, T4)
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with order m = (1, x9, x3,24) and R = {0,1}{#122} g = (0, 1 =vest 7 = (0, 1} {zeal)
U= {<l‘1/0,$2/0,$3/0,l‘4/0>}.

Let 7 = (x1/1). Observe that U/m = (). Hence the canonical representation of Q /7
is R(1,22),5(1,23),T(1,24). Now if 75 = (z1/0), the canonical representation of @/ is
R(O, .%'2), S(O, 1‘3), T(O, 1‘4), —|U(0, 9, I3, .%'4).

We need one last slight modification: the definition of cc(@Q, 7). Indeed, we should take
into account that negative atoms R such that R/7 = () should not be used in the definition
of cc(@, 7) since removing them does not change the answer set. Hence, given a signed join
query () and a tuple 7 such that 7 is consistent with @, we define Gé,w to be the graph whose
vertices are the positive atoms R € Q4 such that var(R) \ var(7) # () and the negative atoms
R € Q- such that R/7 # (). There is an edge between two atoms R, S in Go. if and only if
(var(R) Nvar(S)) \ var(r) # 0. We let cc(Q, 7) be the connected components of G, .

Example 4.37. Consider the query and tuples from Example 4.36. We have that cc(Q, 1)
has three connected components, one per positive atom while cc(Q), 72) has one connected
component containing every atom of (). This is because in the first case, =U(x1, x2, x3,x4)
is not in GB} - which disconnects the graph.

The exhaustive DPLL algorithm is as described in Section 4.4.3 with the adapted notion
of consistency, syntactic equivalence and connected components. Its correctness is proven
similarly as before. Indeed, we still have that syntactic equivalence between (Q’,7') and

(Q",7") implies that [Q']/7" = [Q"]/7" and that [Q]/7" = Xcece(or . [C1/T"

Width measures for signed queries. As hinted before, the complexity of Exhaustive
DPLL should take into account the fact that some negative atoms could be empty, and hence,
any result concerning the tractability of signed join queries must differentiate the role of
positive and negative atoms. Given a signed query @), considering the hypergraph formed
by all of its atoms is hence too crude to understand correctly the landscape of tractability.
To account for negative atoms, we introduce the notion of signed hypergraph (which is called
bicolor hypergraph in [Bral3]): a signed hypergraph H = (V, Ey, E_) is defined as a set of
vertices V and two sets of edges E C 2" and E_ C 2" called the positive and negative edges
of H respectively. Given a signed join query @ = (Q+,Q-), we define the signed hypergraph
H(Q) of Q (or simply the hypergraph of @, when it is clear from context that @ is signed)
as the hypergraph whose vertices are var(Q), positive edges £, = {var(R) | R € Q+} and
negative edges E_ = {var(R) | R € Q_}.

We now generalize the notions of fractional hyperorder width to signed hypergraphs. From
what precedes, for this notion to make sense regarding the tractability of signed join queries, it
has to be hereditary: that is, if H' is a signed hypergraph obtained by removing negative edges
from H, we want the width of H' to be smaller than the width of H. Observe that it does
not hold for hypertree width as removing a single atom can increase the width arbitrarily.
In the context of hypergraphs, B-acyclicity is a good example on how one can address the
hereditary problem: a hypergraph H is S-acyclic if every subhypergraph H' C H is a-acyclic.
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The notion of S-acyclicity is hence hereditary by its very definition, but it is not a measure.
This has been straightforwardly adapted as a measure as follows: the §-hypertree width of a
hypergraph H, S-htw(H) for short, is defined as maxgc g htw(H') [GP04]. We define similarly
the fractional B-hypertree width S-fhtw(H) of H as maxpcy fhtw(H'). Unfortunately, these
measures have not yet led to insights regarding the combined tractability of join queries because
their definition does not provide any decomposition that could be leveraged into an algorithm.
The only exception is S-acyclicity: its characterization by (-elimination order (see Lemma 4.6)
has been used to establish several tractability results for signed join queries [BCM15], CNF-
formulas [Capl7] or other optimization problems [DD23] (see Chapter 5 for details regarding
this result).

A key observation regarding S-elimination orders is that they are a-elimination orders for
every subhypergraph. More precisely, we have the following:

Lemma 4.38. Let H = (V, E) be a hypergraph and 7 = (x1,...,x,) an order on V. We have
that 7 is a B-elimination order if and only if for every H' C H, 7 is an a-elimination order
of H'.

Observe that it does not work if we try to replace elimination orders by tree decomposition
in the following sense: consider the star hypergraph H,, on vertices [n] and edges e; = {0,i}
for 1 <4 < n and ey = [n]. There is no tree decomposition 7 such that for every H' C H,
htw(H’,7) = 1. Indeed, any tree decomposition of H must contain a bag labeled by [n] to
cover eg. However, if we consider H' = H \ ep, this bag is not covered by one edge anymore,
hence htw(H',7) > 1. Elimination orders are more flexible than tree decompositions in this
case, because they are less constrained.

Lemma 4.38 serves as an inspiration for the following definition: given an order m on
V', we define the signed fractional hyperorder width of H with respect to w, denoted by
sthow(H, ), as maxgcp_ fhow((V, E; U E’), 7). That is, we consider every hypergraph we
can build by taking the union of the positive edges with a subset of negative edges and take
the one which has the largest fractional hyperorder width with respect to w. The signed
fractional hyperorder width of H = (V, E4, E_) is defined as sfhow(H) := min, sthow(H, )
where 7 runs over every ordering of V. Similarly, we define the signed hyperorder width as
show(H, ) := maxgcp how((V,Ey U E’), 7). Observe that by Lemma 4.38, for a signed
hypergraph H having only negative edges, sthow(H, ) = 1 if and only if 7 is a S-elimination
order of H (seen as a normal hypergraph). Similarly, we let show(H) = min, show(H, ).

Example 4.39. Consider hypergraph H on vertices {v1,v2,v3} and positive edges e3 =
{v1,v2}, e1 = {va,v3} and ey = {v1,v3} and negative edges ey = {v1,ve,v3} and m =
(v1,v2,v3). Then we have fhow(H,7) = how(H,nw) = 1 because edge ey covers every
vertex. However, for H = H \ {eg}, we have fhow(H,n) = 3/2 and how(H,7) = 2.
Consequently, sthow(H,7) = 3/2 and show(H,7w) = 2. The vertices being completely
symmetric, we conclude that sfhow(H) = 3/2 and show(H) = 2.

In a way, signed hyperorder width can be seen as a simplification of S-hypertree width
when we pick a decomposition that is “good” for every subhypergraph while, in S-hypertree
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width, the best decomposition of each subhypergraph can be different. Moreover, S-acyclicity
corresponds to these widths to be equal to 1 because of Lemma 4.38. To compare such notions,
defined on hypergraphs, and notions defined on signed hypergraphs, we cast a hypergraph
H = (V,E) into the signed hypergraph H_ = (V,(), E) defined as the hypergraph with no
positive edges and whose negative edges are H. We have:

Theorem 4.40. For every hypergraph H = (V,E), we have S-fhtw(H) < sfhow(H_) and
B-htw(H) < show(H_). Moreover, H is (-acyclic iff B-thtw(H) = 1, iff S-htw(H) = 1, iff
sfhow(H_) =1, iff show(H_) = 1.

Actually, for a signed hypergraph, the case sthow(H) = show(H) = 1 corresponds to the
notion of signed acyclicity from [Bral3; Zha+24].

Another generalization of S-acyclicity, the nest-set width, has been introduced in [Lan23].
Let H = (V, E) be a hypergraph. A nest set of H is a subset S C V such that Eg := {e\ S |
e € E,en S # (0} is ordered by inclusion, that is, for every ej,eq € Fg, either e; C ey or
ez C ej. In other words, Es = {e1,...,e4} with ey C --- C e,. Observe that a nest set is
a generalization of the notion of nest point, in the sense that if x is a nest point in H, then
{z} is a nest set of H. A nest set elimination order II is a sequence Si,...,S), such that
S1,...,Sp is a partition of V' (that is S; NS; = 0 for every ¢ # j and |J;S; = V) and for
every ¢ < p, S; is a nest set of H \ Uj<i S;. The nest set width of H w.r.t. II is defined as
nsw(H,II) := max;<p |S;|. The nest set width of H is defined as nsw(H) = ming nsw(H, II)
where II runs over every nest set elimination order of H.

Example 4.41. Let H be a hypergraph with vertices {v1,...,vs} and edges e; = {v2,v3}, €2 =
{v1,v3},e3 = {v1,v2},e4 = {v1,...,04},e5 = {v1,...,v5}. H is not S-acyclic since it con-
tains the triangle vy, vo,v3 as a subhypergraph. But S; = {vy,v2} is a nest set because
€3 \ Sl = Q) g €1 \ Sl = €2 \ S1 = {1)3} g €4 \ 51 = {1)3,1)4} g €5 \ S1 = {1)3,1)4,1)5}. Hence
S1,{vs},{va}, {vs} is a nest set elimination order of width 2.

It is not hard to see that nest set width is hereditary. Indeed, a nest set elimination order
for H is still a nest set elimination order for H' C H, hence nsw(H’) < nsw(H). Moreover,
given a nest set elimination order II = (S1,...,Sp), if m = (x1,...,2,) is an order obtained by
concatenating arbitrary orders on S, ..., Sy, then show(H_,7) < nsw(H,II) (see [CI24] for a
proof), establishing:

Theorem 4.42. For every hypergraph H, show(H_) < nsw(H).

Complexity of Exhaustive DPLL on signed join queries. It turns out that we can
generalize Theorem 4.34 to signed queries by considering the signed hyperorder width. We
have the following:

Theorem 4.43 ([CI24]). Let Q be a signed join query on domain D and m = (x1,...,Ty) an
order. Let k = show(H(Q), ') where 7= = (zp,...,71). Then DPLL(Q, (),7) produces a
{x,dec}-circuit C' computing [Q] in time |Q|°®) . |D| - ||Q||* such that C respects © and is of
size |Q|W) - D -[|Q]*.
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Hence, Exhaustive DPLL runs in polynomial time on instances having bounded signed
hyperorder width, even when we consider combined complexity. It generalizes several results
concerning the tractability of signed and negative join queries (i.e., signed join queries without
positive atoms), such as the tractability of counting answers of S-acyclic join queries [BCM15]
or the tractability of model checking on queries of bounded nest-set width [Lan23].

One stark contrast with Theorem 4.34 however is that we do not consider the fractional
signed hyperorder width. The proof technique used in [CI24] allows to prove only the partial
result:

Theorem 4.44 ([CI124]). Let Q be a signed join query on domain D with m negative atoms
and © = (21,...,7n) an order. Let k = sthow(H(Q), 7 !) where 771 = (wp,...,x1). Then
DPLL(Q, (), ) produces a {x,dec}-circuit C" computing [Q] in time 2™ poly(|Q|) - |D| - |Q|*
such that C respects © and is of size 2™ poly(|Q|) - |D| - || Q.

In other words, when we relax the notion of signed hyperorder width to signed fractional
hyperorder width, the current proof technique does not allow to prove a polynomial runtime
in combined complexity. We hence leave the following question open:

Open question 9. Is the runtime of DPLL(Q, (), 7) polynomial in ||Q| when sthow(H(Q), )
is bounded?

One interesting direction regarding this question is to clarify the relation between signed
hyperorder width and signed fractional hyperorder width. While we know they are separated
because there are classes of hypergraphs having bounded fractional hyperorder width but
unbounded hyperorder width [GM14], it is not clear whether these measures are separated
when looking at hypergraphs having only negative edges. Indeed, we know that bounded
fractional S-hypertree width is equivalent to bounded S-hypertree width [CRZ20]. A similar
phenomenon could also occur for signed hyperorder width on hypergraphs with no positive
edges. Actually, it seems that the proof of Theorem 4.43 still proves that Exhaustive DPLL
has polynomial combined complexity for a hybrid of signed fractional hyperorder width and
signed hyperorder width where positive edges can be used fractionally to cover vertices, but
negative edges can only be used with weight 1.

Our current focus on polynomial combined complexity may seem artificial in this chapter
about databases where one is often more interested in data complexity but let us quickly go
back to the realm of propositional logic to explain why it matters. A clause C = ¢1V-- -V over
variables x1, ...,z may be seen as the complement of a relation Rc over X = {x1,..., x4},
domain {0,1}, containing the only assignment 7 € 2% that does not satisfy C. Hence, we
can map a CNF formula F = A", C; to a signed join query Qp = —R¢y,...,R¢,, such
that [Q] » is exactly the set of models of F'. A polynomial algorithm for combined complexity
would hence directly tanslate into tractability for SAT, #SAT etc.

4.5.3 Exhaustive DPLL and Conjunctive Queries

We have seen in Theorem 4.23 that the Yannakakis Algorithm can be adapted for conjunctive
queries as long as the tree decomposition is free-connex, that is, the free variables form a
connected subtree. The main insight is the following:
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Theorem 4.45. Given a {X,dec}-circuit C' respecting m = (x1,...,x,) and i < n, we can
construct a {x,dec}-circuit C" of size at most |C|, respecting ©' = (x1,...,2;) and computing

rel(C)|z,,...z;, in time O(|CY).

Proof. First observe that since C' respects , for every gate g of C, we havevar(g) C {xj,...,zn}
for some j < n. We build C’ by simply replace every gate g of C' such that var(g) C
{Ziy1,...,xn} by T if rel(g) # 0 and by L otherwise. We leave the rest of the circuit un-
changed. We claim that for every gate ¢’ of C’ corresponding to one gate g of C', we have
that ¢’ computes rel(g)]{xhwxi}. It is clear for every gate ¢’ of C’ that have been constructed
by replacing a gate g of C' by T or L. For every other gates, it can be shown by bottom-up
induction. If ¢’ is a x-gate with input ¢/, ..., g, corresponding to a gate g of C' with input
g1, .-.,9k, we know by induction that rel(g;) = rel(9)|(z,,..2,} and it is straightforward to
see that rel(g’) = X'_ rel(g))| a0y = X5 rel()(are} = (@) (ay,...0,}- We have a
similar induction when g is a decision-gate (necessarily on a variable z; with j < ). O

Now a direct corollary of this is that if Q(S) is a signed join query on variables X and
w = (x1,...,%,) is an order such that S = {x1,...,2;} for some i < n, then we can run
DPLL(Q, (), 7) to construct a {x,dec}-circuit computing [Q] and project it onto S using
Theorem 4.45 to build a circuit computing [Q(S)]. The projection being linear, we get the
same guarantees as in Theorem 4.34 and Theorem 4.43, as long as the order 7 starts with the
free variables S.

Interestingly, in the case of (positive) conjunctive queries, we can show that from an ext-
S-connex tree decomposition of @ of fractional hypertree width k, we can extract an order
7 starting with S such that fhow(H(Q),7~!) = k. Conversly, we can also construct a tree
decomposition 7 from an order 7 starting with .S such that fhow(H(Q),7~1) = fhtw(H(Q), T).
In other words, we can generalize Theorem 4.33 so that ext-S-connex tree decompositions
correspond to elimination orders ending with S.

Another way of interpreting this circuit transformation is to directly modify the Exhaustive
DPLL procedure. Indeed, we can decide that whenever we perform a recursive call on a
subquery @’ and assignment 7/ on variables Z with (var(Q")\ Z)NS = 0, that is, where Q" does
not contain unassigned free variables anymore, then instead of building a circuit computing
[Q']/7', we can simply perform a model checking algorithm on @’/7’ to check whether [Q'] /7’
is empty or not and return T or L accordingly. This approach has a disadvantage: we may
lose some speedup given by the caching mechanism of Exhaustive DPLL. On the other hand,
depending on the structure of @', it may be more advantageous to run to simply run an efficient
model checking algorithm than to build a complete circuit for [Q'] /7.

4.6 Binarization

The complexity bounds from Theorem 4.34 and Theorem 4.43 depend on the size of the domain
which makes them weaker than what we would obtained from tree decompositions. We explain
here a simple trick to remove this dependency and trade it for a factor polynomial in log |D|
instead. We start by observing that this factor is not an over-estimation in the analysis of the
algorithm but that it can effectively appear on a concrete example.
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Example 4.46. Consider the query @ := A(z1) A B(z2) A ~R(x1,x2) (which has already
been considered in [Zha+24] for similar reasons). Consider the order zi1,zs and take
A(x1) = [d], B(z2) = [d] and R(z1,22) = {(v,v) | v € [d]} (i-e., 7R(z1,z2) enforces x; #
x2). We have |R|+|A|+|B| = O(d), and the signed hyperorder width of @ is 1, but DPLL
will produce a quadratic size circuit. Indeed, =R(z1, z2) prevents DPLL from creating any
Cartesian product. Moreover, for each d; < d, Q/(z1/d1) is B(z2) A 7R(d1,x2). Hence,
for dy # d}, Q/(x1/d1) and Q/(x1/d}) are not syntactically equivalent since they do not
assign the same value to x;. It means that for each d; < d, the recursive calls on (x;/d;)
do not trigger the cache. From this recursive call, one call on (z1/d,x2/d2) for every
ds # dy will be done, yielding a circuit of size O(d?).

To overcome this inefficiency, we rely on a simple trick which consists in encoding the
domain in binary and transforming the query and the database accordingly. It turns out that
this transformation can be done in a way that preserves the structure of the query.

In this section we fix a query @ on set of variables X on domain D = [d] and let b = [log(d)].
For v € [d], we denote by ©° the binary encoding of v over b bits and let 2°[i] be the i*" bit
of ¥ for every 1 < i < b. For a variable z € X, we introduce fresh variables z!, ..., 2" and
let X = {z' | z € X,1 < i < b}. For a tuple 7 € DY, we let 7° be the tuple in DY’
such that for every y € Y and 1 < i < b, 72(¢%) = T(y)b[i]. For a relation R C DY, we let
R ={#|r€R}C DY’. For an atom A (positive or negative) on a set of variables Y, we
let A’ be the corresponding atom on variables set Y. We let @b be the query on a set of
variables X? whose atoms are R? for each atom R of Q.

Example 4.47. Let Q := A(x1), B(x2), ~R(x1,%3) and D = [3]. Then Q2 is
A (e}, a}), B (e, 03), ~R* (a1, 2, 03, a3).

The contents of each atom of ) and their binarized versions are given in Fig. 4.6a and
Fig. 4.6b respectively.

Binarization is interesting since there is a natural isomorphism between [Q] and [Q"].
Indeed, given 7 € [Q], it is easy to see that 77 is an answer of @b. Similarly, given 7 € {0, 1})} b,
we let 7 € DX be the tuple defined by, for every z € X, 70 = Zgzl 2i=17(2%). Tt is clear that
for every T €~[@bﬂ, 7% € [Q]. Hence there is a one-to-one correspondence between the answers

of @ and of Q° which simply consists in writing each domain value in binary, on b bits.

Moreover, for an order m = (21, ..., x,) on X, we denote by 7° the order on X? defined b
Yy y
(zb,...,21,...,2%, ... 2L). Tt turns out that this transformation preserves hyperorder width:

Theorem 4.48. For every query Q and b € N, show(H(QP), 7)) = show(H(Q),n) and
sthow(H(Q®), 7°) = sthow(H(Q), 7).

_ If we take b = [log|D|], Q" is a signed join query with O(|X| - log|D|) variables, hence
Q| = O(|Q|log | D|) and ||Q°|| = O(||Q||log|D|). Hence, if instead of running DPLL(Q, (), 7),
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Al B || z2 A? H ol 2} B2 H rd a3
0 1 0 O 1 0
1 2 1 0 0 1
2 3 0 1 1 1
Rz 2 R? ‘ zi 2?2l a3
0 0 0o 0 0 O
1 1 1 0 1 0
2 2 0o 1 0 1
3 3 11 1 1
(a) Original data (b) Binarized data with b = 2

Figure 4.6: Binarization of join queries

we run DPLL(@I’, (),7?), we construct a circuit representing [Q] in binary, hence the complexity
from Theorem 4.34 and Theorem 4.43 will no longer depend linearly on |D]|.

Theorem 4.49 ([CI24]). Let Q be a join query on domain D and © = (x1,...,Tn) an or-
der. Let k = fhow(H(Q),m ') where 7= = (xn,...,21). Then DPLL(Q?, (), 7®) produces a
{x,dec}-circuit C computing [Q"] in time poly(|Q|log |D|)-||Q|/¥ such that C respects 7 and

is of size poly(|Q|log|D]) - [|QI|*.

Theorem 4.50 ([CI24]). Let Q be a signed join query on domain D and 7 = (v1,...,7,) an
order. Let k = show(H(Q),n ") where n=' = (zn,...,21). Then DPLL(Q®, (),7") produces a

{x,dec}-circuit C computing [Q®] in time (|Q|log |D|)O®) - |Q||F such that C' respects 7 and
is of size (|Q|log|D|)°™ - ||Q|*.

Example 4.51. Consider again the instance @ = A(z1) A B(x2) A (x1 # x2) from Ex-
ample 4.46 where we proved that caching would never occur with this instance, resulting
in a circuit of size at least O(d?). However, when running DPLL on Q°, we can see that
caching will now often happen. Indeed, assume that the algorithm is in a state where
every copy xl{, ..., o1 of z1 has already been set to values vy, ...,v; and the algorithm is
now setting variables x5, ..., x3. Observe that as soon as some copy 5 is set to the value
1 —wv;, then —R? is satisfied since the Vahlfi assigned to xp is necessarily different from the
value assigned to xo. Hence, the atom —R? is now simplified and recursive calls happen
with only one atom B. Hence caching occurs for every subset of BY where some prefix of
2, ..., xd is set, which yields O(dlogd) values, less than the O(d?) from Example 4.46.

4.7 Using Relational Circuits

In this section, we review a few applications of relational circuits and show how they allow us
to recover existing results in database literature.
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4.7.1 Constant Delay Enumeration

One of the earliest extensions of the Yannakakis algorithm has been made by Bagan, Durand
and Grandjean [BDGO7], who observed that the answers of a free-connex acyclic conjunctive
query could be enumerated with constant delay after a linear preprocessing. It seems to be
more powerful than what we can do with deterministic DNNF circuits since enumeration
algorithms for such circuits have at least a delay that depends on their depth. But one can
observe that this is actually possible to recover the results from circuits alone. Indeed, in this
case, constant delay is to be understood as constant in terms of data complexity, that is, the
complexity may depend on the number of variables of the query. From this point of view, a
{x, dec}-circuit can be seen as a constant depth circuit. Technically, {x,dec}-circuits can be
of arbitrary depth, but only if they have paths formed by an unbounded number of x-gates.
The number of decision-gates from the output of the circuit to one of its inputs is bounded by
the total number of variables since no variable can appear twice on the same path. In other
words, we have the following:

Lemma 4.52. Let C' be a {x,dec}-circuit on variables X such that no X-gate has another
X -gate as an input. The depth of C' is at most 2| X|.

Now, we present an algorithm allowing to enumerate the tuples in a relation represented
by a {x,W}-circuits with a delay between two tuples that only depends on the number of
variables and its depth, a result that can be found in [OZ15]. From this, we will directly
recover the result from [BDGO07] and extend it to signed queries since on input ), exhaustive
DPLL constructs a circuit whose depth is at most 2|var(Q)|. The construction of the circuit
is then the preprocessing needed for the algorithm to work and it can be done in linear time
on acyclic join queries.

Enumeration algorithm. The enumeration algorithm works inductively as follows: we
explain how to enumerate rel(g) for every g in the circuit, provided that we know how to
enumerate rel(¢') for every ¢’ below ¢ in the circuit. The delay of our algorithm is O(|var(g)] -
d(g)) where d(g) is the depth of g, that is, the longest path from g to an input of the circuit.

To enumerate the tuples from an input gate, we simply return the only tuple labeling it
and end the algorithm. For constant input gates, we return () for T-gates and nothing for
1-gates. We have O(1) delay which is O(max(1, |var(g)|) - d(g)) since both are bounded by 1
for input gates.

To enumerate rel(g) for a W-gate g with inputs gi,...,gx, we simply enumerate rel(g;),
then rel(g2), ..., and rel(gy). The delay of this algorithm is max;<j d; where §; is the delay
needed to enumerate rel(g;) inductively. By induction, it is O(|var(g;)|d(g;)). But we have
var(g;) = var(g) and d(g) = 1 4+ max;<x d(g;). Hence the delay is O(max;<y |var(g)| - d(g;)) =
O(Jvar(g)| - maxi<y d(g:)) = O(Jvar(g)| - d(g)).

To enumerate rel(g) for a x-gate g with inputs gi,...,gx, we proceed by induction on
k: for k = 1, we simply enumerate rel(g;). Otherwise, assume we have an algorithm to
enumerate rel(g; X --- X gx) with delay O(Wy, - d(g)) where W, = Zle |var(g;)|. To enu-
merate rel(gy X -+ X gg+1), we run the enumeration of rel(gy x -+ x gx). Each time a tuple



4.7. USING RELATIONAL CIRCUITS 145

T € rel(g; X -+ X g) is output, we run the enumeration of rel(gg41) with delay O(d(gg+1) -
Ivar(gx+1)). Each time it outputs o € rel(gxt1), we output 7 x o.

The delay between two tuples is the delay we need to construct 7 plus the delay we need
to construct o. Hence it is at most O(Wy, - d(g)) + O(|var(gr+1)| - d(gr+1)) < O(Wi41 - d(g)).
Now, recall that we have assumed that every x-gate has inputs that have at least one tuple
and that are not T-gates. Hence |var(g)| = Zfill lvar(gi)| = Wg41. Hence, our algorithm has
the desired complexity.

In a nutshell, we have:

Theorem 4.53 ([0Z15]). Let C be a {x,W}-circuit on variables X, let d be its depth. After
a preprocessing O(|C|), we can enumerate rel(C) with delay O(|X| - d).

The preprocessing simply consists in propagating constant gates and simplifying x-gates
accordingly. In particular, we recover:

Theorem 4.54 ([BDGO07]). Given a free-connex acyclic conjunctive query @, we can enumer-
ate [Q] with delay O(n?) where n = |var(Q)| after preprocessing poly(|Q|) - ||Q||-

To do this, we can either use the construction of Yannakakis from Section 4.3.1 or exhaus-
tive DPLL from Section 4.4 to build the circuit and then use the previously outlined enumer-
ation algorithm. Both circuits have depth O(|var(Q)|) and are on variables var(Q@), which are
constant. Using exhaustive DPLL introduces logarithmic factors because of binarization that
Yannakakis algorithm does not have but works on signed join queries. Brault-Baron already
observed in his thesis [Bral3] that signed-acyclic queries could be enumerated with constant
delay after linear preprocessing but our general result about the complexity of DPLL allows
to generalize it to any join query with a preprocessing depending on sfhow(Q,7~1). We ob-
serve however that even if the preprocessing depends on the structure of the query during the
construction of the circuit, the enumeration algorithm always has O(n?) delay.

4.7.2 Counting

Pichler and Skritek [PS13] were the first to observe that Yannakakis algorithm could be ex-
tended to counting (though their complexity analysis is not optimal and they have a quadratic
dependence, mostly because they did not focus on this aspect of the work). In other words,
they show that given an acyclic join query @), we can compute |[Q]| in time poly(|Q|) - [|Q]|-
They observe that it generalizes to bounded fractional hypertree width join queries. The fact
that one can compute |[Q]| for signed-acyclic queries was initially proven in Brault-Baron’s
thesis [Bral3] but using an inclusion-exclusion approach that makes it exponential in |Q)].
We proposed a polynomial time algorithm for combined complexity for S-acyclic instances
in [BCM15] using an approach based on eliminating variables from the query. It could be
adapted for signed-acyclic with minor modifications but we think that the circuit approach is
more powerful.

Indeed, given a {x,W}-circuit C, and by interpreting every W-gate as an arithmetic +,
every x-gates as an arithmetic x and input gates as constants 1 (but for L-gates which should
be interpreted as 0), we end up with an arithmetic circuit whose value is |rel(C)|. Every
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intermediate value needed to evaluate the circuit will be bounded by d™ where d is the size of
the domain of C and n is the number of variables. We can represent each intermediate result
with n registers containing value encoded over logd bits. Hence, in the RAM model, we can
perform arithmetic operations on such integers in time poly(n). Hence, we have:

Theorem 4.55. Given a {x,W}-circuit C, we can compute |rel(C)| with O(|C|) arithmetic
operations and in time poly(n) - |C]|.

Now, combined with compilation algorithms for /(signed) join queries, we easily get as a
corollary:

Theorem 4.56 ([PS13]). Given an acyclic join query Q, one can compute |[Q]| in time
poly(|Q]) - [|Q1l-

Of course, we directly get generalizations to join queries of bounded fractional hypertree
width and to signed join queries having bounded hyperorder width, or, if one is only interested
in data complexity, of signed join queries having bounded fractional hyperorder width. We
get similar upper bounds for conjunctive queries, by considering a free-connex order.

Theorem 4.57. Given a conjunctive query Q and a free-connex order ™ on var(Q) such that
fhow(Q) = k, one can compute |[Q]| in time Opoly (||Q]*)-

We can generalize to signed queries, but as before, the combined complexity will be poly-
nomial only if we use signed hyperorder width as a parameter, and not the fractional version.

Theorem 4.58. Given a signed conjunctive query @ and a free-connex order m on var(Q)
such that show(Q) = k, one can compute |[Q]] in time poly(|Q)°®) - O(|Q||F).

4.7.3 Direct access

Given a join query ), we assume that its answers [@] are sorted according to some order <
and, for each 1 <i < N = |[Q]|, we let [Q](7) be the it" answer of @ according to <. A direct
access task (for order <) is the problem of returning, given i as input, the it" answer [Q](7)
of @ if i < N, or an error if ¢ > N.

Now, of course, if [@] is materialized as an array of tuples, we can sort it according to <
and return [Q](7) in constant time. In this case, we can see the materialized array as a data
structure to efficiently answer direct access tasks. This data structure is however expensive to
compute: even in the case of acyclic join queries, the array will take at least N steps to be
materialized, which can be of size up to ||Q||™ where n = |var(Q)|, contrasting with the linear
complexity of finding one answer or counting them.

The direct access problem for QQ and order < is the problem of computing, given a join
query @), a data structure allowing to answer direct access tasks efficiently. We hence split the
complexity of solving a direct access problem into two parameters:

1. The preprocessing time, which is the time needed to build the data structure on input

Q.
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2. The access time, which is the time needed to compute [Q](i) from the data structure
for any 1.

In the naive approach of materializing [Q], we have preprocessing time of at least O(|[Q]])
(possibly worse as some query may have few answers that are hard to find) and access time
O(1). This can however be improved in many cases. In [Bag+08], Bagan, Durand, Grandjean
and Olive studied the problem for first-order logic. In [Car+20], Carmeli, Zeevi, Berkholz,
Kimelfeld and Schweikardt, observed that for an acyclic join query @ (or free-connex acyclic
conjunctive query), there exists an order on [Q] such that we can solve the direct access
problem for @) with linear preprocessing and logarithmic access time. In this work, they
use an order defined as a lexicographic order induced by some order on var(Q) as follows:
given an order m = (x1,...,xy,) on var(Q) and assuming D := dom(Q) is ordered by <, we
define the lexicographical order induced by w, denoted by <, as the order on DX defined
as 7 < o if and only if there exists some j < n such that 7(x;) = o(z;) for every i < j
and 7(z;) < o(x;). In [Car+20], m is (implicitly) extracted from the tree decomposition
and the direct access problem is solved over <. Not every order 7 over var(Q) allows us to
solve the direct access problem for @) and order <, with linear preprocessing and logarithmic
access time. Indeed, the lexicographical orders allowing such complexity guarantees have been
fully characterized by Carmeli, Tziavelis, Gatterbauer, Kimelfeld, Riedewald in [Car+23].
They exactly correspond to revrsals of a-elimination orders. This tractability is generalized
in [BCM22| where it is shown that we can solve the direct access problem for ) with a
lexicographical order induced by an order 7 on var(Q) with preprocessing poly(|Q|) - ||Q|*
and access time poly(|Q|) - log(||Q||) where k = fhow(Q, 7). The paper shows a matching fine-
grained lower bounds, establishing that under reasonable complexity assumptions, one cannot
improve on this bound for preprocessing as long as we ask for polylogarithmic access time.

Interestingly, the above upper bounds match the upper bounds we have on {x, dec}-circuit
computing [Q] and respecting order m. We can actually recover the upper bound from [BCM22]
by using {x,dec}-circuit. It is indeed a direct corollary of the circuit construction from The-
orem 4.34 and the following theorem, which we proved in [CI24]:

Theorem 4.59 ([CI24]). Given a {x,dec}-circuit C' on variables X and domain D, respecting
order m = (x1,...,%,), we can solve the direct access problem for rel(C) and order <, with
preprocessing O(|C| - polylog |D|) and access time O(nlog|D|) on a RAM machine.

The proof of Theorem 4.59 can be found in [CI24] but we give a quick sketch of the
main idea. The proof relies on the fact that we can precompute for every decision-gate g on
variable z; and value d € D, the number of tuples 7 in rel(g) such that 7(x;) < d. After this
precomputation step, if we want to find the k™" tuple 7 of rel(C'), we start by finding the value
of 7(x1) by finding the smallest value d such that rel(C') contains at least k tuples o with
o(x1) < d. In this case, we know that 7(z1) = d. We can find this value by doing a binary
search on the precomputed values on a decision-gate testing 1, hence in time O(log | D|). Once
we know the value of 7 on 1, we can condition C' on (x;/d) and find 7(x2) inductively in a
similar manner.
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4.8 Conclusion

In this section, we have seen how tools from knowledge compilation have interesting applica-
tions in the realm of databases, through the notion of relational circuits. We have revisited one
of the most celebrated algorithm for joining relations as a compilation procedure and shown
that one of the most natural algorithms for compiling CNF formulas into decision-DNNF' cir-
cuits allows to prove new results. For example, it allows to efficiently compute the join of
signed queries where traditional approaches are less efficient. While appealing in theory, one
of the main practical downsides of this approach is that current database management systems
are not designed to efficiently implement such branching algorithms.

In this chapter, we have hidden the technical details regarding the complexity analysis
of Exhaustive DPLL on join queries which can be found in [CI24]. While the algorithm is
easy to explain, proving its runtime guarantees is still challenging and we are still working
on finding new ways of presenting these results in a simplified manner. Also, many questions
remain unsolved concerning the complexity of signed join queries. First of all, while signed
hyperorder width offers interesting insights into the complexity of Exhaustive DPLL, it is
not clear how it can be computed efficiently. Even the complexity of computing show(H, )
given H and 7 as input is not known. These questions suggest at the fact that we have
currently only scratched the surface of the algorithmic applications of Exhaustive DPLL in
the setting of databases. An interesting direction is to understand how database constraints
such as functional dependencies or degree constraints, in the same way as it has been done for
enumeration [CK18] or in worst case optimal algorithms [KNS25].



Chapter 5

Applications to Optimization
Theory

Given an assignment 7 on variables X and a weighting function w: X x {0,1} — Ry on the
literals over X, we can define the weight of 7 as [ ], y w(z, 7(2)). When w(z,0)+w(z,1) =1,
this value corresponds to the probability of sampling 7 when choosing the value of each variable
independently, with Pr(z = 1) = w(x, 1), when variables of X are independent variables over
{0, 1} having probability w(z, 1) of being 1. From this, a natural question is to find a model
of a Boolean function f that has maximum probability. It is not hard to see that a simple
dynamic programming algorithm over a DNNF circuit can achieve it in linear time, by simply
propagating at each gate the most probable model. For the maximization problem, because
max is idempotent, that is max(a,a) = a, we do not even need determinism. This observation
has been made in [KVD17] where it is proven that algebraic model counting over idempotent
semirings is tractable on DNNF circuits.

The tractability of finding the best model of a DNNF circuit can be generalized to finding
the k-best models [Bou+22] or to ordered enumeration with application in logics [Ama+24]. In
a recent contribution with Silvia Di Gregorio and Alberto Del Pia [CPG23], we used it to solve
a problem known as Boolean Polynomial Optimization, where we try to maximize the value
of a multilinear polynomial P over {0,1}". The idea, presented in Section 5.3, is to encode
P as a CNF formula Fp with weights on its literals, representing the coefficient of P, so that
there is a one-to-one correspondence between the value of P over a tuple 7 and the weight of 7
in Fp. More precisely, we see a multilinear polynomial P = > .+ cum [];c,, i as a Boolean
function fp on variables X UM such that 7 is a model of fp if and only if 7(m) = [[,.,, 7(:)
and encode it as a CNF formula. We show that this transformation preserves some structure
of the polynomial in how variables and monomials interact that we can use to compute a
small DNNF circuit for Fp. Once the circuit C' is computed, we can then find the optimal
value for P by solving the maximization problem directly on C'. We show that this approach
allows us to recover many known results concerning the tractability of BPO over structured
polynomials, such as polynomials whose underlying hypergraph is S-acyclic or has bounded
treewidth. It also allows us to find new tractable classes of instances for BPO and to solve
even more complex problems such as BPO with constraints by modifying directly the DNNF
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circuit.

This connection actually runs deeper than a simple reduction from one optimization prob-
lem to another. Solving the BPO problem is not always what one is interested in, but the
multilinear polynomial is only a part of a larger optimization problem. In this case, it is often
interesting to be able to replace the polynomial by a system of linear constraints so that we
can use more traditional methods for solving it, even when combined with other linear con-
straints. In the case of BPO, it boils down to the following: for a multilinear polynomial, we
focus on its so-called multilinear set, which corresponds to the convex hull of the models of the
previously described Boolean function fp. A significant part of the literature has focused on
finding so called extended formulations of the multilinear set, that is, a polyhedron P over R?
with Z O X UM that is described by a small number of linear constraints and such that, when
projected onto X U M, coincides with the multilinear set of P. This line of work has focused
on building polynomial size extended formulations for known tractable classes of BPO [DK17;
DK18; DD23; DK23; DK24]. We show in Section 5.2.3 that all these results can be explained
uniformly by giving extended formulations for the convex hull generated by the models of
a DNNF circuit. This connection sheds new light on the problem of optimizing on DNNF
circuits, by showing that this problem can be integrated into linear programming solvers. On
the other hand, it also shows that knowledge compilers can be used to generate extended
formulations, using techniques orthogonal to those traditionally used in optimization.

Organization of this chapter. We open this chapter in Section 5.1 with some necessary
preliminaries on linear programming and extended formulations. We then explain how to get
extended formulations of the convex hull of the models of a DNNF circuit in Section 5.2. We
slowly work toward this result by first reviewing the optimization algorithm outlined earlier
in Section 5.2.1, then by showing how it can be done on OBDD in Section 5.2.2 before finally
generalizing to DNNF circuits in Section 5.2.3. We then explain how we can leverage tractable
CNF formulas for knowledge compilation to solve the BPO problem in Section 5.3 and how
the previous result can be used to also construct extended formulations in this context and go
beyond the classical setting of BPO in Section 5.3.3.

Personal contributions covered in this chapter. The main contribution about extended
formulations from DNNF circuits and their application for the Binary Polynomial Optimiza-
tion problem are extracted from [CPG23|, which is currently under review at Mathematical
Programming (MAPR). The extended formulation for OBDDs presented in Section 5.2.2 is
original but is inspired by discussions I had with Alberto Del Pia when I was visiting him
at the University of Wisconsin-Madison in October 2023, when trying to understand how to
construct extended formulation from DNNF circuits. The content of this chapter is connected
to previous work from Nicolas Crosetti’s PhD thesis [Cro23; Cap+24] which I co-supervised
with Joachim Niehren, Jan Ramon and Sophie Tison. We only briefly mention this connection
in the conclusion without entering into too many details. The main reason is that we are not
yet able to make the connection fully formal yet though the approaches are very similar.
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5.1 Definitions and notations

In this section, we give a few definitions from optimization theory needed to understand
what follows. We will not go into much details and interested readers may find a detailed
introduction to the topic in [CCZ14]. We start by defining linear constraints. For convenience
with notations, in this chapter, we always assume that finite set of variables are ordered and

we often write X = {x1,...,2,}.
Formally, given a set of variables X = {x1,...,z,}, a linear constraint over X is a set of
real numbers (ay,...,a,,b) € R""! together with an operator op € {<, >, =}. Informally, we

will write it as Y, a;z; op b. A solution of a linear constraint over X is a mapping 7 € R

such that > . a;7(z;) op b holds. For example, 3z 4+ 2y — 2z < 4 is a linear constraint and
(x/1,y/2,2/3) is a solution of this constraint since 3 x 142 x2—3 = 4 < 4. It is not, however,
a solution of the linear constraint 3x+ 2y —z < 4. A system S of linear constraints over X is a
set of linear constraints over X. A solution of S is a mapping 7 € R¥ such that 7 is a solution
of every linear constraint of S. We denote by P(S) the set of solutions of S. We often write
a system of linear constraints in the form of a matrix. Indeed, we can always rewrite a linear
constraint in the form 2?21 ajxj > b, that is, aX > b where a is a row vector (ai,...,ay,) and
X is the column vector (z1,...,z,). Hence, for a set of linear constraints, we will sometimes
write AX > b where A is a matrix and b is a column vector such that the i*" row (a1,...,a,)

of A corresponds to the linear constraint Z?:1 a;;T; > bj.

Observe that the set of solutions of S forms a convexr subset of RX, that is, for every
71,72 € P(S) and A € [0,1], we have A1y + (1 — A\)7» € S. Indeed, if 71,72 are two solutions
of the constraint ) ., a;x; op b, we have Y . A7mi(x;) + (1 — A)7a(x;) op Ab+ (1 — A)b = 0.
Hence A7y + (1 — )7y is also a solution of this constraint. A convex subset of R¥ defined by
a (finite) system of linear constraints is called a polyhedron. We say that a subset of R is
bounded if it is contained [—B, B]*X for some B > 0.

Some points in a convex set, called extreme points®, are particularly interesting: given a
convex set S, an extreme point T € S is a point of § that cannot be obtained as the linear
combination of two other distinct points of S. More formally, 7 is an extreme point of § if
and only if for every 71,75 € S such that there exists A\ € [0,1] and 7 = A1y + (1 — \)72, we
have 11 =19 = 7.

We say that w is a convex combination of vectors T1,...,7m € RX if w = S Nty for
some \; € [0,1] such that >/, \; = 1. For a set V C R¥, we define the convez hull conv(V)
of V as the set of points obtained as a convex combination of a finite number of points of V.

In the setting of this chapter, we are interested in extreme points and convex hulls because
of the following connection, known as the Minkowski-Weyl Theorem:

Theorem 5.1 (Minkowski-Weyl [CCZ14, Theorem 3.37]). Let P be a convex subset of RX.
The following are equivalent:

o P is a bounded polyhedron,

o P is the convex hull of finitely many points of RX,

L Also sometimes called vertices, a term that we prefer to avoid in this document because of its interference
with the notion of graph vertices.
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o P is the convex hull of its extreme points.

We will mainly use the Minkowski-Weyl Theorem to prove the equality of two bounded
polyhedra. Indeed, this theorem basically says that a bounded polyhedron can be identified
by its extreme points. Hence, if we prove that two polyhedra have the same set of extreme
points, then we can conclude that the polyhedra are equal.

A linear program is a pair L = (f,S) where f is a linear form called the objective function
and S is a system of linear constraints, where the goal is to maximize the value of f over S.
We often write it in the following form:

max cX

st. AX>0b

where ¢ is the row vector representing f and AX > b is the matrix representation of S. A
feasible point of L is simply a point of P(S) and a solution of L is a feasible point 7 that
maximizes f, and the optimal value of L is the value f(7). If a linear program has a finite
optimal value, then there is a solution which is also an extreme point of P(S). While it is true
for every linear program, we explain why it is easy to see on bounded polyhedra using the
Minkowski-Weyl theorem. Let 7 € P(S) be an optimal solution of L. If 7 is not an extreme
point, then 7 can be obtained as a convex combination of the extreme points 7,..., 7, of
P(S), that is 7 = Y ;" N\, Let 7° = argmax(”, f(r;). We have f(1) = > Nif(m) <
Yot Nif (1) = f(7*). Hence 7* is also a solution of L and is an extreme point. The problem
of finding a solution (and hence the optimal value) of a given linear program L can be solved
in polynomial time [Kha79; Kar84].

Example 5.2. Consider the following linear program on {z,y}:

max x +y

st. —y >0
r+y<3
z—y <2
x>0

The polyhedron P defined by its feasible points is depicted in gray on Fig. 5.1. Its
extreme points are (x/0,y/0),(x/2,y/0),(x/2.5,y/0.5) and (x/1.5,y/1.5). The optimal
value of this linear program is 3: indeed, constraint = + y < 3 upper bounds the optimal
value and it is attained, for example, at (x/2.5,y/0.5). Observe that the optimal value is
actually attained everywhere on the edge of P following the yellow line corresponding to
the constraint x + y > 3, but in particular, it is attained on the two extreme points on
this line. If one considers objective function (x + 2y), then in this case, the optimal value
is attained only at (x/1.5,y/1.5) which is an extreme points of P.

Another property of polyhedra is the integrality. A polyhedron P C R¥ is said to be
integral if all its extreme points have integer coordinates, that is, if for every extreme point



5.1. DEFINITIONS AND NOTATIONS 153

r—y<2

Figure 5.1: The polyhedron from Example 5.2.

7 € P, we have 7 € ZX. For example, the polyhedron from Example 5.2 is not integral, but
the polyhedron defined by 0 < y < 2 and 0 < x < 2 is integral since its extreme points are
(2/0,y/0), (x/2,y/0), (x/2,y/2), (x/0,y/2).

Integrality is useful when one is trying to solve a linear program with the additional con-
straint that the solution must have integer coordinates. This problem is called integer linear
programming. In this case, the problem becomes NP-complete and one needs to resort to
heuristic methods to solve it, in a similar way as SAT. That said, some integer linear programs
can be solved in polynomial time. When the polyhedron defined by their linear constraints is
integral, then we know that it has an integral optimal solution because there is an optimal so-
lution which is also an extreme point, and which is integral by the integrality of the underlying
polyhedron.

There have been several sufficient conditions for integrality of polyhedron described in the
literature. One of the best-known is the notion of total unimodularity. A matrix A is said
to be totally unimodular if and only if every square submatrix B of A has a determinant in
{—1,0,1}. We have:

Theorem 5.3 ([HK56]). If A is totally unimodular and b € ZX, then the polyhedron induced
by the system of linear constraints AX > b is integral.

As we shall see, total unimodularity is only a sufficient condition for integrality, and some-
times, it is not sufficient. We will later need a more involved sufficient condition known as total
dual integrality. We say that a rational system of linear inequalities AX > b, X > 0 is totally
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dual integral, abbreviated TDI if b is integral, the minimum in the LP-duality formulation:
min Z7b
ZA>c
Z >0

has an integral optimum solution Z* for each integral vector ¢ for which the minimum is finite.
Total dual integrality is a sufficient condition for integrality:

Theorem 5.4 ([EGTT7], see also [CCZ14, Theorem 4.26]). If S = AX > b, X >0 is a totally
dual integral system then the polyhedron of S is integral.

Extended formulations. = We conclude this chapter with some complexity considerations.
Indeed, we can see a system of linear constraints as a way of representing a convex subset of
RX. This representation is often called the perfect formulation. A perfect formulation may not
be necessarely succinct. Now, if the goal is to solve a linear program over some polyhedron,
then having a perfect formulation is not always necessary. Indeed, assume that we want to
find the optimal value of a linear form f(X) over a polyhedron P C R¥ and that we have a
system of linear constraints S over variables X UY, that is, S is of the form:
X
A [Y] >b

Moreover, assume that P = {z € RX | 3y € RY (z,y) € P(S)}, that is, P is the projection
of P(S) over the X-variables. In this case, we say that S is an extended formulation of P.

Extended formulations are useful because they may allow to reduce the number of con-
straints when solving an optimization problem. Indeed, if one can find an extended formulation
S of P that is more succinct than a perfect formulation, then we can solve linear programs di-
rectly over the extended formulation. Indeed, for a linear form f over variables X, the optimal
value of f over P can be found by solving the following linear program:

max f(X)

X
Ao
A perfect formulation may be exponentially larger than a corresponding extended one. A noto-
rious example is the case for a regular polygon over R? with n sides. A perfect formulation for
it would require at least n inequalities while an extended formulation with O(logn) inequalities
is known [BNO1], see [CCZ10] for a survey and examples of polyhedra having smaller extended
formulations than their perfect formulation.

Interestingly, extended formulation can sometimes be extracted from algorithms. Indeed,
there is a known connection between the fact that an optimization problem can be solved via
a dynamic programming algorithm in polynomial time and the existence of a polynomial sized
extended formulation. This has been formalized in [MRC90]. In this chapter, we recover a
similar relation between the existence of a DNNF circuit computing a Boolean function and
the existence of a small extended formulation expressing the convex hull of the models of the
Boolean function itself, when seen as points with {0, 1} coordinates.
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5.2 Optimization on DNNF circuits

In this section, we study very general relationships between DNNF circuits and optimization
problems, that we later use to recover known results in optimization theory in a unified (and
generalized) way.

5.2.1 Maximizing weighted Boolean Functions

We start by studying an innocent-looking problem with a simple DNNF-based solution. We
will show that this problem has deeper connections to optimization theory than expected in
the next sections. We are interested in finding the optimal model of a Boolean function given a
mapping from its models to Q. To do so, we consider literal weight functions. A literal weight
function w on variables X is a mapping w : X x {0,1} — Q. Alternatively, it can be seen as
a mapping from literals over X to Q and we will sometimes use notation w(—z) for w(z,0)
and w(zx) for w(z,1). A literal weight function over X naturally induces a weight on 2%: for
7€ 2% welet w(t) =Y,y w(z,7(z)). Now, given a Boolean function f on variables X, we
let w(f) = max,cyw(r). That is

w(f) =max » w(z,7(z)),
Tef
rzeX
where we define w(f) = —oo when f has no model. The Boolean Mazimization Problem is

defined as the problem of computing w(f) given a Boolean function f and a literal weight
function w as input. If f is given as a CNF formula, there is a straightforward reduction to
SAT, and hence the problem is NP-hard. Now, if f is given as a DNNF circuit C, then there is
a straightforward dynamic programming algorithm computing the optimal value and optimal
model by doing O(|C|) comparisons in Q. The Boolean Maximization Problem can be seen as
a form of model counting over the (max, +)-semiring, and such problems over DNNF circuits
have been studied explicitly in [KVD17] and in [Bou+22]. We reproduce a proof here to be self
contained. In the next statement, the size of w, denoted by |lw||, is defined as }_ .y [[w(z)||
where the size of a rational number is defined as the number of bits needed to encode it.

Theorem 5.5. Let (f,w) be a Boolean Mazimization Problem and C a DNNF circuit such
that f = fo. We can find an optimal solution 7" € f for the weight function w in strongly
polynomial time, i.e., with O(|C|) arithmetic operations on numbers of size poly(||w]|).

Proof (sketch). The idea is to compute inductively, for each gate v of C, an optimal solution
7 of the Boolean Maximization Problem problem (f,,w), that is, a solution 7, € f,, such that
w(ry) is maximal. We recall that w(7]) is equal to 3, ¢ o) w(@, 75 (2)). If v is a leaf labeled
by literal ¢, then f, contains exactly one assignment, which is hence optimal by definition.
Now let v be an internal node of C' and let vy,...,v; be its inputs. Assume that for

each v;, an optimal solution 7 of (f,,, w) has been precomputed. If v is a A-node, then
we have that f, = Hle fu;» by the fact that the circuit is decomposable. It can be easily
verified that 7, := Hle 7., 18 an optimal solution of f, which proves the induction step in
this case. Otherwise, v must be a V-node and in this case, f, = Ule Ju, X gvar(v)\var(vi)
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An optimal solution ¢ for 2¥a(\ar(¥) can be obtained by taking of(z) = b € {0,1} if
w(x,b) > w(x,1—0b) for every x € var(v)\var(v;). In this case 7,; x ¢} is an optimal solution of
fu; X gvar(v)\var(vi) - Finally, observe that an optimal solution of f, has to be an optimal solution
for f,, x 2var\var(vi) for some 4. Hence, 7 = argmax?_,w(r} x o}) is an optimal solution of
fo-

At each gate, we have to find the maximum of k numbers, where k is the number of inputs.
Hence, we have at most one comparison per edge of the circuit. Each number has bit-size
poly(|lw]||). We have an algorithm that computes an optimal solution of f = fo with O(|C|)
arithmetic operations on numbers of bit-size at most poly(||w]|). O

Convex hull of Boolean functions. We now revisit the Boolean Maximization Problem
as a convex optimization problem. To do so, we see a Boolean function f over variables X
as a set of points in R¥, that is, each model 7 € f is seen as a point in {0,1}X. This allows
us to naturally define the conver hull of f, denoted by conv(f), as the set of points of R¥
that are convex combinations of models of f seen as RX points. More formally, conv(f) is the
following convex subset of R¥:

O AT A €01, A =1}

TES TEf

By definition, it is clear that conv(f) is a convex subset of RX. Moreover, the extreme points
of conv(f) are exactly the points 7 € f: indeed, every other point in conv(f) are, by definition,
obtained by a convex combination of points from f, and hence, are not extreme. Moreover,
given 7 € f, we can show it is an extreme point as follows: assume 7 = A7y + (1 — A\)7» and
assume 7] # To. Let z be such that 71(x) # m(z). Without loss of generality, we assume
T1(z) > m2(x). We hence have 0 < m(z) < 7(x) < mi(z) < 1 which is impossible since
7(x) € {0,1}.

Now, given a literal weight function w over X, we have a natural mapping to the following
linear form: ¢u(y1,...,Yn) == > rq w(z;) - yi + w(—x;) - (1 —y;). It is straightforward to see
that ¢, (1) = w(7) for every 7 € 2X. We can then reframe the Boolean Maximization Problem
as the following convex optimization problem:

max ¢y, (7)

s.t. 7 € conv(f) (5.1)

It may seem that Eq. (5.1) may have an optimal value greater than the corresponding Boolean
Maximization Problem with input f and w since non-integral points are allowed in the solution
space. However, the objective function of Eq. (5.1) is linear and conv( f) is convex and bounded,
hence we know that ¢,, has a maximum reached at some extreme point of conv(f) as explained
in Section 5.1. Since we just proved that the extreme points of conv(f) are exactly the points
7 € f, we know that the optimal value of Eq. (5.1) is reached at some 7 for 7 € f. In other
words, the optimal value of Eq. (5.1) is w(f).

While Eq. (5.1) is a reformulation of the Boolean Maximization Problem as a convex
optimization problem, it does not provide a concrete way of solving it since conv( f) is currently
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described by the set of models of f. In particular, if one wants to pass Eq. (5.1) to a solver,
one needs to enumerate every model of f first in order to describe conv(f), which defeats the
purpose of using a solver at all, since one could simply keep track of the optimal model while
enumerating all of them. To make Eq. (5.1) usable algorithmically, one needs to find a more
compact way of representing conv(f). One possible way of doing this is via writing extended
formulations of conv(f) as hinted in the preliminaries.

In the next section, we show that circuits from knowledge compilation can be understood
as a way to build an extended formulation of the convex hull of the Boolean function they
compute.

5.2.2 Convex hull of OBDD circuits

As a warm-up illustrating our approach, we start by showing that the convex hull of Boolean
functions computed by OBDDs have small extended formulations. We show that it relates to
the notion of flow in graphs. Extended formulations have historically been known to follow
from dynamic programming algorithms. In a way, our result is similar since OBDD circuits
can be seen as some trace of a dynamic programming algorithm. Actually, Martin, Rardin and
Campbell gave a very general framework in [MRC90] that could be used directly on OBDD
but we prefer to present a direct proof in this section to build intuition on what is happening
in Section 5.2.3.

Consider an OBDD C over variables X = {z1,...,z,}. To simplify the presentation, we
assume that C' is complete (that is, every variable from X is tested from the source to a sink),
and that C' has exactly one source and one sink, denoted respectively by s and ¢, with ¢ labeled
by 1. The latter can be enforce by merging every 1-sink into one and removing every 0-sink
and every edge going into it. In this normalized OBDD, there is a one-to-one correspondence
between paths from s to ¢ and the models of C.

Now remember that we want to express conv(f¢), the convex hull of the Boolean function
computed by C| succinctly. We start by writing a linear program whose integral solutions are
in one-to-one correspondence with the models of fo. To do so, we introduce a variable y. for
each edge e of C. We want to encode that if we consider the edges e such that y. = 1 in a
solution, then they form a source-to-sink path. To do so, we want to express that at least one
edge going out of s is picked and that whenever an edge is picked and it enters a non-sink
node, then one edge going out of g is picked too. This leads to the following system of linear
constraints S,(C') defined over y’s variables as follows:

Z Ye =1

ecoutg(s)
Z Yo = Z Ye for every non-sink node g
e€ing(g) ecoute(g)
Ye = 0 for every edge e.

where ing(g) is the set of edges entering g (that is, edges of the form h — ¢ for some h) and
outg(g) is the set of edges going out of g (that is, edges of the form g — h). We let P,(C) be
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the polyhedron defined by the solutions of S,(C'), that is,
P,(C) = {y € Re%€=(C) | y satisfies S, (C)}.

Now, it is easy to see that every integral point y € P,(C) verifies that y(e) € {0,1}, by
induction on the distance between e and the source s. Hence, it gives that the set of e such
that y(e) = 1 forms a path from s to ¢t in C. Similarly, every source to sink path P in C gives
an integral point yp of P,(C) by defining yp(e) =1 if and only if e is in P.

Hence, every integral point of P,(C) uniquely corresponds to a model of fc and every
model of fo can be mapped to a point of P,(C). To recover the model associated to an
integral point of P,(C), we consider the system of linear constraints S, ,(C) obtained by

adding the following constraint over variables x1,...,xy:
T — Z Ye =0 (5.2)
ecedges(C,x)

where edges(C, ) are the set of edges of C of the form e = (u,v) where u is a decision-gate on
x and e is labeled by 1. We let P, ,(C) be the polyhedron defined as the solutions of S, ,(C').
From what precedes, an integral point (x,y) € P, ,(C) defines a unique source to sink path
Py in C. Moreover, we claim in this case that x € 2X is an assignment compatible with Py.
Indeed, let e = (u,v) be an edge on P,. In this case, u is a decision-gate on some variable z;
and it is the only one on Py. If e is labeled by 1, then we must have x(z;) = 1 by Eq. (5.2).
If e is labeled by 0, then since u is the only decision gate on z; in Py, by Eq. (5.2) again,
x(z;) = 0. Since C is complete, every variable is tested on Py, and x is then a well-defined
assignment of 2%, compatible with b .
Hence, we have shown the following:

Theorem 5.6. For every OBDD C, the models of fc are exactly Py, (C) N ZXVedees(C) pro.
jected onto X.

Consider the polyhedron P,(C) = {x | Jy.(x,y) € Py y(C)}, that is, P, is the projection
of Py y(C) onto X. Another way of interpreting Theorem 5.6 is to observe that since P,(C)
contains at least every point corresponding to the models of fo and since it is convex, we have
conv(fo) C P(C).

We claim that it actually holds that conv(fc) = P»(C). One could show the inclusion
P.(C) C conv(fe) by explicitly reconstructing every point of P,(C) as a convex combination
of models of fc.

This is actually possible but a bit tedious: each point (x,y) € P, 4(C) induces several
paths from s to ¢ in C' that are weighted according to y. Each path P corresponds to a model
7p of fo and one can use the values of y on its edges to assign a weight Ap to each path such
that x = ) p Ap7p, where Ap is, intuitively, the probability of picking P by growing it from
the source to the sink and locally deciding the next edge based on the values of y(e). While
this would give an interesting insight on the problem, this approach is a bit tedious and heavy.

There is another interesting way of proving the same connection by observing that S,(C)
is actually a very well studied linear program. Indeed, the constraints in S,(C) can be seen as
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flow conservation constraints [FF56]. The resulting polyhedron P,(C') is known to be integral.
In other words, every extreme point of P,(C) has integer values. This can be proven using the
fact that the matrix associated to the system S,(C') can be shown to be totally unimodular,
that is, every square submatrix has determinant in {—1, 0, 1}, a well-known necessary condition
for a linear system to define an integral polyhedron [HK56]. Hence, we have:

Lemma 5.7. For every OBDD C, P,(C) is integral.
Using Lemma 5.7, we can show that P, ,(C) is integral:
Lemma 5.8. For every OBDD C, P, ,(C) is integral.

Proof. Let (x,y) be a vertex of P, ,(C). We need to show that (x,y) is integral. There exist
| X|+ |edges(C)| linearly independent constraints among S, ,(C') such that (x,y) is the unique
vector that satisfies these | X |+ |edges(C)| constraints at equality. Note that constraints (5.2)
are the only ones containing variables x, and each such constraint contains exactly one x
variable with nonzero coefficient. Thus, |X| of the linearly independent constraints defining
(x,y) must be (5.2). The remaining |edges(C')| linearly independent constraints defining (x,y)
must be in S, (C'), and these constraints only involve y variables. Hence, y is a vertex of P, (C).
By assumption Lemma 5.7, P,(C) is integral, so y is integral. Since x can be obtained from
y using equations (5.2), we obtain that x is integral too. O

By Lemma 5.8, the extreme points of P, ,(C) are all integral. In particular, the ex-
treme points of P,(C), which are all projections of extreme points of P, ,(C), are integral.
Now, since P,(C) is bounded, it is the convex hull of its extreme points by Minkowski-Weyl
Theorem [CCZ14, Corollary 3.14]. Combined with Theorem 5.6, we conclude that every ex-
treme point of P, (C) correspond to a model of fo. Hence, P,(C) is the convex hull of its
extreme points, that is, of some models of fo. In other words, P,(C) C conv(fc), hence
P.(C) = conv(fc) because the reversed inclusion directly follows from Theorem 5.6.

We just have established the following:

Theorem 5.9. Given a complete OBDD C' on variables X, one can construct in time O(|C|)
a system Sy (C) with |C| + | X| variables and O(|C|) constraints such that conv(fc) = {x |

Jy, (x,y) satisfies Sy (C)}.

In other words, Theorem 5.9 states that we can efficiently construct an extended formula-
tion of conv(fc) of size O(|CY).

Observe that we never really used the ordered property of OBDDs nor their determinism
in what precedes. Hence, the same proof would also work for non-deterministic FBDDs. In
the next section, we actually give an even more general result by writing linear size extended
formulations capturing the convex hull of DNNF circuits.

5.2.3 Convex hull of DNNF circuits

We now turn our attention to the case of Boolean functions computed by DNNF circuits.
The goal of this section is to show a generalization of Theorem 5.9 to DNNF circuits. As
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mentioned earlier, [MRC90] contains a very general framework to derive extended formula-
tions from dynamic programming algorithms. It builds on a very generic formalization of
dynamic programming algorithms and we tweak it to cover the case of DNNF circuits. That
said, this approach does not give much insight on what is going on with DNNF circuits and
the translation to their framework would not be much shorter than deriving the proof from
scratch. It turns out that the other direction is also possible: we could go from the framework
of [MRC90] and reformulate it as DNNF circuits. We think that our theorem, formulated
directly on DNNF circuits, allows for more direct connections with existing results, see Sec-
tion 5.3 for an illustration.
We start by stating our main theorem before dedicating this section to proving it:

Theorem 5.10. Given a smooth DNNF circuit C' on variables X, one can construct in time
O(|C)) a system Sy (C) with |C|+|X| variables and O(|C|) constraints such that conv(fc) =

{x | 3y, (x,y) satisfies Sy, (C)}.

The proof of Theorem 5.10 is very similar to the proof of Theorem 5.9, but we have
to replace paths in OBDD with their counterparts in DNNF circuits: certifcates, which are
syntactic witnesses of the models of a DNNF circuit. We will start by writing a simple linear
program Sy (C) over variables y. for every e € edges(C') whose integral solutions are exactly
the certificates of the circuit C. Then, we will augment it as S, ,(C) where the model of C
defined by the certificate described in the y variables is recovered in the z variables. Finally,
we will show that S, ,(C) is integral and this will allow us to conclude as before.

In this section, we therefore fix DNNF circuit C' on variables X = {z1,...,z,} and normal-
ize it as follows, w.l.o.g: we first assume that C' does not contain any 0-labeled input, which
we ensure by propagating and simplifying it in the circuit. Then, we assume C' is smooth since
every DNNF circuit C’ can be smoothed into a DNNF circuit of size at most n|C|. Remem-
ber that a DNNF circuit is smooth whenever for every V-gate g and ¢’ a child of g, we have
var(g) = var(g’). We also assume that the output gate of C, denoted by o, is a V-gate with no
outgoing edges and that there is a path from every gate g of C' to 0. This can be ensured by
iteratively removing every gate that does not satisfy this property. Finally, w.l.o.g, we assume
that for every literal ¢, there is at most one input of C' labeled by £. This can be easily ensured
by merging all gates labeled by . We denote by edges(C,¢) the edges going out of the only
input labeled by /.

Certificates. We start by defining the set of certificates of C', which may be seen as a
generalization of the notion of certificates for TDDs from Chapter 2. Intuitively, in a DNNF
circuit, a model can be found by starting from the output of C and then repeating the following
process until input gates are reached: if the current gate g is a V-gate, we pick one input of g
and proceed with it. If g is a A-gate, we pick every input of g and proceed with them. This
process constructs a subcircuit whose leaves are literals with disjoint variables. If the circuit is
smooth and without O-input, we have exactly one literal per variable, and this represents one
model of C'. This is what we call a certificate. More formally, a certificate of C' is a subcircuit
T of C such that the output gate of C' is in T" and such that:

e for every V-gate g of T, exactly one input ¢’ of ¢ is in T" with edge (¢, ).
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e for every A-gate g of T, every input ¢’ of g is in T' with edge (¢, g).

e for every g in T that is not the output of C, g is the input of at least one other gate in
T.

A certificate is depicted in red with double edges in Figure 5.2.

We denote by cert(C) the set of certificates of C. If C is smooth?, each T € cert(C)
represents a unique model of C as follows (see [Capl6, Section 6.1.1] for details): if C is a
smooth DNNF circuit, one can easily check that for every certificate T and every variable
x; € X, there is exactly one input gate labeled with a literal involving variable x; (that is,
either there is exactly one input labeled x; or exactly one input labeled —x;). For a certificate
T, we denote by or the assignment defined as op(x;) = 1 if an input labeled by z; is in 7" and
or(x;) = 0 if an input labeled by —x; is in 7. We have that:

Lemma 5.11. For every smooth DNNF circuit C, we have {or | T € cert(C)} is the set of
models of C.

The certificate from Figure 5.2 witnesses that the assignment x1 = 1,29 = 1 is a satisfying
assignment of the circuit. Observe that if C' is not deterministic, we can have more than one
certificate for the same model, in the same way as a model of a non-deterministic OBDD may
be accepted by more than one path.

As for OBDD, we now encode the notion of certificate into a system of linear inequality
constraints S, (C') using variables y. for each e € edges(C'). We will use the following notations:
for a gate g of C, we denote by ing(g) the set of edges going in g and by outg(g) the set of
edges going out of g. We similarly denote by € [g] the set of input gates of g, that is, the gates
h such that (h,g) is an edge of C' and by out(g) the set of outputs of g, that is, the gates h
such that (g, h) is an edge of C.

From now on, we assume that the output o of C' is a V-gate. This can be ensured by adding
a dummy V-gate connected only to the output of C' and picking this new gate as the output.
It obviously does not change the models of C'. While this normalization is not completely
necessary, it removes one edge case in the definition of the linear program and hence simplifies
the presentation. We define Sy(C) as follows:

Z Ye = 1, where o is the output of C' (5.3a)
e€ing(o)
Z Z yr =0 for every V-gate g # o, (5.3b)
e€ing(g) f€oute(g)
Z yr =0 for every A-gate g and e € ing(g) (5.3c)
f€oute(g)
Ye >0 for every e € edges(C). (5.3d)

2Smoothness here is only needed to ensure that there is exactly one model accepted by the certificate.
Without smoothness, some variables may be missing in the leaves of a certificate. In this case, a certificate T’
containing literals over variables ¥ C X would represent every model of the form o x 2% \Y for some o € 2V
which corresponds to the literals of T'.
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Figure 5.2: A smooth DNNF circuit C' where Sy(C) is not totally unimodular. A certificate
is depicted in red with double edges.
We then define P, (C) as the polyhedron:
Py(C) :={y € Redes(©) .y satisfies Sy(C)}.
We start by giving an example of Py (C):

Example 5.12. Figure 5.2 depicts a smooth DNNF circuit C. The system of linear
constraints S,(C') is hence defined as:

yizt+yi =1 (5.4a)

Yat+¥y2 =1y (5.4b)

Y6 = Y12 (5.4c)

Y13 = Y12 (5.4d)

Y3 = y2 (5.4e)

Y10 = Y4 (5.4f)

Y11 = Ya (5.4g)

Ys = Y3 (5.4h)

Y71 =13 (5.4i)

Ys = Y10+ ¥s (5.4j)

Yo = Y7 + Yo (5.4k)

0<y. (5.41)

It turns out that every integral point y of P,(C) corresponds to a certificate of C'. For
example, the certificate depicted in Fig. 5.2 corresponds to the point y such that y(y;) =
y(y2) = y(y3) = y(ys) = y(yr) = y(ys) = y(y9) = 1 and y(e) = 0 otherwise, that is, we
explicitly pick the red edges and discard the others. This can easily be generalized as follows:
given a certificate T’ € cert(C), we let y € 2298e5(C) he defined as: yr(e) = 1 if e is an edge
in 7' and yr(e) = 0 otherwise. We have:
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Lemma 5.13. For every certificate T € cert(C), yr € Py(C).

Proof. 1t directly follows from the definition of P, (C). Since the output of C' is a V-gate, there
is exactly one edge connected to it in 7', and this edge is mapped to 1 by yr. Hence Eq. (5.3a)
is satisfied. Now, if ¢ is a gate of C that is not in 7', none of the edges connected to it are
in 7', hence for every such edge e, we have yr(e) = 0. In this case, Eq. (5.3b) or Eq. (5.3¢)
(depending on whether g is a V-gate or a A-gate) are clearly satisfied. Finally if ¢ is a V-gate
of T', then by definition of certificates, exactly one ingoing and one outgoing edge of g are in
T. Hence Eq. (5.3b) is satisfied since both sums evaluate to 1. If g is a A-gate of T, then
by definition of certificates, all its ingoing edges and exactly one outgoing edge of g are in T
Hence Eq. (5.3¢) is satisfied since y(e) = 1 for each ingoing edge e of g and the sum evaluate
to 1. Eq. (5.3d) is also clearly satisfied, which concludes the proof. ]

More interestingly, the converse of Lemma 5.13 also holds, in the following sense:
Lemma 5.14. For every integral point'y of Py(C), there exists T € cert(C) such thaty = yr.

Proof. Consider an integral point y € P,(C). First, observe that for every gate g and edge
e € ing(g), by (5.3b) if g is a V-gate or by (5.3c) if g is a A-gate, we have:

v < Sy (5.5)

f€oute(g)

We start by proving that for every gate g, Zfeoutg(g) y(f) € {0,1}, by induction on the depth
of g, that is, the length of the longest path from g to the output o of C. If the depth of g is
1, it means that g is directly connected to o through edge e = (g,0) and this edge is the only
edge going out of g since otherwise, there would be a longer path from g to o. Now by (5.3a),
y(e) < 1 which implies 3 rciu () Y(f) = y(€) € {0, 1} since y(e) is an integer.

Now assume that the induction hypothesis holds for every gate of depth at most d and let
g be a gate of depth d 4+ 1. Let e = (g,¢) € outg(g). Since e € ing(g’), we have by (5.5) that
y(e) < Efeoutg(g/) y(f) € {0,1} by induction, since ¢’ has depth at most d. In other words,
y(e) € {0,1}.

It remains to show that there is at most one edge e in outg(g) such that y(e) > 0. Assume
toward a contradiction that two such edges e, e’ € outg(g) exist, that is, y(e) = y(¢/) = 1.
By (5.5) and by induction, if a gate ¢’ with depth at most d has an incoming edge f with
y(f) = 1, then it has an outgoing edge f’ with y(f’) = 1. Hence, from g, we can define two
paths going toward the output o, one starting with e and the other with €/, and both following
only edges f with y(f) = 1. Both paths have to meet at some gate ¢”, with two incoming
edges e1 = (g1,4") and e2 = (g2,¢") with y(e1) = y(e2) = 1. Now observe that ¢” cannot be
a A-gate, otherwise both inputs of g” would share a variable (through the subcircuit rooted
in g), contradicting the decomposability assumption. Hence ¢g” is a V-gate of depth at most
d. But by (5.3b), it would imply ZfeoutE(g,,) y(f) > y(e1) + y(e2) > 2, which contradicts the
induction hypothesis, if g” is not the output of C. If ¢ = o, it contradicts (5.3a). Hence g
has at most one outgoing edge e with y. = 1 which establishes the induction at depth d + 1.

We have established that for every g, > Feoute(g) yv(f) € {0,1}. One direct consequence
is that y(e) € {0,1} for every edge e. Now, consider the subcircuit T' of C defined as the
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one induced by the edges e of C' such that y(e) = 1. We prove that T is a certificate of
C. It is enough to check that every condition of certificates is respected by T. First, let
g be a V-gate in T. By definition, it is in at least one edge e with y(e) = 1. By (5.3b),
Zféing(g)Y(f) = Zf@utE(g)y(f) and, by what precedes, the RHS of this equality must be
equal to 1. In other words, there is exactly one ingoing edge e; in g and exactly one outgoing
edge eg from g such that y(e;) = y(e2) = 1. This proves the first condition of certificate. Now,
if g is a A-gate, again, at most one edge e containing g is such that y(e) = 1 by definition
of T'. From what precedes, we hence must have } e, () ¥(f) = 1. Hence, by (5.3c), every
ingoing edge e of g is such that y(e) = 1. It remains to show that the third condition holds.
Assume toward a contradiction that there is a gate g such that there is an edge e = (¢/, g) with
y(e) = 1 but such that for every outgoing edge ¢’ = (g,9"), y(¢’) = 0. It directly contradicts
(5.5). Hence the third condition of certificate is respected which concludes the proof. O

Since every integral point y of Py(C') corresponds to a certificate T" of C, we can reconstruct
the corresponding model o of C' easily via the following linear constraints over variables X

and (y.):

T; — Z Ye =0 for every x; € X (5.6)
e€outg(g;)

(5.7)

where g; is the only input gate of C' labeled by literal z;. We let S, ,(C) be the linear program
whose constraints are those from S,(C') together with the constraints from (5.6). It is clear
that for every certificate T' of C, the previous constraint will force x; to be set to op(z;). Let
Py (C) be the polyhedron:

Pry(C) ={(x,y) € R Uedges(C) (x,y) satisfies Sy, (C)}

and
P.(C)={x € R : Jy.(x,y) € Poy(C)}

its projection onto X. From Lemmas 5.13 and 5.14 and what precedes, we have shown:
Lemma 5.15. The projection of Py, (C) N ZXYe€S(C) onto X coincides with fc.

Lemma 5.15 is an analogue of Theorem 5.6 for DNNF circuits. As before, another inter-
pretation of it is that it proves conv(fco) C P,(C).

Example 5.16. The full system of linear constraints S, ,(C') for the circuit C depicted in
Fig. 5.2 is defined as S,(C') from Example 5.12, together with the following constraints:

1 —Ys = 0 (58&)
T2 —Yg = 0 (58}3)

Now considering the certificate from Fig. 5.2 and the solution yr of S,(C) associated
to it, we see that the two new constraints force ;1 = 1 and x5 = 1. Hence it gives a
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corresponding solution (xr,yr) of Sz ,(C) and we have xp = o7.

It remains to show that P,(C) C conv(fc). The problem is really analogous to what
happens in OBDD. We could explicitly show how every point in P,(C) can be obtained as a
convex combination of models of fc by seeing a point in P, ,(C) as weighted certificates from
which one can extract the convex combination of models. As for OBDD, this construction
would be possible but tedious. Hence, we adopt a similar strategy as in the previous section.
We show that P, ,(C) is integral. This is enough for our purpose since in this case, every
extreme point of P,(C) will be a projection of an extreme point of P, (C), that is, will
correspond to a model of fo by Lemma 5.15. Hence, it will imply P,(C) C conv(fc). As in
Lemma 5.8, we observe that integrality for P,(C') is enough:

Lemma 5.17. If Py(C) is integral, then so is Py, (C).

Proof. Let (x,y) be an extreme point of P, ,(C'). We need to show that (x,y) is integral. There
exist | X| + |edges(C)| linearly independent constraints among S, ,(C) such that (x,y) is the
unique vector that satisfies these | X |+ |edges(C')| constraints at equality. Note that constraints
(5.6) are the only ones containing variables x, and each such constraint contains exactly one
x variable with nonzero coefficient. Thus, |X| of the linearly independent constraints defining
(x,y) must be (5.6). The remaining |edges(C')| linearly independent constraints defining (x,y)
must be in Sy(C'), and these constraints only involve y variables. Hence, y is a vertex of
P,(C). By assumption, P,(C) is integral, so y is integral. Since x can be obtained from y
using equations (5.6), we obtain that x is integral too. O

It remains to show that P, (C') is an integral polyhedron. This proves slightly more difficult
than in the case of OBDD. Indeed, one cannot use total unimodularity as we can construct
smooth DNNF circuits where the matrix of S, (C) is not totally unimodular:

Example 5.18. Consider again the example from Example 5.12. The matrix obtained
from the system S,(C') of this example by keeping the rows corresponding to constraints
5.4a,5.4b,5.4¢,5.4f,5.4h,5.41,5.4j and 5.4k and the columns corresponding to variables y1, y3, y4
is given by:

1 0o 0 O O 0 0 1
-1 0 1 0 0 0 0 O
o 0 o o 1 0 0 -1
o 0 -1 0 0 0 1 O
o -1 0 1 0 0 0 O
o -1 0 0o o0 1 0 O
o 0 o -1 0 0 -1 0
o 0o o0 o0 -1 -1 0 O

This is a square matrix with determinant equal to 2. Therefore, the constraint matrix
of the system Sy(C) is not totally unimodular.

We now proceed to show that S,(C) is totally dual integral, which by Theorem 5.4, implies
that P,(C) is integral. Interestingly, we will see that the dual of max{c"y |y satisfies S,(C)}

> Y55 Y6, Y75 Y10, Y12
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has an interpretation that resembles the dynamic programming algorithm from Theorem 5.5
to maximize linear forms over DNNF circuits.

Theorem 5.19. Let C be a smooth DNNF circuit. The system S, (C) is TDI and the polyhe-
dron Py (C) is integral.

Proof. 1t suffices to prove that the system S,(C') is TDI by Theorem 5.4.

Dual problem. Let ¢ € Z%s(C) To write the dual of the LP problem max{c'y |
y satisfies Sy}, we associate a variable z, to constraint (5.3a), variables z,4, for every V-gate g,
to constraints (5.3b), variables z,., for every A-gate g and e € ing(g), to constraints (5.3c).
It will be useful to define, for every gate g, z(g) as the set of z variables corresponding to
g. Note that sets z(g), for every gate g, partition all the z variables. Furthermore, if g is an
input gate we have z(g) = 0, if g is a V-gate we have z(g) = {z,}, and if g is a A-gate we have
2(g) = {24, : € € ing(g)}. The dual of the LP problem max{c'y : y satisfies S} is

min Zo
s.t. Zp > Ce = (g, h) € edges(C) with g input, h V-gate,
Zhe = Ce = (g, h) € edges(C) with g input, h A-gate,
—Zg + 2n > Ce = (g,h) € edges(C) with g V-gate, h V-gate,
—Zg+ Zhe > Ce = (g,h) € edges(C) with g V-gate, h A-gate,
Z Zg.f + 2n > Ce = (g, h) € edges(C) with g A-gate, h V-gate,
f€ine(g)
Z 2g.f + Zhe > Ce Ve = (g, h) € edges(C) with g A-gate, h A-gate.
feine(g)

Algorithm. Next, we give an algorithm that, as we will show later, constructs an optimal
solution to the dual which is integral. The algorithm recursively assigns values to the variables
starting from the inputs, and proceeding towards the output. One variable is assigned its value
only when all variables associated with its inputs have already been assigned. More precisely,
a variable in z(h) is assigned its value only when all variables z(g), for each input g of h have
already been assigned.

At the very beginning, the algorithm considers the gates h such that every input of h is
an input gate, since g is an input gate if and only if z(g) = (). As a warm-up, we describe the
algorithm in this simpler case. If h is a V-gate, there can be several constraints in the dual
lower-bounding z:

Zp 2 Ce Ve € ing(h).

Thus we assign z; := max{c. : e € ing(h)}. If h is a A-gate, there is exactly one constraint in
the dual lower-bounding each variable zj ¢, for e € ing(h):

Zhe 2 Ce-

Thus we assign 2}, , = c. for each e € ing(h).
Next, we descrlbe the general iteration of the algorithm. Let h be a gate such that, for
each input g of h, the variables in z(g) have already been assigned. Consider first the case
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where h is a V-gate. The constraints in the dual lower-bounding z;, are:
Zp > Ce Ve = (g, h) € edges(C') with g input,
2p > Ce + 24 Ve = (g,h) € edges(C) with g V-gate,

Zp > Ce + Z Zg.f Ve = (g, h) € edges(C) with g A-gate.
fé€ine(g)

(5.9)

Note that all variables on the right-hand side of the above constraints have already been
assigned by the algorithm. Thus we assign z; as follows:

Ce Ve = (g,h) € edges(C) with g input,
2, = max{ Ce + 2 Ve = (g,h) € edges(C) with g V-gate, » . (5.10)
Ce + D reine(g) %9,y V€ = (9,N) € edges(C) with g N-gate
)

Next, consider the case where h is a A-gate, and let e = (g, h
constraint in the dual lower-bounding zj, ., which is:

€ ing(h). There is exactly one

Zhe = Ce if g input,
Zhe = Ce + 2g if g V-gate,

Zhe 2 Ce + Z Zg.f if g A-gate.
feine(g)

(5.11)

Also in this case, all variables on the right-hand side of the above constraints have already
been assigned by the algorithm. Thus we assign z; _ as follows:

Ce if g input,
zi*z,e = Ce+ 2y if g V-gate, (5.12)
Ce + 2 feine(g) 7T if g A-gate.

This concludes the description of the algorithm. Note that, since c is integral, z* is integral.

Termination. Our algorithm assigns a value to each variable. This follows from the
structure of the directed graph C, since C' is acyclic and the inputs of C' are precisely the gates
of C that have no ingoing edge. Moreover, C' is a connected graph since we assumed there is
a path from every gate g to the output o.

Feasibility. It is simple to see from the definition of our algorithm that the solution z*
constructed is feasible for the dual. In fact, in each step, the component of z* considered
is defined in a way that it satisfies all inequalities lower-bounding it. On top of that, each
constraint in the dual is considered at some point in the algorithm.

Optimality. To prove that the solution z* constructed by the algorithm is optimal for the
dual, we show that any z feasible for the dual must have objective value greater than or equal
to that of z*, which is 2. To do so, we give a procedure that selects a number of constraints of
the dual. Summing together the selected constraints yields the inequality z, > 2. We remark
that the procedure is strongly connected to the concept of certificates.

The procedure is recursive and starts from the gate o, which in particular is a V-gate. We
give the general recursive construction for a gate h.
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e If h is an input gate, there is nothing to do.

e If his a \VV-gate, we select one constraint among (5.9) that achieves the maximum in (5.10).
This essentially amounts to selecting an edge e = (g, h) € edges(C), and therefore a new
gate g. We then apply recursively the construction to the gate g.

e If his a A-gate, we select, for every e € ing(h), the one constraint (5.11). This essentially
amounts to selecting all edges e = (g, h) € edges(C), and therefore all new gates g that
are inputs of h. We then apply recursively the construction to all inputs g of h.

It is simple to check that summing all the inequalities selected by the above recursive procedure
yields z, > 2}. O

From what precedes, Theorem 5.19 is enough to imply that P, C conv(fc) and we therefore
have shown that P,(C) = conv(fc). We summarize our main theorem as follows:

Theorem 5.20. Given a smooth DNNF circuit C' on variables X, one can construct in time
O(|C)) a system S (C) with |C|+ |X| variables and O(|C|) constraints such that conv(fc) =

{x| 3y, (x,y) satisfies Sy ,(C)}.

In other words, Theorem 5.20 states that we can efficiently construct an extended for-
mulation of conv(fc) of size O(|C|) for any smooth DNNF circuit (and of size O(n|C|) for
non-smooth DNNF circuits, after having smoothed the circuit). In the rest of this section,
we revisit several known results establishing the existence of polynomial size extended formu-
lation for problems from the literature of optimization theory by exhibiting a DNNF circuit
that computes the set of answers.

5.3 Binary Polynomial Optimization

5.3.1 Problem definitions

In this section, we explore the consequences of the results from Section 5.2 for the optimization
problem known as Binary Polynomial Optimization. This problem asks to maximize a mul-
tilinear polynomial over binary points. More formally, we are given a multilinear polynomial
P =3 ;ar]],c;x over variables X, with rational coefficients a; € Q and we want to find
the assignment 7 € 2% such that the value P(7) := Y ;a; [ ¢; 7(2) is maximal. This is an
NP-hard problem, even when we restrict the degree of the monomials to be 2 [GJS76], as one
can see a direct reduction to the problem of finding a minimum-size vertex cover of a graph
G = (V, E). Indeed, one can see that the polynomial [V[(3_, yep OR(z,y) — [E[) = X ey @
is maximized when we map x variables to a minimum size vertex cover of G. It has interesting
applications, in classic operations research, computer vision, communication engineering, and
theoretical physics [Ber87; BH02; Sch09; Lie+10; Ish11].

One direction that has been considered heavily is akin to what we did for CNF formulas
in Chapter 2: one maps the polynomial to a graph or a hypergraph representing the interac-
tion between monomials and variables. The structure of this hypergraph is then leveraged for
finding tractable classes. More formally, we see an instance of this problem as a pair (H,p)
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where H is the hypergraph H = (V| E) and p is a profit function p: E — Q. The Binary Poly-
nomial Optimization problem for (H, p) is defined as finding an optimal solution z* € {0,1}V
to the following maximization problem: max,¢ o 1yv Pa p) () where P ) is the polynomial
defined as Py ) (z) = > .cpp(e) [l e z(v). We denote this problem as BPO(H,p). The
value Py (2*) is called the optimal value of BPO(H,p). To the best of our knowledge, three
main polynomially-solvable classes of BPO based on the structure of the hypergraph have
been identified so far in the literature: the case when the primal treewidth of H [CHJ90],
denoted by ptw(H), is bounded, the case when H is f-acyclic and the case when H is a cycle
hypergraph [DD22; DD23].

One natural approach to solve the BPO(H,p) problem in practice is to reduce it to an
integer linear program with the same optimal value. A direct reduction can be seen as follows,
by introducing a new variable y. for each edge of H which encodes whether the associated
monomial takes value 1 or 0. The full reduction is presented below:

max Y p(e)y(e)
ecl

s.t. yle) = Hx(v)

z(v) € {0, 1}
y(e) €{0,1}

which can be further reduced to the following linear program:

max Y p(e)y(e)

eck
st. yle) <z(v) forallvee

> x(v) < e[ = 1+y(e)
vee
0<z(w)<1
0<yle) <1

The integer solutions of this linear program are obviously in one-to-one correspondence with
the solutions of the original BPO(H,p) problem, which gives a way of solving it in practice,
though not polynomial time, using integer linear programing solvers such as SCIP, Gurobi
or CPLEX [Gur23; Bes+21; Cpl09]. Unfortunately, these tools rarely exploit the underlying
structure of how the variables and the constraints interact together. In this section, we show
that there is another natural reduction to the problem of maximizing a weighted Boolean
function. We will then show how to efficiently encode this Boolean function as a CNF formula
while retaining the structural properties of the BPO(H, p) instance. We will then be able to
recover the known tractability results and generalize them by using knowledge compilation
and Theorem 5.5.
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5.3.2 Solving BPO via Knowledge Compilation

We consider a Boolean function that has been originally introduced by Del Pia and Khajavirad
in [DK17]: given a hypergraph H = (V, E), the multilinear set fi of H is the Boolean function
on variables V UE such that 7 is a model of fg if and only if for every e € E, 7(e) = [[,c. 7(v).

Moreover, given a profit function p: £ — Q, we define a weight function wy,: (V U E) x

{0,1} - Q as:
e for every e € E, wy(e, 1) = p(e) and wy(e,0) =0
e for every v € V and b € {0, 1}, w,(v,b) = 0.

Now, observe that 7 € 2VYF is a solution of f if and only if w, (1) = P p)(Tlv). Moreover,
for every @ € 2", there exists a unique y € 2%, defined as y(e) := [[,c, z(v) such that z x y
is a solution of fy. By what precedes, wy(x X y) = Pgp)(z). Hence, we have a bijection
between the weight of the solutions of fg and the possible values of the BPO problem (H, p).
In particular, it holds for the optimal solutions:

Theorem 5.21. Let (H,p) be an instance of BPO. The set of optimal solutions of BPO(H, p)
is equal to {T*|v | 7% is an optimal solution of (fr,wp)}.

Hence, if the optimal solutions of (fr,wp) can be found efficiently, we directly get an
efficient algorithm for BPO(H,p). We now show that a lot of such instances are tractable
by compiling them into DNNF circuits. To relate with the results from Chapter 2, we first
need to express fi as a CNF formula. We start by doing the obvious reduction and observe
that it preserves both primal and incidence treewidth. We start by observing that fy can be
expressed as the following Boolean formula: A cp(e <= A,c.v), which can obviously be
expanded to the following CNF formula obtained from the conjunction of the following clauses:
U7

e for every e € I/, we have a clause R, defined as e V'\/ ., —

e and for every e € I/ and for every v € e, we have the clause L, . defined as —e V v.

Example 5.22. Let us consider the multilinear expression —3vv9v3+4v4v5+5V20304V5V6.
The typical hypergraph that represents it is H = (V, E) with V' = {v1, ve, vs3,v4, V5, 06}
and F containing only three edges {v1,v2,vs}, {v4,v5}, {v2, v3, v4,v5,v6}.

Now let us construct its CNF encoding, which involves 9 variables and 13 clauses.
Specifically, it is:

(—|€1 V 1)1) A (—|61 V 1)2) A (—\61 vV ?)3) A (—ﬂ)l V =2 V —ug V 61)/\
(—|€2 V ’1)4) A (—|€2 V ’1)5) A (—\’1)4 V =5 V 62)/\

(—|€3 V ’U2> AN (—|€3 vV ’U3) AN (—\63 V U4) A (—|€3 V U5) VAN (—|€3 \Y ’UG)/\
(—|U2 V =3V =g V —vs Vg V 63).
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} AVVA)

Figure 5.3: Hypergraph H representing
T1X2X3 + T4T5 + T2XL3T4T5L6-

Figure 5.4: Hypergraph representing first
CNF construction.

The corresponding hypergraph is depicted in Figure 5.4. o ‘

Formula Fp clearly encodes fy and has size linear in |H|. But more interestingly, it
preserves the incidence treewidth:

Lemma 5.23. For every hypergraph H, the satisfying assignments of Fy are exactly fp.
Moreover, ||Fg| = O(|H|), Fug can be constructed in time O(|H|) and itw(Fg) < 2- (1 +
itw(H)).

Proof. The first part of the lemma is straightforward from the definition of Fy. We focus
on the incidence treewidth of Fy. The proof is based on the following observation. Let
G’ = (V', E') be the graph obtained from Inc(H) as follows: we rename every edge e € E as
R.. We connect to R, a fresh vertex labeled by e. We also connect this new vertex to every
v € e. Observe that R. and e are modules in G’, that is, they have the same neighborhood. It
is then easy to see that the treewidth of G’ is at most 2k + 1 where k is the incidence treewidth
of H. Indeed, given a tree decomposition of Inc(H), we can add a vertex R, to every bag
where e appears and it gives a tree decomposition of G’ of width at most 2(k+1) —1 = 2k + 1.

Now, one can get Inc(Fr) by splitting the edge {e, v} of G’ with a node L, .. Hence Inc(Fp)
is obtained from G’ by splitting edges, an operation that preserves treewidth. Indeed, in any
tree decomposition of G’, there is a bag covering the edge {e,v}. We can attach two leaves to
this bag: one labeled {L, ¢, e} and the other labeled {L, ¢, v}. This gives a tree decomposition
of G’ of the same width. Hence, we proved itw(Fp) < tw(G’) < 2(1 + itw(H)). O

We observe here that bounded incidence treewidth also captures a class of hypergraphs
that is known to be tractable for BPO: the class of cycle hypergraphs [DD21]. We define a
cycle hypergraph as a hypergraph H = (V, E) such that E = {eg,...,e,—1} and e; Nej # 0 if
and only if j =i+ 1 modn or j =i —1 mod n. We remark that this definition is slightly
more general than the one in [DD21]. While the primal treewidth of a cycle hypergraph can
be arbitrarily large (since an edge of size k induces a k-clique in the primal graph and hence
treewidth larger than k), the incidence treewidth of cycle hypergraphs is 2. We omit the proof,
which is elementary and can be found in [CPG23].

Lemma 5.24. For every cycle hypergraph H = (V, E), we have itw(H) < 2.

Unfortunately, the previous CNF encoding does not preserve (S-acyclicity for which the
tractability of BPO(H,p) is known [DD22; DD23| and for which we know how to com-
pile [Capl7].
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To see this, we use the example from Figure 5.3. We remark that H is [S-acyclic since
{v1,...,v6} is a B-elimination order, but Fp, depicted in Figure 5.4, is not S-acyclic, since it
contains, for example, the S-cycle formed by the vertices {vo, e1,vs, e3} and edges {ca, c3, cg, cs }.
We can nevertheless design a CNF encoding of fg for H = (V, E) that preserves [-acyclicity,
as follows:

Definition 5.25. Given a total order < on'V, we let Fij be a CNF on variables V U E with
having clauses:

o for every e € E, there is a clause R. = eV \/ .,

e for every e € E and v € e, there is a clause L, = eV v V\/ w.

-
wee,v<w

The CNF encoding from Example 5.22 following the variable order (vi,...,vs) and its
hypergraph are depicted in Figure 5.5. It is easy to see that this hypergraph is S-acyclic.

(me1 Vo1 V —wa V —w3)A
(—‘81 Vv V —‘U3) AN (—|61 \2 ’U3)
/\(—‘Ul V —vg V —v3g V 61)/\
(—\62 Vg V —\v5) A (—|62 \% 1}5)
/\(—|v4 V =5 V 62)/\
(ﬁeg Vg Vw3 Vg Vs

\/‘!1)6) A (ﬁeg V vz V —vg V vy

\/‘!’1}6) A (ﬁeg Vvg V —vs V ‘!’1}6)
/\(ﬁ@g V vs V ‘!’Uﬁ) AN (ﬁeg \ U()‘)

A(—w2 V —w3 V —vg V o5V
—vg V 63).

Figure 5.5: Hypergraph and CNF for S-acyclic preserving encoding.

As before, the satisfying assignments of Fj; are the same as fy since R, encodes the
constraint A\,c, v = e and A\ ., Ly, encodes e = A ., v. Indeed, if we write e = {v1,..., v}
with v < -+ < vy, we have that L, . is e = v, then L7, . is (e Avg) = v_1. Together,
these constraints are equivalent to e = (vi A --- Avg). It is an easy induction to see that

Avee Loe is then equivalent to e = A, v.

Lemma 5.26. For every hypergraph H = (V, E) and order < on 'V, the satisfying assignments
of Fij are exactly fry. We have |F5|| = O(|V| - |H|) and F can be constructed in time
O(|V]-|H|). Moreover, if < is a f-elimination order of H, then Fj} is B-acyclic.

Proof. The first part is easy, so we focus on proving fS-acyclicity of F;. We claim that
(€1,...1€m,V1,...,0y) is a B-elimination order of H(Fy;), where V = {v1,...,v,} with v; < v;
for any i < j and E = {ey,..., ey} is an arbitrary order on E. First we observe that for any
e € E, e is a nest point of H(Fp). Indeed, e is in R and L, for every v € e. Now, e is a
nest point because var(L;',) C var(Ly ) if w < v and var(Ly,) C var(R.) by definition.
Hence, we can eliminate ey, ..., e, from H(Fj). Let H' be the resulting hypergraph.
Observe that the vertices of H' are {v1,...,v,}. Our goal is to show that (v1,...,v,) is a
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p-elimination order for H' and we will do it using the fact that (vq,...,v,) is a S-elimination
order of H.

Now consider vy. It is by definition a nest point of H. We show that it is also a nest point
of H'. By definition, v; is in R\ {e} for every e € H containing v1. Tt is also in L .\ {e} for
every w < v1. But by definition, it only contains v;. Now observe that Ly .\ {e} = Re \ {e}
and they contain exactly the vertices in e. Hence v; is a nest point in H’ because it is in the
same edges as in H.

It is now easy to see by induction that once vy, ...,v; have been removed, then for every e
of H containing v;11, for every w < v;y1, vi41 is in R\ {e,v1,...,v;} = L;ie \{e,v1,...,v;} =
e\ {v1,...,v;}. Hence v;y; is a nest point in H' because it is a nest point in H. O

Theorem 5.5 becomes interesting for our purposes since it is known that both S-acyclic
CNF formulas [Capl7] and bounded incidence treewidth CNF formulas can be represented as
polynomial size DNNF circuits, by Theorem 2.39 (or see [Bov+15]).

Theorem 5.27 ([Capl7, Theorem 8]). Let F' be a f-acyclic CNF formula. One can construct
a smooth® DNNF circuit C of size O(||F||) in time O(||F||) such that fc is the set of satisfying
assignments of F.

As a consequence of Theorem 5.27 and Theorem 2.39, we can represent the multilinear set
of a BPO problem (H,p) with a polynomial size DNNF circuit if the incidence treewidth of
H is bounded:

Theorem 5.28. Let H = (V,E) andt = itw(H ). The multilinear set fir of H can be computed
by a deterministic TDD and hence a smooth DNNF circuit of size O(16! - (|V |+ |E|)) that can
be constructed in time O(16" - poly(|V| + |E|)).

Proof. We construct Fy from H. It can be constructed in time O(||H||) = O(|V|- |E|), has
n = |V|+ |E| variables, m < |E|(1 + |V|) clauses and incidence treewidth at most 2(¢ + 1) by
Lemma 5.23. Hence the construction follows by applying Theorem 2.39 to F. O

Symmetrically, if H is B-acyclic we get:

Theorem 5.29. Let H = (V, E) be a [-acyclic hypergraph. The multilinear set fgr of H can
be computed by a smooth DNNF circuit of size O(|H| - |V'|) that can be constructed in time
O(lH][- V).

Hence, combined with Theorem 5.5 and the reduction from Theorem 5.21, we directly
get the tractability of BPO(H,p) for bounded incidence treewidth, a result generalizing ex-
isting ones and for -acyclicity. More interestingly, these results are recovered using a single
technique. In a sense, the knowledge compilation approach shows that the tractability of
BPO(H, p) in these cases can be explained by the fact that the underlying polynomial can be
factorized efficiently in a way that allows for dynamic programming.

3Smoothness is not explicit in [Cap17] but the construction can be made smooth while preserving linear size
by observing that if one variable is missing then it comes from a clause that has been satisfied, so we can add
a trivial input for this variable.
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Theorem 5.30. Let (H,p) be an instance of BPO(H,p). If H has incidence treewidth t, then
we can solve BPO(H, p) in time 2°®) - poly(|H|).

Theorem 5.31. Let (H,p) be an instance of BPO(H,p). If H is B-acyclic, then we can solve
BPO(H, p) in strongly polynomial time.

More interestingly, we get more than tractability via our technique. We also get extended
formulations of the multilinear set via Theorem 5.10. Polynomial size extended formulations
for BPO(H, p) are more interesting than ad-hoc tractability algorithms because they allow for
better integration into existing solvers.

Extracting polynomial size extended formulations from tractable classes of BPO(H, p) has
been a delicate matter, often requiring a separate paper to establish them, see [DK24; DK17;
DK18; WJ04; Lau09; BM18; DK23]. These constructions become simple corollaries of Theo-
rem 5.10 and the existence of a polynomial size smooth DNNF circuit computing the multi-
linear set, as given by Theorems 5.30 and 5.31.

Theorem 5.32. Let H = (V,E) and t = itw(H). There exists an extended formulation of the
multilinear set fr; of H of size 2°M) .poly(|H|) that can be constructed in time 2°®) -poly (| H|).

Theorem 5.33. Let H = (V, E) be a [-acyclic hypergraph. There exists an extended for-
mulation of the multilinear set frr of H of size polynomial in |H| that can be constructed in
polynomial time.

While the main advantage of using Theorem 5.10 is to have more modular proofs, we
observe that Theorem 5.32 is actually new since polynomial size extended formulations were
only known for cycle hypergraphs and bounded primal treewidth hypergraphs.

5.3.3 Beyond BPO

We review in this section extensions of BPO that can easily be dealt with thanks to the DNNF
circuit framework. We do not go into detail but illustrate the approach in a high-level manner.
We refer the interested reader to [CPG23].

Cardinality Constraints. One problem with BPO is that it does not allow to add con-
straints. This is something that can be dealt with in some cases using a DNNF circuit rep-
resentation of the multilinear set. Indeed, assume one wants to find the optimal solution of
a BPO instance that also respects some constraints C over the variables x;. One could start
by computing a DNNF circuit C' computing the multilinear set of the BPO instance and then
transform C into a DNNF circuit so that it only accepts the models of C' respecting C. If C' is
a subclass of DNNF circuits supporting the apply operator, such as TDD or OBDD, one way
of doing so would be to compile C into a similar circuit C’ and then compute apply(C, C’, A).
This approach would be interesting for bounded treewidth instances since we can compute a
polynomial size TDD. In the case of S-acyclicity, the technique does not generalize. That said,
we can focus on a specific set of constraints known as cardinality constraints that can always
be enforced in DNNF circuit.
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A cardinality constraint is a constraint that restricts the value of ) i, v. For example,
we may want to enforce an upper bound U on the number of variables we are allowed to set
to 1 by adding constraint ) .y v < U. Interestingly, we can always enforce such cardinality
constraints in DNNF circuits by multiplying the size of the circuit by n. This technique is
known under the name “homogenization” for arithmetic circuits [Biir00, Lemma 2.14] and
can straightforwardly be lifted to DNNF circuits. Given 7 € 2%, the Hamming weight of T is
defined as |[771(1)|, that is, the number of variables mapped to 1. We have:

Lemma 5.34. Let C be a DNNF circuit with n variables. One can build a DNNF circuit C’
of size at most n|C| in time O(n|C|) such that for every i < n, C' has a gate o' computing the
set of models of C having Hamming weight 7.

Proof. We only sketch the proof. We assume the circuit to be smooth to simplify. The trick
is to introduce a copy v’ of each gate v of C' computing the models of v of Hamming weight
i (over var(v)). This is straightforward for inputs as they have exactly one model. If v is a
V-gate with inputs wy, ..., w;, then v* = \/f:1 w; Indeed, a model of v having Hamming
weight ¢ must be a model of Hamming weight i of one of its input. If v is a A-gate with inputs
wy,wsy, we have vl = \/Z:0 w’f A wéﬁk . Observe that each w'f A wéﬁk is still a decomposable

A-gate, hence C’ is indeed a DNNF circuit. O

Now, for any S C [n], we can add a V-gate og = \/;.q0' in the circuit from Lemma 5.34
and we have a gate that accepts exactly the models of C whose Hamming weight is in S.
Hence, we can force extended cardinality constraints in DNNF circuits, where an extended
cardinality constraint is a constraint of the form ) v € S for some S C [|V]].

A direct consequence of Lemma 5.34 is that bounded incidence treewidth or S-acyclic
instances of BPO with one extended cardinality constraint can be solved in polynomial time.

Top-k for BPO. Another low-hanging fruit of the circuit-based approach for BPO is that
DNNF circuits allow to recover, for any k, the top k best models. This can be useful heuristi-
cally when one is interested in getting a good answer that fits other constraints that are harder
to formalize or to enforce. In this case, one can have a look at a larger set of near optimal
instances and check whether some of these answers are suitable. Given a DNNF circuit C' and
a weight function w of its variables, we can adapt the dynamic programming algorithm from
Theorem 5.5 so that it computes top-k set of models, that is, a set Ty, = {71, ..., 7%} of distinct
models of C' such that w(r1) > -+ > w(7) and such that for every model 7 of C that is not
in Ty, we have w(7) < w(7g). This has been observed in particular in [Bou+22].

Theorem 5.35 (Reformulated from [Bou+22]). Given a DNNF circuit C' on variables Z and
a weight function w on Z, one can compute a top-k set for the Boolean Maximization Problem
(fo,w) in time O(|C| - klogk).

Hence, as soon as the multilinear set of a BPO instance can be expressed as a DNNF
circuit, we can find k£ best models in polynomial time in k£ and in the size of the circuit. In
particular, this establishes the tractability of top-£ BPO in the case of bounded incidence
treewidth or S-acyclicity.
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Solving Binary Polynomial Optimization with Literals. We conclude this tour about
BPO extensions with a natural extension in expressivity. The current form of BPO only allows
for polynomials expressed as an explicit sum of monomials. An easy consequence of reencoding
BPO as a weighted Boolean function is that values 0 and 1 are completely symmetric. Hence,
nothing prevents us from encoding polynomials where the monomials both use z and (1 — z).
More precisely, we identify a set of literals L over variables V' with a monomial over V via
m(L) := [[yer 0(¢) where o(v) = v and o(—v) = 1 —v. A polynomial with literals is defined as
a pair (M, p) where M is a set of sets of literals and a profit function p: M — Q. The size |M|
is defined as ) ;;;|L|, the variables V(M) are defined as (J;,, var(L) and the polynomial
Piarp) induced by M is defined as Yoy, p(L)m(L). The Binary Polynomial Optimization
Polynomial with Literal problem (BPOgfor short) is defined as the problem of finding the
assignment 7 € 2V (M) which maximizes the value Py (7). As before, we can define the
multilinear set of a BPOyp, instance as the Boolean function over variables M UV whose models
are the assignments 7 such that 7(L) = [[,c; 7(¢) where 7(—z) := 1 — 7(x) by definition.

To construct such a DNNF circuit, we proceed as before: we encode the multilinear set of
a BPOy, instance as the CNF formula F); as before:

o Ry =LV \/, L for every L € M and every £ € L (where -—( = (),
o L,,=-eV{forevery L& M and /¢ L.

It is clear that the models of F); encode the multilinear set of (M, p). Moreover, if we weight
the variables as w,(L,1) = p(L) and wy(z,b) = 0 for every other value, then for every model
7 of Fiy, we have wy(7) = Pyp)(Tly(ar)). Hence, as before, having a small DNNF circuit
computing F); is enough to ensure the tractability of BPOr..

Given a polynomial with literals (M, p), we define its incidence graph Inc(M) as the bi-
partite graph over vertex set V(M) U M such that there is an edge between v € V(M) and
L € M if and only if v € var(L). The incidence treewidth of (M,p) is defined as the treewidth
of its incidence graph. With the same proof as Lemma 5.23, we can show that the incidence
treewidth of Fjs is at most 2k 4+ 1 where k is the incidence treewidth of (M, p). We can hence
efficiently construct a DNNF circuit computing Fg and conclude:

Theorem 5.36. Let (M,p) be an instance of BPOy. If M has incidence treewidth t, one
can construct a DNNF circuit computing the multilinear set of (M, p) in time 2°®) poly(|M|)
and of size 29U poly(|M|). In particular, we can solve BPOp, in time 2°®) poly(|M|) and
construct an extended formulation of the multilinear set fur of size 201 poly(|M]).

Given a polynomial with literals (M, p), we define its hypergraph H (M) as the hypergraph
over vertex set V(M) with edges {var(L) | L € M }. As before, we need an alternative encoding
to preserve B-acyclicity in instances. If < is an order on V, we define F; as the conjunction
of:

o R, =ycV Ve 0e(xy) for every e € E (where we replace -z by ),

o Li <= "Ye V0e(T0) VVyeey<w 0e(Tw) for every e € E and v € e (where we replace

-z by x).
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As before, Fjj is clearly a CNF encoding of the multilinear set of M and if < is a f-
elimination order of H (M), then Fj; is S-acyclic. Hence, we have:

Theorem 5.37. Let (M, p) be an instance of BPOy,. If H(M) is 5-acyclic, one can construct a
DNNF circuit computing the multilinear set of (M, p) in time poly(|M|) and of size poly(|M]).
In particular, we can solve BPOp, in time poly(|M|) and construct an extended formulation of
the multilinear set fyr of size poly(|M]).

Theorems 5.36 and 5.37 are generalizations of Theorems 5.28 and 5.29. They are based
on the same technique of solving an optimization problem through DNNF circuit compilation.
Hence, the same generalizations as mentioned in this section also work in the case of BPOy,. For
example, we can find the k-best solutions of a BPOt, instance of bounded incidence treewidth,
even if one has an extended cardinality constraint.

5.4 Conclusion

This chapter has presented an interesting connection between extended formulations and
knowledge compilation, which arose as an unexpected consequence of an interesting collabo-
ration with Silvia Di Gregorio and Alberto Del Pia. In a way, extended formulations have
the same purpose as knowledge compilation: representing an interesting set in a succinct yet
tractable way. For BPO, the interesting set is the multilinear set, which is given on input in
the form of a multilinear polynomial, which is not a good representation for optimization pur-
poses. Extended formulations unlock this tractability, at the cost of rewriting the input into
a friendlier format, that may sometimes be of exponential size, but sometimes not, depending
on the structure of the original polynomial.

In the case of extended formulations, tractability is measured by the fact that we can
find the optimal value of a linear form over the set in polynomial time in the size of its
representation, but we could go one step further and study extended formulations of conv(f)
for a Boolean function f as a way of representing Boolean functions. As we have shown, this
gives a representation that is at least as compact as DNNF circuits, possibly exponentially more
compact than DNNF circuits though we have not proved an exponential separation yet, which
is, in itself, an interesting question that is certainly worth exploring. Extended formulation
can be conditioned without size increase, and variables can be existentially projected (without
doing anything but projecting additional variables beyond those already projected).

Another interesting direction would be to use this connection to solve more complex op-
timization problems on DNNF circuits. Indeed, if one only wants to maximize a linear form
over the models of a DNNF circuit ', then extended formulations are not necessary as the
usual dynamic programming algorithm is good enough. That said, if we now want to solve a
more challenging optimization problem, we can use the extended formulation to embed it into
a linear programming solver together with the other constraints.

Interestingly, exponential lower bounds on the size of extended formulations of some convex
set have been proven in the literature, the most notorious being the one by Yannakakis [Yan91],
who connected the size of the smallest extended formulation of a convex set with the nonneg-
ative rank of its so-called slack matrix. Interestingly, lower bounds on this rank have been
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proven using rectangle covers and techniques from communication complexity, see [CCZ10,
Section 6]. This approach is actually similar to the approach we have used to prove lower
bounds on DNNF circuit size [Bov+16]. We leave the exploration of this connection for future
work.

We conclude by observing that extended formulations obtained from circuits may have
other applications that we are planning to explore. The first one is from a result by Kolman,
Koutecky and Tiwary about extended formulations from Monadic Second Order (MSO) for-
mulas [KKT20]. In this work, they show that some polyhedron defined from the answers of
an MSO formula on bounded treewidth graphs admits extended formulation of FPT size. It
seems that this result is connected to the result presented in this chapter since the answer set
of MSO formulas is known to have FPT size deterministic DNNF circuits [Ama+17]. It seems
possible to recover the extended formulation from this DNNF circuit directly. Interestingly,
the proof from [KKT20] bears some resemblance with the DNNF approach. For example, one
building block for the proof is showing that the Cartesian product of two polyhedra Py, Po
has an extended formulation that can be obtained from extended formulations of P; and Ps
respectively, which is basically what we do for decomposable A-gates.

A last possible connection between this chapter and previous work is the main result
of Nicolas Crosetti’s PhD thesis [Cro23], supervised by Joachim Niehren, Jan Ramon, Sophie
Tison, and me, which can also be found in [Cap+24]. In this work, we were interested in solving
linear programs whose variables are the answers of some join query Q. We develop a query
language to write linear constraints parametrized by queries, which can then be interpreted as
linear programs when we solve the query ). Since the number of answers of () may be large,
the resulting linear program may have a large number of variables. We propose a rewriting of
the linear program into a much smaller one, having the same optimal value but having O(||Q||*)
variables instead of |[Q]|, where k is the fractional hypertree width of Q. In [Cap+24], the
smaller linear program is extracted directly from a tree decomposition of ) but in Nicolas
Crosetti’s thesis [Cro23], an alternative proof is given where the rewritten linear program is
directly extracted from a relational circuit. The core of the rewriting corresponds exactly to
the extended formulation we give for the convex hull of DNNF circuits in Theorem 5.20. We
believe that there is a way of restating the main result from [Cap+24] as an optimization
problem on some notion of convex hull of query answers, for which the results of Section 5.2.3
would provide an extended formulation. That said, the precise connection still eludes us and
we leave this research direction for future work.



Conclusion

We arrive at the end this manuscript and we use this conclusion to draw parallels between the
different chapters and offer some perspective on future work. This manuscript is a review of
our work in the domain of knowledge compilation and how the tools it provides can be used
outside their original purpose of representing knowledge bases.

In our opinion, the main advantage of knowledge compilation is that it offers a comfortable
framework to show new tractability results. It can often be used by slightly adapting the data
structures to the needed application, such as in Chapter 4 where we introduce non-binary
domains to be closer to what is needed. It can also be used by using existing tools after having
encoded the problem as a Boolean function, as in Chapter 5, where we use this kind of reduction
to show tractability results for the Binary Optimization Problems (BPO). In both cases,
transforming the input into a circuit allows one not only to show the tractability of the original
problem but also to extend it in several directions that would need extra work with a dedicated
algorithm. For example, in the case of databases, the Yannakakis algorithm, originally devised
for model checking, once revisited through the lens of compilation, directly offers insight on
why constant delay enumeration, direct access or counting is tractable on acyclic conjunctive
queries. These three extensions of the original algorithm are straightforward on the circuits
but took time to mature. Similarly, in the case of BPO, we have seen that once the multilinear
set is compiled, we can work directly on the circuit to take into account cardinality constraints,
or enumerate the k best solutions, contributions that would have been possible without the
knowledge compilation setting but would have required an intimate understanding of the
optimization algorithm to adapt them. This also allows us to extract extended formulations
directly, which showcases the modularity of the approach. Many tractability results for BPO
were first obtained by an ad-hoc polynomial time algorithm before being generalized as the
construction of an extended formulation, for example [DD22] proves tractability of S-acyclic
instances whereas [DK23] gives extended formulations.

Another advantage of knowledge compilation is that it can be used as a formal setting to
better understand the runtime of specific algorithms. Indeed, if we know that the trace of
an algorithm implicitly builds some representation of the input, then any lower bound on the
representation size translates to a lower bound on the runtime of the algorithm. For exam-
ple, exhaustive DPLL has originally been described as an algorithm for #SAT [San+04] but
it quickly became clear that a run of the algorithm actually builds a decision-DNNF circuit
representing the input formula [HD05]. Hence, if the smallest decision-DNNF circuit repre-
senting the satisfying assignments of the CNF formula F' has size s, we know that exhaustive
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DPLL will run in time at least (s). This only provides a lower bound on the running time
of exhaustive DPLL. Indeed, in practice, not every decision-DNNF circuit can be constructed
by this algorithm since caching can only happen for syntactic reasons. Using a formal setting
to model the behavior of an algorithm is not specific to knowledge compilation and it is a long
tradition in proof complexity to study this kind of question, by trying to formalize a proof
system matching the complexity of a solver. The approach from Chapter 3 draws from this
idea and allows to get a finer understanding of the real complexity of exhaustive DPLL by
modeling the behavior of this algorithm more faithfully. Indeed, some decision-DNNF circuit
computing a CNF formula F' may never be found by exhaustive DPLL as it comes with its
own restrictions, such as syntactic caching. Interestingly, recent work by Berkholz and Vinall-
Smeeth [BV25] proves lower bounds on the size of the relational circuit representing the answer
set of conjunctive queries depending on their fractional hypertree width which directly trans-
fers to a lower bound on the runtime of Yannakakis or Exhaustive DPLL by the results of
Chapter 4. Another recent result suggests that if one only wants to decide whether a query
has a model, building the circuit is not optimal and such algorithms can be sped up by taking
advantage of matrix multiplication [KHS25]. We have a similar phenomenon in Chapter 5
where some tractability results rely on purely algebraic restrictions of the input polynomial,
and for which it is not clear whether knowledge compilation can help.

Last but not least, the communities of knowledge compilation and model counting main-
tain tools such as b4 [LM17], SDD [Darll] or SharpSAT-TD [KJ21], capable of exploiting
non-trivial structure in the input allowing them to solve complex tasks. Similarly to SAT
solvers, their efficiency can be quite surprising and they sometimes beat dedicated solvers for
other problems as long as the encoding into propositional logic is sufficiently enough. This
manuscript tries to collect examples where the connection between knowledge compilation and
other fields of computer science have interesting and sometimes deep applications in theory,
but it also suggests that this connection could also be exploited in practice. Take for example
the BPO problem from Chapter 5. There is a straightforward translation of the problem to
integer linear programming. Trying to solve a problem of bounded treewidth with a MILP
solver often does not perform well because, for historical reasons, these tools prioritize alge-
braic approaches over the combinatorial ones. On the other hand, many knowledge compilation
tools will have good performances on such instances because they have the ideal structure. It
suggests that hybridizing techniques may be of practical value.

All these reasons shape the research directions we currently pursue. One axis that is
particularly appealing is to make the tools from knowledge compilation easier to use. A
notorious example is the PySAT library* which offers an API to many SAT solvers directly
into Python, allowing to access different solvers in a unified way. This approach has been partly
implemented for knowledge compilation with the PySDD library® which allows to manipulate
SDD directly into Python by wrapping the SDD compiler with a Python API. Having such
libraries but for other tools from knowledge compilation, ideally with a unified API, would
encourage adoption of these tools, and foster richer interactions with other fields of computer
science.

“https://pysathq.github.io/
Shttps://pysdd.readthedocs.io/en/latest/


https://pysathq.github.io/
https://pysdd.readthedocs.io/en/latest/
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The new data structure presented in Chapter 3 has strong potential for practical use.
We are planning to implement a bottom-up compiler building TDDs. We need to refine the
procedure that allows us to apply a clause to a given deterministic TDD and find good data
structures to efficiently identify and contract twins.

For more theoretical investigation, getting a better understanding of proof systems for
#SAT solvers may help us gain to better understanding of how such solvers could be improved.
[BHK25] suggests that moving from syntactic to semantic caching may be an interesting direc-
tion as it would allow solvers to discover smaller representations. Such caching strategies seem
costly to implement in practice suggesting that there is still room for improvement in finding
other caching strategies, better than syntactic but cheaper than the fully semantic ones.
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